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PREVIEW 


This chapter extends the methods’of single-variable differential calculus to functions 
of two or more independent variables. You will learn how to take derivatives of such 
functions and to interpret those derivatives as slopes and rates of change. You will 
also learn a more general version of the chain rule and extended procedures for opti- 
mizing a function. The vector methods developed in Chapters 9 and 10 play an impor- 
tant role in this chapter, and indeed, we will find that the closest analogue of the 
single-variable derivative is a certain vector function called the gradient. In physics, 
the gradient is the rate at which a variable quantity, such as temperature or pressure, 
changes in value. In this chapter, we will define the gradient of a function, which is 
a vector whose components along each axis are related to the rate at which the function 
changes in the direction of that axis. 


PERSPECTIVE 


in many practical situations, the value of one quantity depends on the values of two or 
more others. For example, the amount of water in a reservoir depends on the amount of 
rainfall and on the amount of water consumed by ical residents and thus may be 
regarded as a function of two independent variables. The current in an electrical circuit 
is a function of four variables: the electromotive force, the capacitance, the resistance, 
and the inductance. Graphical models involving functions of several variables often 
provide a valuable picture of what is happening in a situation of interest, as illustrated 
by the graphical model of Mount St. Helens shown in the accompanying figure before 
and after its eruption on May 18, 1980. We will analyze a variety of such models using 
techniques and tools that will be developed in this chapter. 


Mount St. Helens, Washington 
Before May.18, 1980 
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11.1 Functions of Several Variables 


ie “ IN THIS SECTION basic concepts, level curves and surfaces, graphs of functions of two variables 
SHB AS | 
‘Ss BASIC CONCEPTS 


Physical quantities often depend on two or more variables (see the Perspective at the 
beginning of this chapter). For example, we might be concerned with the temperature, T, 
at various points (x, y) on a metal plate. In this situation, 7 might be regarded as a func- 
tion of the two location variables, x and y. Extending the notation for a function of a sin- 
gle variable, we denote this relationship by T(x, y). . | 


@ 


A function of two variables is a rule f that assigns to each ordered aie (x, y) in 
_casetDa ‘unique number fx, y). The set D is called the domain of the function, 
and the ® corresponding values: of Se, y) constitute the range of f 


Function of Two Variables 


Functions of three or more variables can be defined in a similar fashion. For 
example, the temperature in our introductory example may vary not only on the plate, 
but also with time ¢, in which case it would be denoted by T(x, y, t). Occasionally, we 
will examine functions of four or more variables, but for simplicity, we will focus 
most of our attention on functions of two or three variables. 

When dealing with a function f of two variables, we may write z = f(x, y) and 
refer to x and y as the independent variables and to-z as the dependent variable. 
Often, the functional “rule” will be given as a formula, and unless otherwise stated, 
we will assume that the domain is the largest set of points in the plane (or in R°) for 
which the functional formula is defined and real-valued. These definitions and con- 


ventions are illustrated in Example | for a function of two variables. 
. 4 


y. = . . = ‘ 
ast. ae EXAMPLE 1 Domain, range, and evaluating a function of twe variables 
Let f(x, y) = 9 — x? —4y?. 

a. Evaluate f(2, 1) and f(2r, 7’). 


_b. Describe the domain and range of f. 


oN 


Solution 
a fQ,l)=/9- Pa = 1 "a 'o 


f2t, 2) = J9— (at)? — 402)? = V9 - 4? — 474 


sa = —t b. The domain of fis the set of all ordered pairs (x, y) for which /9 — x? — Ay? is 

KW S/F ax = 

ee : defined. We must have 9 — x* — 4y* > 0, or, equivalently, x* + 4y” < 9, in order 
for the square root to be defined. Thus, the domain of fis the set of all points (x, y) 


inside or on the ellipse x? + 4y* = 9, as shown in Figure 11.1. 
The range of f is the set of all numbers z = /9 — x? — 4y* for (x, y) in the 
domain x* + 4y? < 9. Thus, the range is the interval 0 < z < 3. | a 


~ Functions of several variables can be combined in much the same way as functions 
. of a single variable, as noted in the following definition. 
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If re syande y) are functions of ro sadiables with soma D, then 
Sum (f+ g)@y) =f@, y) + 8G, y) 
Difference — (f— g)(,y) = fy) ~ ay) 
Product (fa, y) = £0, Yam, y) 
“Quotient (£) ae fy) Y) g(x, y) #0 
we ARP BED) 


A polynomial function in x and 1 L 
: mine 


Ss . Cxmye 
with nonnegative integers m and n and Ca constant; for instance, 
: 3093 — Dey £2 — 3y + 11 
is a polynomial in x and y. A rational function is a quotient of two polynomial func- 
tions. Similar notation and terminology apply to functions of three or more variables. 


LEVEL CURVES AND SURFACES 


By analogy with the single-variable case, we define the graph of the function f(x, y) 
to be the collection of all 3-tuples (ordered triples) (x.y, z) such that (x, y) is in the 


“domain of fand z = f(x, y). The graph of f(x, y) is a surface in R? whose projection 
onto the xy-plane is the domain 
t is usually not easy to sketch ‘the graph of a eiieeoe of two variables without 


the assistance of technology. One way to proceed is illustrated in Figure 11.2.* 


Figure 11.2. Graph of a function of two variables 


Notice that when the plane z = C intersects the surface z = f(x, y), the result is the 


curve with the equation f(x, y) = C. Such an intersection is called the trace of the 

graph of fin the plane z = C. The set of points (x, y) in the xy-plane that satisfy fx, y) 

= Cis called the level curve of fat £ and an entire family of level curves is ‘gener- 

ated as C Were er the range off We can think of a trace as a “slice” of the surface 
l 


at a particular location and a level curve as its projection onto the xy-plane. By 
sketching members of this family on the xy-plane, we obtain a useful topographical 
map of the surface z = f(x, y) | Because level curves are used to show the shape of a 
surface (a mountain, for example), they are sometimes called contour curves. 

For instance, imagine that the surface z = f(x, y) 1s a “mountain” and that we wish 
to draw a two-dimensional “profile” of its shape. To draw such a profile, we indicate 


*See the Technology Manual accompanying this book for some suggestions about using technology to 
help you graph functions of two variables. 
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the paths of constant elevation by sketching the family of level curves in the plane and 
pinning a “flag” to each curve to show the elevation to which it corresponds, as shown : 
in Figure 11.3b. Notice that regions in the map where paths are crowded together 
correspond to the steeper portions of the mountain. An actual topographical map of 
Mount Rainier is shown in Figure 11.3c. ~ 7 
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b. Level curves yield a topographic c. Topographic map of Mount Rainier 
map of z = f(x, y) 


Figure 11.3 Level curves of a surface 


You probably have seen level curves on the weather report in the newspaper or 
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Figure 11.4 Isotherms 
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a, Computer generated graph of surface 


Figure 11.5 Three ways of viewing the surface z = 10 ~ x2 — y? 
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EXAMPLE 2 Level curves 
Sketch some level curves of the function f(x, y) = 10 — x? ~ y? 


Solution 

A computer graph of ¢ = f(a, y) is the surface shown in Figure 11.5a. Kigure 11.5b 
shows traces of the graph of f in the planes z = 1, z = 6, and z = 9, and the corres- 
ponding level curves are shown in Figure 11.5c. A table of values is shown in the 
margin. 
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c. Level curves 


b. Simplified graph showing traces 
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GRAPHS OF FUNCTIONS OF TWO VARIABLES 


The level curves of a function f(x, y) provide information about the cross sections of 
the surface z = f(x, v) perpendicular to the z-axis. However, a more complete picture 
of the surface can often be obtained by examining cross sections in other directions 
as well. This procedure is used to graph a function in Example 3. 


EXAMPLE 3 Level curves. 


Use the level curves of the function f(x, y) = 4 y* to sketch the graph of f. 
Solution i 

The level curve x? + y’ = 0 (that is, C = 0) is the point (0, 0), and for C > 0, the 
level curve x* + y* = Cis the circle with center (0, 0) and radius /C (Figure | 1.6a). 
There are no points (x, y) that satisfy x2 + y? = C for C < 0, 

We can gain additional information about the appearance of the surface by exam- 
ining cross sections perpendicular to the other two principal directions; that is, to the 
x-axis and the y-axis. Cross-sectional planes perpendicular to the x-axis have the form 
x = A and intersect the surface z = x° + y’ in parabolas of the form z = A? + y, For 
example, the cross section of the plane x = 5-intersects the surface in the parabola z= 
25 + y*. That is, it is the set of point (5, y, 25 + y°) as y varies. Similarly, cross-sec- 
tional planes perpendicular to the y-axis have the form y = B and intersect the surface 
in parabolas of the form z = x? + B?. 

To summarize, the surface z = x* + y* has cross sections that are circles in 
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Since the surface is formed by revolving a parabola about its axis, it is called a circular gga 
paraboloid or a paraboloid of revolution. The graph of the surface is shown 1 == 
Figure 11.6b. Computer s« 
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BY a ; 2 ; 
a. Level curves of f(x. y) = 34> 4.7 b. The surface z =x" + y". 
. . 2 ov . . 

are circles in the form x? +)" = C. Cross sections perpendicular to 


the y-axis shown in white 
are parabolas. 
. Figure 11.6 The graph of the function f(x, y) = 2? + | 
ns | 
The concept of level curve can be generalized to apply to functions of more - 
than two variables. In particular, if fis a function of three variables x, y, and z, then ° 


the graph of the equation f(x, y, z) = C is a surface of R? called a level surface of 
fatc. oy 


EXAMPLE 4 Isothermal surface F 


Suppose a region of IR? is heated so that its temperature 7’ at each noite (x, y, Z) is 

given by T(x, y, 2) = 100 — x — y’ — 2 degrees Celsius. Describe the isothermal 

surfaces for T > 0. | 

Solution : "east gt 

The isothermal surfaces are given by T(x, y, 2) = k for constant k; that is, x? + y? + 1 1.1 . 
z= 100 — k. If 100 — k > 0, the graph of x? + y’ + 2° = 100 ~ kis a sphere of , afters £ 

radius 100 — k and center (0, 0, 0). When k = 100, the graph is a single. point (the d F 


origin), and T(0, 0, 0) = 100°C. As the temperature drops, the constant k gets smaller a CE 
and the radius 100 — k of the sphere gets larger. Hence, the isothermal surfaces are d. fl 
_-Spheres, and the larger the radius, the cooler the surface. This situation is illustrated g. i it 
in Figure 11.7. ) pf Leff 
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Figure 11.7 Isothermal surfaces for T(x, y, 2) = 100 — x? — y* — 2? . og. go f a : B 
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Eoin soitwaass is NOW available for graphing functions of two variables. Software packages such as Mathematica, Maple, 


Mat_as, and Derive will sketch very sophisticated graphs in three dimensions. Software usually allows a given graph to be 


visualized from different viewpoints by rotating the surface until a desired viewpoint is found. A few examples of computer 


generated surfaces are shown in Figure 11.8. 
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3. WHAT DOES THIS SAY? Discuss what is meant by a func- © 


tion of two variables, Your discussion should include examples 
of a function of two variables not discussed in this section. 


4. WHAT DOES THIS SAY? Describe how level curves can be 
used to sketch the graph of a function f(x, v). Include some 
examples in your discussion (different from those in the text). 


Find the domain and range for each function given in Problems 5-14. 
y, : 
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Sketch some level curves f(x, y) = 
given in Problems 15-20. 
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In Problems 21-26, sketch the ioiel sue fl, 
given value of C. 

an. fly. =y +2 forC=1 

22. flr,y,2) = +2forC= 1 

23: fly, 2) =x+y—-zforC=1 
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24. fiuy dD =x+y—-zforC=0 55, The lens 
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‘where d_ 


WA. fix.y) = -4 
43. fy) = +1 
45. fx, y) = 2x ~ 3y 
47. f(x, y) = 2x7 + y? 
49. f(x,y) =~ 

y 


51. fx, y=r+y4+2 


42/ fix, y) =x 


WA? fx, y) = x8 - 1 


46. f(x, y) = x? = y 
48. fix, y) =? — P 


50. IG, y) = Jey 
52. f(x,y) =J/1—-x-y? 
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53. If E(x, y) is the voltage (potential) at each point (x, y) in the 
plane, the level curves of E are called equipotential curves. 
Suppose 


7 : 
Et, y) = ———— ze 


V3 +x74+2y? 


Sketch the equipotential curves that correspond to E = 1, E= 2, 
and E = 3. 


According to the ideal gas law, PV = kT, where P is pressure, 
V is volume, T is temperature, and k is a constant. Suppose a 
tank contains 3,500in.> of a particular gas at a pressure of 
24 lb/in.? when the temperature is 270°K (degrees Kelvin). 


a. Determine the constant of proportionality & for this gas. 


54, 


b. Express the temperature T as.a function of P and V using 
the constant found in part a and describe the isotherms for 
the temperature function. 
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55. The lens equation in optics states that 58. 5. Modeling Problem At a certain factory, the daily output is mod- 


eled by Q’= CK’ L'~" units, where K denotes capital investment, 


| i ES = BS L is the size of the labor force, and C and r are constants, with 
d, dL 0 <r <1 (this is called a Cobb-Douglas production function). 
What happens to Q if K and L are both doubled? What if both 
where d] is the distance of an object from a thin, spherical are tripled? 
lens, dis the distance of its image on the other side of the lens, 59, Sketch the level curves for the graph of f(t, y) = xy in the first 
and L 1s the focal length of the lens (see Figure 11.9). Write L quadrant, 
BeNOR OLE, aad Gad Sete spine peuaes or ie 60. A publishing house has found that in a certain city each of its 


function; (these are curves of constant focal length). salespeople will sell approximately 


r2 : s2 


aa $+ it 
2000p io 


per month, at a price of p dollars/unit, where } denotes the 
total numbét of salespeople employed and r is the amount of 
money spent each month on local advertising. Express the 


total revenue R as a function of p, r, and s. 


61. Modeling Problen A manufacturer with exclusive rights to a 
sophisticated new industrial machine is planning to sell a limi- 
ted number of the machines to both foreign and domestic 
firms. The price that the manufacturer can expect to receive 


Figure 11.9 Image of an object through : a lens 


. The EZGRO agricultural company estimates that when 100x 


” for the machines will depend on the number of machines 
worker-hours of labor are employed on y acres of land, the = 4 cts . eat | - . fs : ee " ee abi 
number of bushels of wheat produced is f(x,y) = Ax"y’, where pei ‘ e : ia ed tha : the se au = 
A, u, and b are nonnegative constants. Suppose the company ; ee ng Ae . ee ote = Pe 
decides to double the production factors x and y. Determine CRIS ARTE uae aneC Mes Will -Se a0 
how this decision affects the production of wheat in each of 
these cases: 5 oe ae rr 
aatb> I bared area thousand dollars apiece at home and 

57. Suppose that when x machines and y worker-hours are used Xx y 
each day, a certain factory will produce Q(x, y) = 10xy mobile 50 — 70 + 20 
phones. Describe the relationship between the “inputs” x and y 
that result in an “output” of 1,000 phones each day. Note: You thousand dollars apiece abroad. Express the revenue R as a 
are finding a level curve of the production function Q. function of x and y. : 
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{1.2 Limits and Continuity ~ ° i oo 


.' IN THIS SECTION open and closed sets in R? and R°, limit of a function of two variables, continuity, 
limits and continuity for functions of three variables - os 


Most commonly considered functions of a single variable have domains that can be 
described in terms of intervals. However, dealing with functions of two or more vari- 
ables requires special terminology and notation that we will introduce in this section 
and then use to discuss limits and continuity for functions of two variables. 


OPEN AND CLOSED SETS IN R? AND R? 
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np gg eG for r > 0 (see Figure 11.10a). If the boundary of the disk is included (that is, if 
ae v(x — a)? + (y —b)* <r), the disk is said to be closed (see Figure 11.10b). Open 


and closed disks are analogous to open and closed intervals on a coordinate line. 

A point P,(%, Yq) is said to be an interior point of a set S in R? if some open disk 
centered at Fis-contaied eni entirely within S, as shown in Figuré 117ttas If S is the 
empty set, or if every point of S is an interior point, then S is called an open set 
“(Figure 11.11b). The point P, is called a boundary point of Safe every open disk cen- 
sf "tered at P, contains both points that belong to S and points its that do not. The collection 
oi of all boundary points of Sis called the boundary of S, and S is said to be closed if it 


2 
Geni contains its boundary (Figure 11.1 Ic). The empty set cand) ® are both h open and c c losed. 
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Figure 11.11 Open and closed sets in IR? - 


egw 1119 "3 chad ae Similarly, an open-ball centered at C(a, b, c) is the set of all points P(x, y, Z) Such 


that 
| V@-at+(y—bP + (z-0) <1 


for r > 0. A point P, is an interior point of a set S in R° if there exists an open ball cen- 
tered at P, that is coniauied entirely within S, and the nonempty set $ is an open set ifall - 
its points are interior points. The point P, is a boundary point of S if every oper ball 
centered at F, contains both points that belong to. 8 and points that do not, and S is closed 
if it contains all its boundary points. As with R%, the set R? is both open and closed. 


LIMIT OF A FUNCTION OF TWO VARIABLES 


- ‘In Chapter 2, we informally defined the limit statement lim f(x) = L to mean that 


f(x) can be made arbitrarily close to L by choosing x sufficiently close (but not equal) 
to c. For a function of two variables we write ; 

— lim (x,y)= 1 

ope Ag (x,y) (0, Yo) Loy) 


~— 


to mean that the functional values f(x, y) can be made arbitrarily close to the number L 
by choosing the point (x, y) sufficiently close to the point (x yy Vo). The following is a. 
more formal definition of this limiting behavior. 
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= What This Says If lim f(x,y) =L, then given €> 0, the function 
(@,y)—> @o,Y0) : : 


value of f(x, y) must lie in the interval (L — «, L -+ €) whenever (x, y) is a point 


in the domain of f other than F\4 Yo) that lies inside the disk of radius 3 centered 
at P,. This is illustrated in Figure 11.12. 
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Figure 11.12 Limit of a function of two variables 


When considering lim f(x) we need to examine the approach of x to ¢ from two 
-Cc 


directions (the left- and right-hand limits). However, for a function of two variables, 
we write (x, y) > (x, Yo) to mean that the point (x, y) is allowed to approach (x5, yp) 
along any curve in the domain of f that passes through (Xq, Yo). For example, no matter 
how you get to the 15th step of Denver’s state capitol, you will still be at 5,280 ft 
when you get there. If the 


lim I, y) 


(x,y) (x0, Yo) 
is not the same for all approaches, or paths within the domain of f, then the limit does 
not exist. 
EXAMPLE 1 Evaluating a limit of a function of two variables 
D. 
Xo +xX—-xXy-—y 


Evaluate lim 
(x,y) 0,0) x—-y 


Solution 


First, note that for x # y, . | 


2 = _ a . 
Pirgias =* xy y_@+)@ yy 


x+] 
Fy, x—y 
Therefore, since f(x, y) is defined only for x # y, we have 
¢ 
x? +x—xy-y 
baie ee hie, eT | 
@,y¥)> (0,0) x-y (x,y) 0,0) 
EXAMPLE 2 Showing a limit does not exist 
2Xxy 
If f(a, y) = =——, show 
Ly) =a ee 
lim (x, y) . 
(x.y) (0,0) IG) 
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z=Oalong 
both the x- and 
y-axes Lf] 


z=] along the 
line y =x 


Figure 11.13 Graph of 
2xy - 
z= Pah and limits as 


(x,y) > (0, 0) 


WARNING, It is offen possible to show 


that a limit does not exist by the 
methods illustrated in Examples 2 and 3. 
However, it is impossible to try to 


prove that lim f(x,y) exists by 
(x,¥)9(0,0) 


showing the limiting value of fix, y) is 
the same along every curve that passes 
through (x,, Yp) because there are too 
many such curves. 


i 


does not exist by evaluating this limit along the x-axis, the y-axis, and along the line 
y=xX. ae 


Solution 


First note that the denominator is zero at (0, 0), so f(0, 0) is not defined. If we approach 
the origin along the x-axis (where y = 0), we find that 


2x(0) _ 
xr4+0 


f(x, 0) = 0 


"$0 fix, y)> Oas (x, y) > (0, 0) along y = 0 (and x # 0). We find a similar result if 


we approach the origin along the y-axis (where x = 0); see Figure 11.13. 
However, along the line y = x, the functional values are 

2x? 

x2 + x2 _ 


i f@y)=f(,x)= 1 for x40 


so that f(x, y) > las (x, y) > (0, 0) along y = x. Because f(x, y) tends ‘toward dif- 


ferent numbers as (x, y) > (0, 0) along different curves, it follows that has no limit 
at the origin. a 


EXAMPLE 3 Showing a limit does not exist 
Show that 


xy 


lim ree 
(vy) 0,0) x4 y? 
does not exist. 


Solution : 
If we approach this problem as we did the one in Example 2, we would take limits as 
(x, y) > (0, 0) along the x-axis, the y-axis, and the line y = x. All these approach 
lines have the general form y = mx. We find ” 


along y = mx: 


x’y : x? (mx) 
Im ae im ce Ghee Taare 
Oy 0.0) x* + y? (ay) 0,0) x4 + (mx)? 
mx 


= lim ae eo 0 
© (Y¥)>(0.0) xe Ee 


However, if we approach (0, 0) along the parabola y = 2°, we find 


along y = x: 
xy ; Ko) 
lim aT = Cm 
(> 0.0) x* + y? (x,y) (0,0) x4 + (x2)? 
a SA 


= lm —-n=- 
(.y)>@,0) 2x4 2 


Therefore, since approaching (0, 0) along the lines y = mx gives a different limiting 
value from approaching along the parabola y = x*, we conclude that thd given limit 
does not exist. a 


Basic Fo 
Limits of 
Variable 


3.- 


~ the line 


ipproach. 
Basic Formulas and Rules for 
“result if Limits of a Function of Two 
Variables 
| 
ward dif- 
no limit 
; 5 
ut 
x Ay nM 
‘ 2 
: Wh 
Wi 
limits as 
approach 


b. Graph of f(x,y) = 2 


w+ y2 


Figure 11.14 Graphs showing limits 


it limiting 
iven limit 
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‘We have just observed that it is difficult to show that.a given limit exists. However, 
limits of functions of two variables that are known to exist’ can be manipulated in 
much the same way as limits involving functions of a single variable. Here is.a list of 
the basic rules for manipulating such limits. 


E and ‘line (x, ») = 


lim» f y= 
@, y>G9, wo? 


Suppose - 
PPX &, Y>Go. yo) 


M, Then” i 


/ 


{a taf lt be) et = aL for constant 


Scalar multiple rile im d/, 
ee oe nt G00), sail 
' Sum rulé” 1 ork Uf + alts ae L+M 
See “eoseioo! 
Product rule tim. Efe lx, = 
epee @ TE 3) 
Quotient rule ao tint “Lede, yy= — if M40 
a (x.y) > G00) |. 8 a oe 


EXAMPLE 4 Manipulating limits of functions of two variables 
Assuming each limit exists, evaluate: 


9 4 2x) 
a. _‘ilim ae +xy+y*) bi; Hit 
(x,y) (3,-4 (x,y) (1,2) X4 + ye 
Solution 


a. tim ye tty) = (3)? + (3)(—4) + (—4)° = 13. A graph is shown in 
x,y)? ° 


Figure 11.14a. 


axy ee mee 
b tim = ——~=—— 
(x,y) (112) x2 ey? lim _ (x? + y?) 
(x,y) (1,2) 
7 2(1)(2) 4 
P45 


The graph is shown Figure 11.14b. 


CONTINUITY 
Recall that a function of a single variable x is continuous at x = c if 


1. f(c) is defined; 2. lim f(x) exists; 3. lim f= f (c), 
Using the definition of the limit of a function of two variables, we can now define the 
continuity of a function of two variables analogously. 
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Continuity of a Function of 
Two Variables 


a 


“f The function fs y) is- continuous at the point (x); Yo) if 


_.two variables that is continuous at (Xp, Yq) and G is a function of one variable that is 


. at (Xp, Vo): pe EEE 


EXAMPLE 5 Testing for continuity 


1. f(xq, Y9) is defined; . 


2. lim f(x,y) exists: 
(x,y) (x9, 9) ; ay 
320 lim, . 7G y) = f (0, Yo). , edie 


(x.y) (9.0) 


The function fis continuous on a set S if it is continuous at each point in S. 


! 

= What This Says, The function fis continuous:at (Xp, Yo) if the, functional 
value of f(x, y) is close to f(%q, Yo) whenever (x, y) in the domain of Fis suffi- * 
‘| ciently close to (Xp, Y)). Geometrically, this means that f is continuous if the 
|. surface z = f(x, y) has no “gaps” or “holes” (see Figure 11.15). | 


i 
t 


— tt 
——e 
a 


\ 


“ai 
bfiey)= i 
oe Figure }1.1¢ 


is discontinuous on the parabola y =x a gap 


is discontinuous at (0,0); a hole 


Figure 11.15 Two types of discontinuity 


The basic properties of limits can be used to show that if f and g are both continuous eeu: 
on the set 5, then so are the sum f+ g, the multiple af, the product fg, the quotient f/g . ae 
(whenever g # 0). and the root </f wherever it is defined. Also, if F is a function of * et 


continu 


Ous at F(x,, Vy}, it can be shown that the composite function G o F is continuous ae 


Many common functions of two variables are continuous wherever they are defined. . War 
For instance, a polynomial in two variables, such as xy? + 3xy3 — 7x + 2, C79 
is continuous throughout the plane, and a rational function of two variables is con-. 
tinuous wherever the denominator polynomial is not zero. Unless otherwise stated, 
the functions of two or more variables considered in this text will be continuous wher- es 
ever they are defined. 


Test the continuity of the functions: 


Rey 1 
a f(t,y)=—— 


Seneerrennaaes b. Xyy= 
ap ‘ Fe, y) aa 


These are the functions whose graphs are shown in Figure 11.15. 


Solution 


that is, where 
y-x=0 


Partial Differentiation 


a. The function fis a rational function of x and y (since x — y and x? + y? ate both 
polynomials), so it is discontinuous only where it is undefined; namely at (0, 0). 
pb. Again, this is a rational function and is discontinuous only where it is undefined; 


Thus, the function is continuous at all points except those lying on the parabola 


yer, 
ctional | a EXAMPLE 6 Continuity using the limit definition 
s suffi- Show that f is continuous at (0, 0) where 
3 if the : ] 
ysin~ x40 
, iGpS: x 
w= lor x=0 
THN Ry) sis ‘ 
iy il 
a . Solution 
. The graph is shown in Figure 11.16. To prove continuity at (0, 0), we must show that 
Front view for any € > 0, there exists a 5 > 0 such that 
1 ore 
- . lf(x,y) — f(0,0)| = |ysin—|<e€ whenever 0 <x?+y? <6? 
7 z x ~ 
(We use x° + y* and 5? here instead of \/x2 + y2 and 6 for convenience.) Note that 
m a ee 
y sin - < lyl for all x ¥ 0, because |sin . < 1 for x ¥ 0. If (x, y) lies in the disk 
: ee x’ + y’ < 6%, then the points (0, y) that satisfy y? < 4? lie in the same disk (let x = 0 
| in x’ + y’ < 6°). In other words, points satisfying |y| <6 lie in the disk, and if we let 
tae Figure 11.16 Graph of fin Example 6 5 =€ it follows that 
L : If. y) — 0,01 <lyl<S=¢€ whenever 0<V/x2+y2 <3 
y_. LIMITS AND CONTINUITY FOR FUNCTIONS OF THREE VARIABLES 
Bp 
i a. The concepts we have just introduced for functions of two variables in R? extend 
aut '0\0“naturally to functions of three variables in R?, In perce the limit statement 
Jlotient f/g ' 
_ unction of ve Pe f(y, 2) = 
ble, that is 
sontinuous -> Means that for each number € > 0, there exists a number 5 > 0 such that 
Soesen fos. —-L<e- | 
re defined. ; Nc Ep | 
; whenever (x, y, Z) is @ point in such that / 
ésiscons 7 op gS tyne 
ie sige, SS 0< V(x =x) + (y= oP? +E — 2)? <8 
ise stated, [ erases 
ous wher- en : . The function f(x, y, z) is continuous at the point Py Gy Yoo Zo) if 
> 3 . SL. fly Yy 2) is defined; 
: 2s lim F(X, y, 2) exists; 
a i 9.2) G0,Y0.20) 
mi ca : 3. lim FQ, y, 2) = f Go, Yo, Z0). 
»  &y,.2)> (x0, 0.20) 
| ‘Most commonly considered functions of three variables are continuous wherever they 
oe are defined. We close with an example that illustrates how to cetenning the set of 


; discontinuities of a function of three variables. 


SS CTA RSE 


BIRGIT WRT. 
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/ 


‘EXAMPLE. 7 Opens where a function ‘of three variables is continveus’ 99 vA liga 
(x.y) €.0) 


FOE what Pomnts &, y, zi is the following function continuous? 


as BO Ng Se BPE eer ga 7 (7y,2) = SS 
; ae : i = ee ag? sides pick ¥ J sch, VJ x? + y? oe. 22 


Solution : 
The function f(x, y, z) is continuous except where it is not defined; that is, for x° + y* - : 


— <.0. Thus, f(x, y, z) is continuous at any point not inside or on the.paraboloid 
cay ty’). 


e 


Dr Problems 


PC MEELE Rime e (x,y) 


11.2 PROBLEM SET (f%2-~S1) Qing into er WL 


PA) 1. WHAT DOES THIS SAY? Describe the notion of a limit of 2 2 +y ; x-y 


/ in = —— 
(x, im, Ox-y & (y+ O0) /x? + y? “ 


a function of two variables. 
2.. WHAT DOES THIS SAY? Describe the basic formulas and 
rules for limits of a function of two variables. 


In Problems 3-20, find the given limit, assuming it exists. 


a 


3, lim (xy? + Py +5) 
“ y)>(-1.0) 
4° lim (5x? —2xy+y?+3 
ae ie | Pry +3) 
oo. x+y’ no x-y 
Rares | woe 
5 al x= y & a 4) Jxe + y2- 
‘ xy xy 
Pe nie ; 8" & pat oe = ye 
Les 
lim [et iale 10. lim In@x?4+y’ 
2 (ay) @.1) y) asy)> (€,0) : ye af ey a xy 
in — — 2xy + oa ow (x? ~ 1)(y? - 4) 3 (eyen(0.0) mano ae tye 
ie ¥)~> (0,0) x-y i pod: 2) . _ ce ae 


ei aes 
ate, i 


| ve yor 
& NG 


(y_y)-(0.0) y I “|G y) (0,0) x? on y? 
oe sin(x + : 
15. lim Smee) 16, lim (sinx + cos y) 
~~ yah) x+y (x,y) (0,0) 
yi-y ; A xi yt 
17. lim ——- 18. lim ——— 
(xy) (5,5) x2 = y? ¥ - (y)-9(aa) x? — y??” 
: 1 @ 18 a constant. 
4 3 7 7 ety 
19. lim pga . jim ee: 
: (yo) x —2Zy (x.y) 0.0) fx? y2 + 4—2 
| In Problems 21-29, evaluate the indicated limit, if it exists. i : 
Da 5 - 2 7% lim (sina — cos y) 231 lim b= 
26 fe te » ee +x P. 22. Pes Co a Pa y ey Hy me +.0) (x,y) (0,0) | 


| 
fi 
di 


ff i 
Wy 


ces 
Filey 


—— 
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ae | ‘sf (see? Ly) pM Let f be the function defined by 
. WN, 3 
(x,y) (0.0) x? + y? : xy" for (x, y) # (0, 03 
——_ Or (x, 5V) 
; fona,ery : 


0 for (x, y) = (0, 0) 


an Is f continuous at (0, 0)? Explain. 
w/ Pp 
ied Let : be the function defined by 


tytn a ty" for (x, y) (0,0 
peated a Foy = | x24 y6 alee ane 
- Om Problems 30-33, show that i lim, (x, ¥) does not exist. 0 for (x, y) = (0, 9) 
ites, ot Is f continuous at (0, 0)? Explain. : 
Pa ter te 2 2-y 
obey be the function defined by -f (x, y) 7) Poe for 
(«, #0, 0).. 
: i lim. x,y) 
(i ; iq 4, Find (xy) mi Y). 
; NA ‘Prove that f has no limit at (0, 0). 
. Dy ‘ ‘ \ ; x? + 2y? 
> Let f be the function defined by f@ y= aa yh for 


(x, y) ¥ (0, 0). 


Ce li 
ie Ax (x, yoo. 1) f(r, y). 
“ Prove that f has no limit at (0, 0). 


° ae that the function 
| x4 y3 : 
—— _ for (x, ‘(0,0 
i fayapery or (x, y) #°(0, 0) 
| A for (x, y) = (0,0) 
; a a is continuous at the origin, what is A? : 
39. Given that the function : 
a 3x? — 3y? 
for x? # y? 
fa,y)={ x2 -+y? #y 
- B otherwise 
es 2 
+ 
Yio y= ee “f is continuous at the origin, what is B? 
: 0. Let 
xy? 
——— for (x, y 0,0 
Lehn fQa,y= x? + y? or (x y) #( ) 
pi 0 for (x, y) = (0, 0) 
: ’ Given that f(x, y) has a limit at (0, 0), is f continuous ee 
w y coinike that the limit exists, show that ee 
fey: . ; XYZ 
Ast lim  ———= 
+ y? pe = — \ eyes 24 y24 52 
ay | a ee | | oh i ne 
“ery : ad ¢ “al. cinta? +) ee 
‘ Cie a y)= a rar ae ye for (x, y) 4 (0, 0). For what value 
of f(0, 0) is f(x, y) continuous at (0, 0)? Hint: Use polar coor- 
inates. ~ 
43 Consider the function 
2x? —x?y?+2y? | 
——_.—.———._ fi ; 0,0 
Geis Pty or (x, y) # (0, 0) 
A for (x, y) =:(0, 0). 


Find the value ofA which will make f continuous at the origin. 
Hint: Use polar coordinates. . 


hy 
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Use polar coordinates to find the limit given in Problems 44-47 pay Sie yey? 
: ~ a B4 oe . : =e tat 
fh lim tan(x? + y') a Pee x+y : (yet x+y ‘Partial De 
“00 x24 y? oe nection ¢ 
jf a 55. Prove that if fis continuous and f(a, b) > 0, then there exists os 
lim «+224 yer a d-neighborhood about (a, b) such that f(x, y) f 0 for every: 
(x.y) (0.0) point (x, y) in the neighborhood. “4 


] . 2,2 ‘ ‘ | 
op ia, es re lim xinfxe+y 56. Prove the scalar multiple rule: 
(x.y)9(0,0) x2 + y2 (x.y 


)— (0,0) 
: a } ; lim fafla,y)=a lim f(x,y) 

Counterexample Problems in roblems 48-50, either ed that (x.¥)> (10.90) (> @0.¥0) ’ 

the given statement is true or find a POUNCED 2 he 

Cay 7 % 

rs If lim f(0,y)=0,then lim, f(x,y) =0. aa meth rican isp ue 
a Pe EE cogs 
vnouge (pee im [f+sl@y=L+M 


49) If fay, vi is continuous sa all "ay # : and a 0, rae fO, = Erne . 
then lim f(x,y) = ee . 
x.y) >(0,0) WY =e, >. ane (19) Ps) : = : 
(ry) F iy ao ie where tes lim it (x, y) and M anti 8 y) ; 


0. If d are continuous ee of x mn respec- 
Ley ane 2) yn P . A function of two variables f(x, y) may be continuous in each 


tively, th 
Ively, then tab 64) ae" wo separate variable at x = x, and y = y, without being itself 


A(x, y) = f(x) 4 yy rut oe continuous at (x,, y,). Let f(x, y) be defined b 
i Arlt 8( an saan ae gd ntinu (Xqp Yo): Let fl, y) ined by 
is a continuous function of x sid y. Z Wei ib | a : for (x, y) # (0,0) ey 

@ Use the €-8 definition of limit to very the limit Statements given juCen) toe aaa ras , 

N in Problems 51-54. ue ae 0 for (x, y) = (0,9) 
ae Fy Jim, nee 4: beaks = Th ee (x+y) = Let g(x) = f(x, 0) and h(y) = (0, y). Show that both g(x) and 
! tg (x, ba 0,0) ‘h(y) are continuous at 0 but that f(x, y) is not continuous at (0, 0), 

ee ek Gane am e70 le guen | Se eee 2 


k(%K? ~oL = 


Choon § < | is ¢ . | $24 |. 
ming > $y CP | 


7 Now for by) 6 = £ Om6eR™ | EES ee: a. on 
11.3 Partial Derivatives (2222 luiZ8! > Sper lemepeet "eae 
\ MOD: LH ol <2E<E whine on ra 


ch IN THIS SECTION partial differentiation, partial derivative ag a “op e, partial derivative ds a rate, 
a & p p p Pp 
iy SH higher-order partial derivatives - 


eS 


~~ i 
U PARTIAL DIFFERENTIATION 


It is often important to know how a function of two variables changes, with respect to 
one of the variables. For example, according to the ideal gas law, the pressure of a gas 


-Is related to its temperature and volume by the formula p — ~~, where kis a constant. 
; 4 


If the temperature is kept constant while the volume is allowed to vary, w might want . 
to know the effect on the rate of change of pressure. Similarly, if the volume is kept | 
constant while the temperature is allowed to vary, we might want to know the effect 
on the rate of change of pressure. oe 

The process of differentiating a function o atiables with respect to one of 
its vatiables while keeping the other variable(s) fixed is called” rentiation, vs 
and the resulting derivative is a partial derivative of the function. 

Tel tte cota Po asin of ae a dco 


limit of a difference quotient, namely, 


oe Fr eas f(x) 


Ax 


Partial derivatives with respect to x or y are defined similarly. ° 


a) 


he Partial Derivatives of a 
Bt age te Function of Two Variables 
& there exists 
‘0-for every 


g(x,y). 


“ous in each 
veing itself - . 


ith g(x) and 
ous at (0, 0). z- See 


as a aie 


respect to 
te of a gas 
i constant. 
light want 
ne is kept 
the effect 


t to one of 
~ entiation, 


| to be the 


a ‘and 


a provided t the limits exist.. he 
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If z = fi, y), then the partial derivatives of f with respect to x and y are the 
functions f, and f., respectively, defined by 


Sf + Ax, y) — f(x,y) 


NEY lim 
fr, y) = a ee 


im, pics sane ata Fy) 


ik (x, y= a 


= What This Says For the.partial differentiation of a function of two vari- 
‘ables, z= f(x, y), we find the partial detivative with respect to x by regarding y 
as constant while differentiating the function with respect to x. Similarly, the 
partial derivative’ with respect to y is found by a x as constant while 
differentiating with respect to y. ‘ 


EXAMPLE 1 Partial derivatives 
If f(x, y) = ey + x°y?, find: a. f. b. f. 


Solution 
a. For f,, hold y constant and find the derivative with respect to x: 
F(x, y) = 3x2y + 2xy? 
b. For f hold x constant and find the derivative with respect to y: 
AG, y) =P + Bey a 


Several different symbols are used to denote partial derivatives, as indicated in 
the following box. 


Alternative Notation for Partial Derivatives 


For z = f(x, y), the partial derivatives f, and f, are denoted by 


fir (%s y) = ee ao FG, y) = tr = De(f) | 
2 OX SORE 
and ae Ce : ' 
: a) fal 
AG. y= a = aie. y) =z =D,(f) i 
y o 


d : 
= f.(a,b) . “and i = f,(a, b) 
(ab), a dy 1.0) 


. Ox 


EXAMPLE 2 Finding and evaluating a partial derivative 
Let z = x? sin(3x + y?). 


r] 
a. Evaluate Mas 


b. Evaluate z, at (1, 1). 
9X |(n/3,0) 
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Solution 


ane eee nee 3 
a. = 2x sin(3x + y°’) + .x* cos(3x + y°)(3) 


; 
= 2x sin(3x + y*) + 3x? cos(3x + y°) 


Thus, 3 
az 4 3 Tv 7 1? <2 
dele ( ) sinx +3 (3) a 7 O+ SDH =z 


b. z, = x2 cos(3x + y)(3y’) = 3x*y? cos(3x + y’) so that 
y A 


2y(1, 1) = 3(1)2(1)2 cos(3 + 1) = 30084 P 


Finding partial derivatives using technology is a natural extension of the way you have been finding other derivatives. The gen: 
eral format for most calculators and computer programs is the same: derivative operator, function, variable of differentiation. 
Evaluating the partial derivative is then accomplished by using the evaluate feature. For example, Figure {1.17a displays the 
computation of the partial derivative of f(x, y) = xy + xy? with respect to x from Example 1, while Figure 11.17b displays 


the evaluation of the partial derivative of z = x* sin(3x +y°) with respect to x at the point (7, 0) found in Example 2: 


—— 


Fs Fur 
alcjQther Pr 


FE ia FG 
gmIOojClear oz... 


ne Fé ' 
FramIO|Clear az... 


‘FivMyy Fer 
+ Pil AlgebralC 


EOC 2sin Gx+y3) 00 lx=n/3_ and, 
HAIN __ Rao AUTO” FUNC A¢20 


a. The partial derivative Joey + xy’) _, b. The partial derivative rate sin(3x + y°)) evaluated at (=F 0) 


Figure 11.17 Computing partial derivatives with technology a ae 
7 | 
JEXAMPLE 3 Partial derivative of a function of three variables | 
" Let fey, 2) = 2x2 + 2xy? + yz); determine: asf, b. f, c.f, 
Solution : 
a. For f,, think of fas a function of x alone with y and z treated as constants: 


f(x, y, 2) = 2x + 2y? 


b f(x,y, 2 =4xy+2 Guay 
WARNING, : y 
Ne) Osteen ©. f(y 2) = 3y2? 7 a a : 
independent variable. : ; 


EXAMPLE 4 Partial derivative of an implicitly defined function 
Let z be defined implicitly as a function of x and y by the equation 


2 Ae SX 
Determine 0z/dx and dz/dy. i sa 


Partial Differentiation 561 


Solution 
Differentiate implicitly with respect to x, treating y as a constant: 


7 u : dz. dz 
2xz+x°— +3y7— = 1 
Ox Ox 
° dz, 
2° Then solve this equation for —: 
ots . ax 
3 
dz 1 —2xz 
' | ax ¥2 + 3yz2 
a Similarly, holding x constant and differentiating implicitly with respect to y, we find 
ar 
x + 294 3y7?— =0 
dy dy 
so that oy 
s. The gen- 
eventiation. 0z —2 
lisplays the + | aie pcan a 
isplays the = dy x2 + 3yz? 


7b displays 
iz. "3 


PARTIAL DERIVATIVE AS A SLOPE 


A useful geometric interpretation of partial derivatives is indicated in Figure 11.18. 

| : In Figure 11.18a, the plane y = Yo intersects the surface z = f(x, y) in a curve C parallel 

| to the xz-plane. That is, C is the trace of the surface in the plane y = y,. An equation 

a for this curve is z = f(x, y,), and because y, is fixed, the function depends only on x. 

Thus, we can compute the slope of the tangent line to C at the point PG, Seta) in 
the plane y = 9, by differentiating f(x, y,) with respect to x and evaluating the derivative 

| at x = x). That is, the slope is f,(%, yp), the value of the partial derivative fat (x), Yo). 

The analogous interpretation for f(%», yp) is shown in Figure 11.18b. 


z 


Tangent line 
Curve C 


Tangent line 
; z=f(x, yo) 


Curve D 
Bz = f(x,y) 


“ae 
Surface 


z=f(x,y) 


Plane 
Y=Yo 


ats: 
* ; - a, The tangent line in the plane y = yo b. The tangent line in the plane x = x 
to the curve C at the point P has to the curve D at the point P has 
slope f,(x0, Yo)- slope f, (Xp; ¥o)- - 


Figure 11.18 Slope interpretation of the partial derivative 
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Partial Derivative as the Slope of a Tangent line 


~The Tine parallel to the XZ- rote and poe to. vals surface om hs y at the: 


EXAMPLE 5 Slope of a line parallel to the xz-plane 


Find the slope of the line that is parallel to the xz-plane and tangent to the surface * 
2=X./xX + y at the point P(1, 3, 2). 


Solution . . . '  Higher-Or 


If f(x,y) =xJ/x+Fy =x(x + y)'”, then the required slope is f (1, 3). 4 . Derivative 
Ao eae 5) ty 4 0)+ (+9)? =— 4 egy 
cae oy a . 
Thus, f, (1, 3) = ny ra pee 
eta er ae 


PARTIAL DERIVATIVE AS A RATE 


The derivative of a function of one variable can be interpreted as a rate of change, and 
the analogous interpretation of partial derivative may be described as follows. 


* Partial Derivatives: as Rates of Change. 


ngs the. point (x, y) moves from the fixed point P 0% ps Yo)» the fier fle, yy 
changes at arate given by f. (Spy Yp) i in the direction of the positive x-axis and 
_ by Le Xo» Yo) in the direction of the positive y-axis. 


EXAMPLE 6 Partial derivatives as rates of change 


In an electrical circuit with electromotive force (EMF) of E volts and resistance 
R ohms, the current is J = E/R amperes. Find the partial derivatives 0//9E and 
ar / OR at the instant when E = 120 and R = 15 and interpret these derivatives as rates. 


Solution. 
Since J] = ER- ' we have © 


ar, al i : 
—2=R and — =-—ER™ 
OE. OR 


and thus, when E = 120 and R = 15, we find that 


al a1° ; eo a: 


—=15'% 0.0667 and  — =~(120)(15)~? x —0,5333 
dE OR 
This means that if the resistance is fixed at 15 ohms, the current is increasing (because " 


the derivative is positive) with respect to voltage at the rate of 0.0667 ampere per volt 
when the EMF is 120 volts. Likewise, with the same fixed EME, the current is 
decreasing (because the derivative is negative) with respect to resistance at the rate of 
0.5333 ampere per ohm when the resistance is 15 ohms: 


vat the f 
surface * 


ye surface 


Higher-Order Partial 
Derivatives 


‘ange, and 
WS. 


‘sistance 
/OE and 


as rates. 


‘because 
per volt - 
.ltrent is : 


. erate of 
| 
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HIGHER-ORDER PARTIAL DERIVATIVES 


The partial derivative of a function is a function; so it is possible to take the partial 
derivative of a partial derivative. This is very much like taking the second derivative 
of a function of one variable if we take two consecutive partial derivatives with 
respect to the same: variable, and the resulting derivative is called the second-order 
partial derivative with respect to that variable. However, we can also take the partial 
derivative with respect to one variable and then take a second partial derivative with 
respect to a different variable, producing what is called a mixed seco r 
derivative. The higher-order partial derivatives for a function of two variables fy) 
“are-denoted as indicated in the following box: 


HAP aca 


9° 0 — 
a7 | ay : n= (fyy = Ay” a 


Mixed second-order partial derivatives 


oe _ 


WARNING 
—b The notation f,, means that we differentiate first with respect to x and then with 


2 


respect to y, while Bxdy means just the opposite (differentiate with respect to y first and then 


with respect to x}. 


EXAMPLE 7 Higher-order partial derivatives of a function of two variables 
For z = f(x, y) = 5x? — 2xy + 3y’, determine these higher-order partial derivatives. 


a2 92 2 
ae ee. Hi RGF 
axdy ayax Ox 
Solution 


a. First differentiate with respect to y; then differentiate with respect to x. i 


— = —2x + Dy? 

az d- 7-02 0 5 
——_ = — | — Jj = —(-2 a 
oxdy Ox (=) ax ee A 


b. Differentiate first with respect to x and then with respect to y: 


af 
— = 10x -2 
Ox: ita 
a’f of a 
dyax = 3y (5 =: so 2y) =—-2 
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An important p 


_ EXAMPLE 9 Verifying that a function satisfies the heat equation 


¢. Differentiate with respect to x twice: 


az 8 /a - 
site) = poe—2) = 
Ox 


Ox dx \dx 
d. Evaluate the mixed partial found in part b at the point (3, 2): 
f,(3, 2) = —2 a 
Notice from parts a and b of Example 7 that pes ae ae This equality of mixed 
xdy yox 


partials does not hold for all functions, but for most functions we will encounter, it 
will be true. The following theorem provides sufficient conditions for this equality to 
occur. 


THEOREM 11.1 Equality of mixed partials 


If the function f(x, y) has mixed second- order partial derivatives f ie and f qe that are 


continuous in an open disk containing (Xp, Yo), then 


Fxg Yo) = fy % qs Yo) 


Proof This proof is omitted. ie Qo 


EXAMPLE 8 Partial derivatives of ee = two variables 


| 
Determine f fy yo Fos and Foy Where f(x, y) = xy 


Solution 
We have the partial derivatives 


f= Dxye’ f= We + xye" 
The mixed fad derivatives (which must be the same by the previous theorem) are 
f= (f.), = 2xe” + Daye’ f= (f),= xe" + aye 
Finally, we compute the second- and higher-order partial derivatives: 
fa = (fF), = 2ye” and Foy = ¢ Fug) = 20” + 2ye 7 a 


_An equation involving rivatives is called a partia ential equation. 


oT 50°T 
= es 
at ax? 
where T(x, t) is the temperature in a thin rod at position x and time t. The constant ¢ 
is called the diffusivity of the material in the rod. In the following example, we verify é 


hat a certain func ion satisfies this heat equation. 


,0°T 


x oT 
Verify that T(x, t) = e7 ‘COs = — Satisfies the heat equation, ae e ree 
x 


Solution 


@ 1. wHi 


2. Expl 
of tl f 


Determi 


| 
/ of mixed 


_ 2ounter, it 
quality to 


yy that are 


orem) are 


ee 


squation. - . 


onstant c 
we verify 


11.3 


PROBLEM SET (52-**) 


A] 1. WHAT DOES THIS SAY? What is a partial derivative? 
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and 
er afi, 
rome (-Z« sin *) 
l -t 
= “38 COS = 
Thus, T satisfies the heat equation us = oot | 
ot * Ox? 


Analogous definitions can be made for functions of more than two variables. 
For example, , 


93 afa (a a? afa (a 
fizz a ae = all ae ()] or Fryz a ee use aa] Oar =) 
Oz dz dz \dz/j- -. i dzdydx dz dy \dx 


EXAMPLE 10 Higher-order partial derivatives of a function of several 
variables Reg 

By direct calculation, show that f, ym A fe —i i " for the function 

fl, y,d =ayet eye. 


Solution — 
First, compute the partials: 


ree y, z) = yz + 2xyrz* 
fy(X, Ys Z) = xz + 3x? y2z4 
fits y, 2) = xy + 4x’ yz? 


Next, determine the mixed partials: 


Fry(%1 12) = (Ve + 2xyrz*), = 2+ 6xy*z" 
Fel, Ys 2) = (az + 3x7 y?24), = x + 12x? y?2? 


f(t y, 2) = Gy t 4x? y2?)y = x + 12x? ye? 


Finally, obtain the required higher mixed partials: 


Fey, ys Vat 6xy?z"), =l1+ xyz? 
¢ yx, y, z) = (x + 12x7y*z7), an | + xyz? 
fayx(%, Ys 2) = H+ 12x7y’z*), =i+ xy*z? . | 


W rk 
BIH 8) 49, uA uF, S2GSF 


As (x, y) = In(2x + 3y) je y) = sintx’y 


2. Exploration Problem Describe two fundamental interpretations 
of the partial derivatives f (x, y) and i (x, y). 


Determine ffs fio andj, in Problems 3-8. 
é ne ae a 

Bb foyer trytayty 

4& fu) = tay ty 


Sfay= : 6 fc, y) = xe" 


Determine f, and f _in Problems 9-16. 
Ma. f(x, y) = (sin 2)cos y b. f(x, y) = sin(x’ cos y) 
100 a. f(x, y) = (sina) Iny? bf (x, y) = sin(V2 Iny’) 
f es 
J fay) = ya? +9" V2. f(x, y) = 2 Ine +y) 
1 fle, y) =xe™ cosy UA. f(x, y) = ay tan! y . 
US. flx, y) = sin7!(xy) UG fx, y) = cos™'(ay) 
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_ Detgrmine f., f., and f. in Problems 17-22. 
ee yz) = xy? + yz + xyz 
- SF, y, 2) = xye* 
p 2 
x+y 


7: 
Ae 


Wierd = 


pb ete XY + YZ 
oy, if, y, 2 = In(x + v2 + 24) 
23, f(x, y, 2) = sin(xy-++ 2) 


dz dz 
In Problems 23-28, determine ay and a by differentiating 
implicitly. 2 ) 
9 4 2 
aa Je é re 2 3 
aay ar +f a I eA, 3x + 4y? +277 = 5 


f 4 
5. 3eytyz- 2a] 
“27, J/x+y?+sinxz = 
78. InQxy + yz +22) =5 (x > 0, 


In Problems 29-32, compute the slope of the tangent line to the 
graph of f at the given point P, in the direction parallel to 


: 
26x - ay ty2—2=4 


y>0,°z>0) 


a., the xz-plane b. the yz-plane 
29, Tle, y) _ xy? a xy; Bd, =, —2) 


2 2 
Hon = 22% na, lp=2) 


Wea (x, y) = x? sin(x + y); Po (E, ¥,0) 
irae nee ar 

3: SOs y) = xIn(x +’); Pile, 0, e) 
O33. Determine f and f, for 


fay) = [e +2t+1)dt 


; Hint: Review the second fundamental theorem of calculus. 
3A. Determine f, and f for 


2y 
fx,y= : (e' + 3t) dt 


x 
Hint: Review the second fundamental theorem of calculus. 


A function f(x, y) is said to be harmonic on the open set S iff,.and 
fare continuous and = 

fx + Pay =0 ; Biola 
throughout S. Show that each function in Problems 35-38 is 
harmonic on the given set. 
85, f(x, y) = 3x’y — y*; Sis the entire plane. 


BO. f(x, y) = In(x? + y’); Sis the plane with the point (0, 0) removed. 
wo /f%, y) = e* siny; Sis the entire plane. 

. f(x, y) = sinx coshy; S is the entire plane. 

» For f(x, y) = cosy’, show f =f. 


ay 


wpe f(x, y) = (sin’x)(siny), show f, =f, 
4¥, Findf. — Foe where f(x, y, 2) =x? + y* — 2xy cosz. 


x2)! 

42. Two commodities Q, and Q, are said to be substitute com- 
modities if an increase in the demand for either results in a 
decrease in the demand of the other. Let D\(p,,p,) and D,(p,, P>) 
be the demand functions for Q, and Q,, respectively, where 
P, and p, are the respective unit prices for the commodities. 


aca 


dD, 
a. Explain why —— < 0 and 
ap P2 


aD aD: ee : ; 
-b. Are — and 2 positive or negative? Explain, 
dp2 Op 
c. Give examples of substitute commodities. 
K ’ 
43. Two commodities Q, and Q, are said to be complementary com- 
modities if a decrease in the demand for either results in a 


decrease in the demand of the other. Let D (Pp P,) and D,(p,, p,), 


be the demand functions for Q, and Q,, respectively, where D, 
and p, are, the respective unit prices for the commodities. 


2 


dD, d has 
a. Is it true that —— < 0 and < 0? Explain. 


ap Os 
dD, dD, > 
b. Determine whether — and — are positive or negative? 
apo Op ; 


Explain. 
c. Give examples of complementary commodities. 


4A. Modeling Problem The flow (in cm’ /s) of blood from an artery 
into a small capillary can be modeled bys 


3 
CIEXS 
F(x, y,Z) = 


= 
for constant c > 0, where x is the diameter of the capillary, yis 
the pressure in the artery, and z is the pressure in the capillary. 
Compute the rate of change of the flow of blood with respect 
to , : 

a/ the diameter of the capillary 

by the arterial pressure 
ol the capillary pressure 


(45: Modeling Problem Biologists have studied the oxygen con- 
sumption of certain furry mammals. They have found that if 
the mammal’s body temperature is T degrees Celsius, fur tem- 
perature is t degrees Celsius, and the mammal does not sweat, 
then its relative oxygen consumption can be modeled by 

C(m, t, T) =o (T — t)m-° 
(kg/h), where m is the mammal’s mass (in kg) and o isa 
physical constant. Compute the rate (rounded to two decimal 
' places) at which the oxygen consumption changes with 
respect to 


ay the mass m 
bi the body temperature T 
yg! the fur temperature t 
46, Modeling Problem A gas that gathers on a surface in a con- 
“ densed layer is said to be adsorbed on the surface, and the sur- 
face is called an adsorbing surface. The amount of gas 


adsorbed per unit area on an adsorbing surface can be modeled “ 


by 
S(p, T, h) = apel/OT) 
where p is the gas pressure, T is the temperature of the gas, 


h is the heat of the adsorbed layer of gas, and a and b are phy- 
7. constants. es the rate of change of S with respect to 


~ “47, The ideal gas law says that PV = kT, where P ig the pressure 


of a confined gas, V is the volume, T is the temperature, and . 


k is a physical constant. 
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2 Calculate oe “b, Calculate BE 
OT av 


| J bode ee oi 

fi ee Sepw Gal aa ar ps 
ia. At a certain factory, the output is given by the production 
"function Q = 120K?/* L?/°, where K denotes the capital invest- 


ment (jn units of $1,000) and L measures the size of the labor 
_ force (in ‘worker-hours). 
_a/ Determine the marginal productivity of capital, 3Q/0K, 


“ andithe marginal productivity of labor, 0Q/0L. 
{b. Determine the signs of the se cca -order partial derivatives 
d°Q/aL? and 3° Q/dK*, and fie an economic interpreta- 
tion. 
49, The temperature at a point (x, y) on a given metal plate in the 
c/_xy-plane is determined according to the formula T(x, y) = 
x3 + 2xy? + y degrees. Compute the rate at which the temper- 
ature changes with distance if we start at (2, 1) and move 
a parallel to the vector j . 
= parallel to the vector i 
“Sr physics, the wave equation is 


Gi 


and the heat equation is 
az oe ed 
at Ox?" 


In each of the following cases, determine whether z satisfies 
the wave equation, the heat equation, or neither. © 


7 x x : . 
.Z=e! (sin ~— + cos =) b/z = sin 3ct sin 3x 
c c 


z = sin Sct.cos 5x 
e Cauchy-Riemann equations are 


au _ By 
ax dy 


where uw = u(x, y) and v = v(x, y). Which (if any) of the 
following functions satisfy the Cauchy-Riemann equations? 
(pe U=e "COs y,u=e" “sin y 

‘y wax +y", v= 2dxy 

7 w= Ine? + y),v = 2tan He) 
"52. When two resistors R, and R, are connected in parallel, their 
4 combined resistance R satishies 


2p'92 
What is one Ry 
aR? OR} 
53, ee that the production function P(L, K) = L*K®, where a 
‘~ and 6 are constants, satisfies 


5 ud K ae a+ B)P 
ras 
sa The Kinetic energy: of a body of mass m and felpely v is 
ee - Show that 


ow Counterexample | Problem Let 
S 
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dK °K ~ 

; am av2 
55. A study of ground penetration near a toxic waste dump models 
the amount of pollution P at a depth x (in feet) and time f (in 


years) by the function 

P(x, t) = P+ Pe™ sin(At — 
where A, k, F,, and P, are constants. Show that P(x, ) satisfies 
the diffusion eatin 


OP 
poring 
ot Ox? 


kx) 


for a certain constant c. J) 


aye 


: xy ™ 
os (5) if (x, FO 
0 


x2 + y? 

[itt = 0. 09% ou 
{ 

Show that f,(0, y) = —y and f(x, 0) =x, for all xsand y. Then 


show that (0, 0) = —1 and f (0, 0) = 1. : Why does me HOt, 
violate the equality of mixed partials theorem? “* 


Show that ie (0, 0) = 0 but fi (0, 0) does not exist, where 


| 
(x? + y) sin (=) if (x, y) # (0, 0) 
Pee en (red 
0 if (x, y) = (0, De 
58. Modeling Problem Suppose a substance is injected into a tube” 


containing a liquid solvent and that the tube.is placed so that 
its axis is parallel to the x-axis, as shown in Figure 11.19. 


Figure 11.19 Problem 58 


Assume that the concentration of the substance varies only 

in the x-direction, and let C(x, 4) denote the concentration at 

position x and time ¢. Because the number of molecules in this 

- substance is very large, it is reasonable to assume that C is a 

continuous function whose partial derivatives exigt. One 

model for the flow yields the diffusion equation in ong dimen- 
sion, namely, 


aC aC 
at Ax? 
where 6 is the diffusion constant. 
a. What must é be for a function of the form 


C(x, t) = earth 


(a and b are constants) to satisfy the diffusion equation? 
b. Verify that 


C(x, t) = pip et 481) 


satisfies the diffusion equation. 


\p af 


WY 
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59, The area of a triangle is A = / ab siny, where y ig the angle 60. Journal Problem Crux, problem by John A. Winterink* 


between sides of length a and b. 


a. Determine Ss So and = (8,9) = ar? + Bry + by? + gr + Bp +e=0 
ab — bh’ # 0, show that the center is the intersection of the » 
b. Suppose a is given as a function of b, A, and y. What is lines 86 /dx = 0 and a¢/dy = 0. 
da , 
ay *Problem 54, Vol. 6 (1980), p. 154. 


Prove the validity of the following eee method for ane 
the center of a conic: For the central conic, 


11.4 Tangent Planes, Approximations, and Ditierentiability 
OP IN THIS SECTION | tangent planes, incremental approximations, the total differential, diferent 


TANGENT PLANES 


Suppose S is a surface with the equation z = f(x, y), where f has eae ee partial ’ 


derivatives f, and f,. Let P,(x), Yor Z,) be a point on S, and let C, be the curve of inter- 
section of S with the phate X = xX, and C,, the intersection of S ‘with theyplane y = yp, 
as shown in Figure 11.20a. The tangent lines T, and T, to C, and C,, respectively, at 
£, determine a unique plane, and in Section 11. 6 we vill find that this plane actually 
dontains the tangent to every smooth curve on S that passes through P,. We call this 
plane the tangent plane to S at P, (Figure 11.20b). 


| 


rade 
H 


a 
Ne ON i 


NH 
oe 


Surface S 


Plane x = xy 


a. C, and C; are the curves of b. The tangent plane to Sat Py , 


intersection of the surface S contains the tangent lines 7, and T> 
with the planes x = xq and y = yp. to C, and C;, respectively. 


Figure 11.20 Tangent plane to the surface S at the point P, 


To find an equation for the tangent plane, recall that the equation of a plane with 


normal N = Ai + Bj + Ck is 
A(x ~ x) + B(y — yy) + C(z — %) =0 
If C # 0, divide both sides by C and let a = —A/C and b = —B/C to obtain 
Z— 2 = a(x — xX) + d(y — yo) | 


The intersection of this plane and the plane x = x, is the tangent line T,, which we know 


has slope F,(%» Yo) from the geometric interpretation of partial derivatives. Setting x = 
Xq in the equation for the tangent plane, we find that 7, has the point-slope form 


Z— % = bly — yy) 


Equation-¢ 


‘a. is 
‘or finding 


0 
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_ tst partial 


: of inter- 
1 Y=Yy 


tively, at - 


2 actually 


2 call this 


‘ace § 


dT, 


dane with 
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_we know — 
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rm 


Equation ‘of the Tangent Plane 
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. Oz ne 
so we must have b = fy (Xo, yo) = ay . Similarly, setting y = y,, we obtain 
(x0.o) 


Z— % =a(x — x) 


which represents the tangent line T,, with slope a = F (Xp: Yo). To summarize: 


Suppose 'S is a surface with the equation z = f(x, y) and let P(x, Vp» 2) be a 
point on § at which a tangent plane exists. Then an equation for the tangent _ 


Plane to S-at P is | 


an 


"we say:thé eaqiation Of the plane is id standard form. © =o je. 


EXAMPLE 1 Equation of a tangent plane for a surface defined by z = f(x,y) 


Find an equation for the tangent plane to the surface z = tan! Z at the point 
x 


Po(1, V3, 5): 
Solution 
a) 
yx mad é af 5 3 ~/3 
EQ) SS f.(1, V3) =—~ = —— 
y x + y 1+ 4 
() 
xo! x 1 1 
he= Dy ae A= Ta 
Xx 


The equation of the tangent plane is 


or, in standard form, 


3V3x -3y + 122-40 =0 | 


INCREMENTAL APPROXIMATIONS 


In Chapter 3, we observed that the tangent line to the curve y = f(x) at the point P(x,, yo) 
is the line that best fits the shape of the curve in the immediate vicinity of P. That is, 
if fis differentiable at x = x, and the increment Ax is sufficiently small, then 


Ay = fix, + Ax) ~ fx) © f(x) Ax 


or, equivalently, 


Sey + Ax) © fy) + fay) Ax 
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Similarly, the tangent plane at P(x, Yo» Zp) is the plane that best fits the shape of the 
surface z = f(x, y) near P, and the analogous incremental (or linear) approximations 
formula is as follows. ° 


_ Incremental Approximation of a Function of Two Variables. 


olf flcry) and its partial derivatives f. and £ are defined. in an open region R -: 
_ containing the point P(x, Yp) and f. and f, are continuous at P, then 


| AP= fay + Bt +49) — fy 99) ig HAE + Ll 99D 


© IO) + 8% 9+ OD) fp I) +LOy WAEELGy VAY 


A graphical interpretation of this incremental approximation formula is shown in 
Figure 11.21. 


Tangent plane 


Lo =f(x, y) 

? The height of the surface 

z= f(x,y) above 

Q(X + Ax, yy + Ay) is 
approximately the same as the 
height at Q of the tangent 
plane at Py, 


Figure 11.21 Incremental approximation to a function of two variables 


The tangent plane to the surface z = f(x, y) has the equation ° 
Z = 2y = F,%oy Yo) — Xp) +F,%ps Yo) (Y — Yo) 
or . ° 
Z — fix Yo) =F.%q Yo) Ax + F,Q%q Yo) AY 


As long as we.are near (x,, Yo), the height of the tangent plane is approximately the 
same as the height of the surface. Thus, if | Ax| and |Ay| are small, the point (%) + Ax, 
Yq + Ay) will be near (x,, Yo) and we have . 


~~F(X0 + Ax, yo + Ay) © f(X0, Yo) + Fe (t0, Yo) Ax + Fy, yo) Ay - 


Height of z = f(x, y) Height of the tangent plane above Q ; 
above Q(xo + Ax, yo + Ay) ae ; 


Increments of a function of three variables f(x, y, 2 can be defined! in a similar a 
fashion. Suppose f has continuous partial derivatives f , ff, in a ball centered at the 
point (x, Yo, Z,). Then if the numbers Ax, Ay, Az are all sufficiently small, we have — 


| - 
Af = fo + Ax, yo + Ay, 20 + Az) — f (Xo, Yo, 20) a - 


© fo. Yo. Z0)AX + Fy(X0, Yo. 20) AY + fe(X0, Yo, Zo)AZ 


| 
I 


EXAMPLE 2 Using increments to estimate the change of a fundiion 


An open box has length 3 ft, width 1 ft, and height 2 ft and is constructed fom mate- : 
tial that costs $2/ft? for the sides and $3/ft? for the bottom (see Figure 11.22). an: 
Compute the cost of constructing the box, and then use increments to estimate the 


| pe of the 
“ximation 


shown in - 


iately the 
(4 + Ax, 


Uke 


a similar 
red at the 
, we have 


ns 


‘om mate- — 


e 11.22). 
‘imate the 


Figure 11.22 
off box 


| 
J 


Construction 
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change in cost if the length and width are each increased by 3 in. and the height is 
decreased by 4 in. : 


Solution 
An open (no top) box with length x, width y, and height z has surface area 
S= xy +2xz4+2yz 
“~~ ee 


Bottom Four side faces 
Because the sides cost $2/ft? and the bottom $3/ft?, the total cost is 
C(x, y, 2) = 3xy + 2(2xz + 2yz) 
The partial derivatives of C are | 
| Casyt4e Ca3et4e Ca4r+4y 


and the dimensions of the box change-by...- 
3 a lee ee ee 
Av=2=025f Ay=3=02f Aceqr—033ft 


Thus, the change in the total cost is approximated by \ 


AC & C,(3, 1, 2)Ax + Cy (3, 1, 2)Ay + C,(3, 1, 2) Az 
= [3(1) + 4(2)](0.25) + [3(3) + 4(2)}(0.25) + [43)+4()](-4) 
~ 1.67 . : 


That is, the cost increases by approximately $1.67. 


EXAMPLE 3 Maximum percentage error using differentials 


The radius and height of a right circular cone are measured with errors of at most 3% 
and 2%, respectively. Use increments to approximate the maximum possible per- 
centage error in computing the volume of the cone using these measurements and the 
formula V = 37 R7H. 


‘Solution 


We are given that 


AR 


< 0.02 


<0.03 and a 
H 


The partial derivatives of V are 
Ve=4nRH and Vy = 30R? 


so the change in V is approximated by 
AV © ($0RH) AR + (30 R’) AH oy 
Dividing by the volume V = 40 RH, we obtain 


a 
~ 


AV _ §nRHAR+32R°AH (2) (=) 


vO tt RH R H 
AV AR AH|, ; , 
so that } —] <2 a +|——| = 2(0.03) + (0.02) = 0.08. Thus, the maximum 
percentage error in computing the volume V is approximately 8%. a 


Ry #4 Calculus 


Total Differential 


b. df = 5-dx+ = dy 


THE TOTAL DIFFERENTIAL 


For a function of one variable, y = f(x), we defined the differential dy to be dy = 
f’(x)dx. For the two-variable case, we make the following analogous definition. 


The total differential of the function fs ys | 


a 
rm tare Leys Libs de + fle y)dy | 


ie where aby nd dy are independent variables. Sin for a wad of three 
jab w= =fle, y, 2): the total pants sss." = setts 


EXAMPLE 4 Total differential 
Determine the total differential of the given functions: os 


a. f(x, y, 2) = 2x0 + Sy! — 62 b. fx, y) = x? In(3y’ — 2x) 
Solution 

of.., 9 
a. ap = ha ast ay td = 62 dx + 20y' dy —6dz 


BF yeu Ob 
dy 


6y 
= dx d 
= |arinay? 2x) +x? bay +[3 33 2] y 
6x? _ xr y_ 
3 — 2x 


3y? 


= [2s In(3y? — 2x) — = dy : | 


EXAMPLE 5 Application of the total differential 


At a certain factory, the daily output is @ = 60K'/?L"3 units, where K denotes the 
capital investment (in units of $1,000) and L the size of the labor force (in. worker- 


hours). The current capital investment is $900,000, and 1,000 worker-hours of labor 


are used-each day. Estimate the change in output that will result if capital investment 
is increased by $1,000 and labor is decreased by 2 worker-hours. 

Solution 

The change in output is estimated by the total differential dQ. We have K = 900, . 
L = 1,000, dk = AK = 1, and dL = AL = —2. The total differential of Q(x, y) is 


Te) Te) 
dQ = —dK + dL 
eee) oa 
= 60(3)K7'?L'? dK + 60(4)K'7L7 ay 


= 30K? 1"? dK + 20K"? L3 ay 
Substituting for K, L, dK, and dL, 


dQ = 30(900)-'7(1,000)'7(1) + 20(900)!/2(1,000)-2/3 (—2) = —2 


10tes the 
worker- 
’ of-labor 
; vestment 
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Thus, the output decreases by approximately 2 units when the capital investment is 
increased by $1,000 and labor is decreased by 2 worker-hours. | 


EXAMPLE 6 Maximum percentage error in an electrical circuit 


When two resistances R, and R, are connected in parallel, the total resistance R 
satisfies 


=— + — 
RR, Ry 
If R, is measured as 300 ohms with a maximum error of 2% and R, is measured as 
500 ohms with a maximum error of 3%, what is the maximum percentage’error in R? 


Solution 
We are given that ce ee 
dR - 
—"|<0.02 and (22) <9,93 
1 2 
and we wish to find the maximum value of aR| Because R = =A (solve the 
R : 


given equation for R), we have 
OR R? aR Re 
aD ieattcde es — = — 
OR; (R, +R)? OR,  (R, + Ro)? 
It follows that the total differential of R is 


Quotient rule 


aR aR 
dR = — dR, + —dR 
OR} || aR) 
R} Ri 
= ———~ di + ——_ aR 
(Ri+ Ry)” (RFR 
dR. eee iil RiP RS 
We now find — by dividing both sides by R; however, since — = ————, jt follows 
R R Ri Ro 


that 


1 — ~R? R? Ri +R 
aR =| ges 5 dR; + ——1___ Ra]: Bane 

R (R; + Ro) (Ri + Ro)? Ri Ro 
aR R2 dR, Ri dR, 


—_—_— = ee, 
= 


R R+R Rh  R+k B® 


Finally, apply the triangle inequality (Table 1.1) to this relationship: 


3 < | Ry aR R dR, 
R > R +R, R, Ri, +R) Ry 
500 300 . 
< ——— (0.02) + ————__ 10,03) = 9. 
~ 300 + 500 )+ 300 + 500 9.03) = 0.02375 
The maximum percentage is approximately 2.4%. B 
DIFFERENTIABILITY 


Recall from Chapter 3 that if f(x) is differentiable at Xp, its increment is 


Af = f(% + Ax) ~ FG) = f(x) Ax + €Ax 


a 


[So oat RESER SEAS RD Tg VN CE Oe Do TESS ERT Coe 


«+574 Calculus 


_ Definition of Differentiability 


where «> 0 as Ax — 0 (see Figure 11.23). 


> 
x 


Xy + Ax 


Af = f (Xo + Ax) - (0). = f'(%) Ax + eax 
. Error when using 
df to estimate Af 
Figure 11.23 Increment of a function f 


For a function of two variables, the increment of x is an independent variable denoted 
by Ax, the increment of y is an independent variable denoted by Ay, and the increment 
of f at (X), Yq) 18 defined as- \ 

Af = fix, + Ax, yy + Ay) — fq Yo) 


We use this increment representation to define, differentiability as follows. 


The function fe, y). 4s : differentiable at t Oy ») if the i increment of f ee it 
; ressed as. a ; 


aA “Ae “flap bx + he WAY + iA + ey yo 


here Ei = 0 and: & > as ‘both Ax.— 0:and:Ay.-».0. In addition, K 
: to. ‘be. differentiable i i the e region R of. the’ plate if - is differ 
each point in R. Pee ae Ce aaa ae 


In Section 3.1, we.showed that a function of one variable is continuous wherever 


it is differentiable. The following theorem establishes the same result fdr a ncion 


of two variables. 


THEOREM 11.2 _Differentiability implies continuity 
Digies -y)As differentiable at (x,, yp), it is also-continuous there. 


Proof We wish to show fhat f(x, y) > f(x, Yo) as (, y)—> OX», Yo) OF, Lguivalently, 
that | i . 
lim — (f(.y) — f@o, yo) = | 


(x,y) 0,0) 


If we set Ax = x — x, and Ay = y — y, and let Af denote the increment of is at Co Ws , 


we have (by substitution) 
fx, Y) — Fp Yq) =f 0% + AX Vo + Ay) — fl%q Yo) = AF 
Then, because (Ax, Ay) > (0, 0) as (Xx, Y) > (yp Yo), We wish to prove that 


lim  Af=0 
(Ax. Ay)= (0,0) 


Since f is differentiable at (x), y), we have 


Af = FX YJAx + /%p YAY + €,AX + €,Ay 


WARNING 


' Example; § 
" Theorem £ 


centered « § 
continuou |: 


denoted 
’ @rement 


wherever 
function 


valently, 


t (op Vos 


. 


‘ait 


WARNING, Note that the function in 


Example 7 does not contradict 
Theorem 11.3 because there is no alse 
centered at (0, 0) on which f is 
continuous. 


continuous at (0, 0). Toward this end, note’ that nae ; f(x, y) is 1 along the line 
X,YJW, 
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where €, > 0 and, > 0 as (Ax, Ay) — (0, 0). It follows that 


| 


li Af= ; )4 A A A 
es f= ers ie [fx (%0, yo) Ax + fy(xo, yo)Ay + €; Ax + QQ Ay] 


= [fro, Yo] 0+ [fy Qo, yo] 0+ 0+0=0 


\ 

| 

7 

as required. im) 


WARNING, Be careful about how you use the word differentiable. in the single-variable 


case, a function is differentiable at a point if its derivative exists there. However, the 
word is used differently for a function of two variables. In particular, the existence of the 
partial derivatives f and f, does not-guarantee that the function is differentiable, as 
illustrated in the following example. 


EXAMPLE 7 A nondifferentiable function for which and f, exist 
Let a . 

| ifx>Oandy>0 

0 . otherwise \ 


fay)= 


_That is, the function fhas the value 1 when (x, y) is in the first quadrant and is 0 else- 
where. Show that the partial derivatives f, and i exist at the origin, but fis not differ- 
entiable there. 


Solution 
Since f(0, 0) = 9, we have 
m fOr es 0) — f (0, 0) 
Ax 
and similarly, f (0, 0) = 0. ae the partial derivatives both exist at the origin. 
If f(x, y) were differentiable at the origin, it would have to be continuous there 
(Theorem 11.2). Thus, we can show f is not differentiable by showing that it is not 


f:0, 0) = =0 


y = x in the first quadrant but is 0 if the approach is along the x-axis. This means that 
the limit does not exist. Thus, fis not continuous at (0, 0) and consequently is also 
not differentiable there. i 


Although the existence of partial derivatives at P(x,, y,) is not enough to guaran- 
tee that f(x, y) is differentiable at P, we do have the following sufficient condition for 
rene 


"THEOREM 11.3 Sufficient condition for differentiability 


‘If fis a function of x and y, at and i, fi, and f, are continuous in a disk dD cente eda at 
Le , Yo): then f is differentiable at” Gig Yo) es 


~ 


Pronf The ae is found in ere calculus texts. <a + 
EXAMPLE 8 Establishing ditferentiability 
Show that f(x, y) = x’y + xy” is differentiable for all (x, y). 


Solution 
Compute the partial derivatives 


fa) ; 
fet, y) = art? +xy*) =2xy+y° 


d : 
A@. y= rae + xy’) =x 4 3xy" 
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Because f, f,, and i, _ are all polynomials in x and y, they are continuous throughout the ; 
plane. Therefore, the sufficient condition for differentiability theorem — us that ia 
f must be differentiable for all x and y. @ .,. . 
3s A clo: 
ae ee | height 
| G yagi ) ts | i 
aay eau te TZ UL Ue YD. wae es 
11.4 PROBLEM SET ({2)24~ 44 $5129) (4 TL US, em 
» a /Aythe sic 
A) In Problems 1-6, determine the standard-form equations for the eee: 2 mum 
tangent plane to the given surface at the prescribed point P,, of eon 7 at Py (2, 2, i) ; 1 A cyl 
Hea (Fy at OB, 1, V0) _#& c= In ety] at Al-3, -2, 0 A Nee 
; ' Determine the total differential of the Junctions given in Problems i sada 
7-18. ; * 
f 35/ The F 
1. fq y) = 5x23 BE f(x, y) = Bxly? — xty 5 eel; 
is. SM, y) = sinxy WW. fix, y) = cos.x’y Yond y 
: y : x? ; n\~ 
j C = “( ; y) => 
Ae f@ w= eo F(x we 
AB, fle,y) = ye" Md flx,y) =e | and t 
/ u : = ; 
18. fly, 2) = 308 - 2y' + 5z 
16. f(x, y, 2) = sins + siny + cos z a al Fi 
V7. flx, y, 2) = 2 sin(2x — 3y) ee U an 
fo 7. : 
18,/ f(x, y, 2) = 3y"z cos x b / Su 
Show that the functions in Problems 19-22 are differentiable for: fou 
all (x, y). oa . ‘the 
UW flr, y) = 29) + Bry? 260 fx, y) =x? + dx — y bre 
1. f(x, y) = eh” 22,f(x, y) = sin(? + 3y) x6/' The o 
‘Use an incremental approximation to estimate the functions at the N 
values given in Problems 23-28. Check by using a culculator, — Wace 
8% (1.01, 2.03), where flr, y) = 3x4 + 2y4 Qe the si: 
24 7(0.98, 1.03), where f(x, y) = x5 — 2y8 : rent.c 
c ' f lab 
98. F(E £0.01, $- 0.01), where f(x, y) = since ty) ae 
me Es 
oh. f(VE+ 0.01, Jt _ 0:01), where f(x, y} = sin(xy) “ In 
27. (1.01, 0.98), where f(x, y) = e” 
+28. f(1.01, 0.98), where f(x, y) =e? ee Ub. ae 
029/ Find an equation for each horizontal tangent plane to the surface 37. ‘Accor 
Gea Say Aye lood 
ow Find an equation for each horizontal tangent plane to the surface SR lengtt 
z=4@—1P24+3(y 412 | ay 
3¥ a/' Show that if x and y are sufficiently close to zero and f is 
differentiable at (0, 0), then a a? ad, for ‘a 
f(x, y) © f0, 0) + xf,(0, 0) + yf,(0, 0). » 8 em 
y Use the approximation formula in part a to show that ie 
j ‘ 
——— l~-x+y ; 38) For 1 
aed © Wabsol 
_ for small x and y. - \Nawher & 
cf If x and y are sufficiently close to zero, what is the approxi- vy Supp fi 
mate value of the expression 3,00¢ 
1 sure } 


(x +1)? + (y +1)? 


39. Model 
oh When two resistors with resistances P and Q ohms are con- with: [& 
nected in parallel, the combined resistance is R, where ; 

1 i I 


t 
P,(0, ? 1) 


‘ 


RP PG 


3 surface 
1 


able for 


itor, | ; X 


re 


If P and Q are measured at 6 and 10 ohms, respectively, with 


ee Be errors no greater than 1%, what is the maximum percentage 
ae that error in the computation of R? 

-& oe A closed box is found to have length 2 ft, width 4 ft, and 

height 3 ft, where the measurement of each dimension is made 

——— with a maximum possible error of +0.02 ft. The top of the box 

iS is made from material that costs $2/ft?; and the material for 

‘the sides and bottom costs only $1.50/ft?. What is the maxi- 

it mum error involved in the computation of the cost of the box? 

; 3d. A cylindrical tank is 4 ft high and has an outer diameter of 

Ab 2 ft. The walls of the tank are 0.2 in. thick. Approximate the 

apie SS ea volume of the interior of the tank assuiming the tank has a top 


and a bottom that are both also 0.2 in. thick. 

° 35/ The Higrade Company sells two brands, X and Y, of a com- 
4 mercial soap, in thousand-pound units. If x units of brand.X 

q\and y units of brand Y are sold, the unit price for brand X is 


] 
yw p(x) = 4,000 — 500x 
and that of brand Y is 


g(y) = 3,000 — 450y 


5 


e af Find an expression for the total revenue of R in terms of p 
and q. 

p/ Suppose brand X sells for $500 per unit and brand YF sells 
for $750 per unit. Estimate the change in total revenue if 
the unit prices are increased by $20 for brand X and $18 for 

P brand! Y. 
o 26/ The output at a certain factory is 


watthe © N Q = 150 K23 118 


here K is the capital iavestment in units of $1,000 and L is 
the size of the labor force, measured in worker-hours. The cur- 
rent capital investment is $500,000 and $1,500 worker-hours 
of labor are used. 
al Estimate the change in output that results when capital 
“- investment is increased by $700 and labor is increased by 
: 6 worker-hours. 


"gs. What if capital investment is increased by $500 and labor 
’ is decreased by 4 worker-hours? 


¥ 


37./According to Poiseuille’s law, the resistance to the flow of 
lood offered by a cylindrical blood vessel of radius_r and 
XN gvien thx is . 


) R(r,x) = = 


for a constant c > 0. A certain blood vessel in the body is 
8 cm long and has a radius of 2 mm. Estimate the percentage 
change in R when x is increased by 3% and r is decreased 
[by 2%. 
te I‘ mole of an ideal gas, the volume V, pressure P, and 
“absolute temperature 7 are related by the equation PV = AT, 
\)\ where & is a certain fixed constant that depends on the gas. 
\\ Suppose we know that if T = 400 (absolute) and P = 
3,000 ib/ft?, then V = 14 ft’. Approximate the change in pres- 
sure if the temperature and volume are increased to 403 and 
14.1 ft’, respectively. 
39. Modeling Problem If x gram-moles of sulfuric acid are mixed 
. with y gram-moles of water, the heat liberated is modeled by 


a 


2 surface 


and f is 


that 


Approxi- 


are con- 


1.786xy 


Pai 
O.) = Ter 49 
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Approximately how much additional heat 1s generated if a 
mixture of 5 gram-moles of acid and 4 gram-moles of water 
is increased to a mixture of 5.1 gram-moles of acid and 4.04 
gram-moles of water? 

40. Modeling Problem A business analyst models the sales of a 
new product by the function 


Olx, y) = 20x? y 


“ where x thousand dollars are spent on development and - 

y thousand dollars on promotion. Current plans call for the 
expenditure of $36,000 on development and $25,000 on pro- 
motion. Use the total differential of Q to estimate the change 
in sales that will result if the amount spent on development is 
increased_by $500 and the amount spent on promotion is 
decreased by $500. 

Using x hours of skilled labor and y hours of unskilled labor, a 
"manufacturer can produce f(x, y) = 10xy'”” units. Currently, the 
manufacturer has used 30 h of skilled labor and 36 h of unskilled 
labor and is planning to use | additional hour of skilled labor. 
Use calculus to estimate the corresponding change that the man- 
ufacturer should make in the level of unskilled labor so that the 
total output will remain the same. a 
Modeling Problem A grocer’s weekly profit from the sale of 
two brands of orange juice is modeled by 


vy 


42. 


P(x, y) = (« — 30)(70-— 5x + 4y) + (y — 40)(80 + 6x — Ty) 


dollars, where x cents is the price per can of the first’brand and 
y cents is the price per can of the.second. Currently, the first 
brand sells for 50¢ per can and the second for 52¢ per can. Use 
the total differential to estimate the change in the weekly 
profit that will result if the grocer raises the price of the first 
brand by I¢ per can and lowers the price of the second brand 
by 2¢ per can. 


43. A juice can is 12 cm tall and has a radius of 3 cm. A manu- 

£1) facturer is planning to reduce the height of the can by 0.2 cm 
ws and the radius by 0.3 cm. Use a total differential to estimate 

\" the percentage decrease in volume that occurs when the new 
Y) cans are introduced. (Round to the nearest percent.) 


44, Modeling Problem It is known that the period 7 of a simple 
pendulum with small oscillations is modeled by 


L 
rare ft : 
8 


{ 
where L is the length of the pendulum and g is the accelera- 
tion due to gravity: For a certain pendulum, it is known that 
L = 4.03 ft. It is also known that g = 32.2 ft/s’. What is the 
approximate error in calculating Tby using L = 4 and g = 32? . 
If the weight of an object that does not float in water is x pounds 
in the air and its weight in water is y pounds, then the specific 
gravity of the object is 


45. 


xX 


oP 


For a certain object, x arid y are measured to be 1.2 lb and 0.5 Ib, 
respectively. It is known that the measuring instrument will not 
register less than the true weights, but it could register more 
than the true weights by as much as 0.01 lb. What is the max- 
imum possible error in the computation of the specific gravity? 


578 Calculus | . . : . , 


46. A football has the shape of the ellipsoid 48. Compute the total differentials 
xX . ie 
I sg itso ‘( and a( } 
9°36" 9 cia ne 
where the dimensions are in inches, and is made of leather Why are these differential equal? : 
1/8 inch thick, Use differentials to estimate the volume of the 49. Let A be the area of a triangle with sides a and b spade by 
leather shell. Hint: The ellipsoid : an angle 6, as shown in Figure 11,24, , 
a2 yy 2 * 
See i te eh . 
a # b? ‘: Cc 8 2 
; b. 
Va} . 
fas yo uae ginal: Figure 11.24 Problem 49 F 
- Show that the following function is not differentiable at ©, 0): 
\ ; Suppose # = Z, and a is increased by 4% while bis decreased 
X Ws xy: f (x, y) # (0,0) ! by 3%. Use differentials to estimate the percentage change in A. 
fensie ry 50. In Problem 49, suppose that @ also changes by no more than 
0 if (x, y) = (0, 0) 2%. What is the maximum percentage change in A? 
- —§ 


11.5 Chain Rules 
_IN THIS SECTION chain rule for one Palen extensions of the chain rule 


CHAIN RULE FOR ONE PARAMETER | 


We begin with a differentiable function of two variables f(x, y). If x = x(f) and y = y(#) 
are, in turn, functions of a single parameter 1, then z = f(x(t), y(t) is a composite func- - 
tion of a parameter 1. In this case, the chain rule for finding the derivative with respect 
to one parameter can now be stated. 


| THEOREM 11.4 The chain rule for one independent parametet 


Let f(x, y) be a differentiable function of x and y, and let x = x(t) and y = y(t) be dif- 
ferentiable functions of t. Then z = f(x, y) is a differentiable function of |; and _  # 


le dz. dzdx dz dy 


oe de ede” By at 


BS ae el 
ee 


Tree diagram illustrating the chain rule 


sa AB ee 
= What This Says The tree diagram shown in the margin is a device for . 
remembering the chain rule. The diagram begins at the top with the dependent I. r 
variable z and cascades downward in two branches, first to the independent 
variables x and y, and then to the parameter ¢ on which they each depend. Each 
branch segment is labeled with a derivative, and the chain rule is obtained by 7 
first multiplying the derivatives on the two segments of each branch and Hel 
adding to obtain 


dz dzdx | dzdy 
dt dxdt  dyadt 
—— 


—S—’ 
left branch right branch 


t 
u 
i 
I 
i 


"arated by* 


_ decreased 


- ange inA. . 


more than 
) 


dy =y(0) | 
site func- | 
th.respect 


(t) be dif- 
and 


ice for 
endent 
’ endent 
t Each 
‘ned by 
id then — 
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Proof Recall that pease z= f(x, y) is differentiable, we can write the increment 
Az in the following form: 


02 Oz 
Az saa Ps 5 Ay +€;Ax +e,Ay 


where €, > 0 and ¢, > 0 as both Ax > 0 and Ay — 0. Dividing by Ar # 0, we 
obtain : 


Az  0z Ax % dz Ay se Ax at Ay 

—_—_- = - eo —_ ——— — € — 

Ai” ax Ar ayAt At A 
Because x and y are functions of t, we can write their increments as 


Ax = x(t+ At) — xf) -~.and. Ay=y(t+ At — yO 


We know that x and y both vary continuously with ¢ (remember, they are differen- 
tiable), and it follows that Ax > 0 and Ay — 0 as At-> 0, so that €, > 0 and €, > 0 
as At + 0. Therefore, we have : 


dz _ Az _ [dzAx dz Ay «Oe . Ay | 
— = lim — = lim | —— +. €9, 
dt AmoAt aAtooldax At dy At - “1h At 
_ O2dx . dzdy dx | dy , | 
Beak yd de ake | 


2 EXAMPLE 1 Verifying the chain rule explicitly 
J 
Let z =x? + y’, where x = ri and y = t?. Compute = in two ways: 
, 


a. by first expressing z explicitly in terms of t 
b. by using the chain rule 


¢ 


Solution 


] 
a. By substituting x = ' and y = ?’, we find that 
1? 
zexr+y= (=) (PST ee . for t #0 
d oe | 
Thus, — = —2173 +413, 


dt 


b. Becausez=x?+y? andx=rly=?, 


Use the chain rule for one independent parameter: 


dz 0 dx az dy 
dt ax dt ay dt 
= (2x)(—177) + 2y(2t) Chain rule 
= 2(17'\(-177) +2(1)(2t) Substitute 
= 293 4.423 : 
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wo/EXAMPLE 2 Chain rule for one independent parameter 


az 
Let 2 = /x2 + 2xy, where x = cos6 and y = sin 9. Find =. 


dé 
Solution 
a dz 
— = (x? 42xy) (2x +2y) and ve Log? Qxy)"!/?(2x) 
x ; 
ax a dy : : ; 
Also, 7 sin @ and cn cos @. Use the chain rule for one independent parameter 
to find 


dz 7 dz dx az dy 

dd axd0 ay d0 
= (0? + Ixy)? (2x + 2y)(— sin) + $(x? + 2xy)'7(2x)(cos@) 
= (x? + 2xy)7!? (x cos@ — x sin@ — y sind) a 


EXAMPLE 3 Related rate application using the chain cule 


A right circular cylinder (see Figure 11.25) is changing in such a way that its panies r 
is increasing at the rate of 3 in./min and its height h is decreasing atthe rate of 
5 in./min. At what rate is the volume of the cylinder changing when the radius is 10 in. 
and the height is 8 in.? 

a Solution ae ah 
The volume of the cylinder is V = wr’h, and we are given — a = 3 and — = —5. 


dt 
We find that 


re 1 . \ 


Figure 11.25 Right circular o 
eyes . By the chain rule for one parameter, + 38 
dV dVdr = daVdh ._ ar yah 
Se = 2nrh— +ar?— 
dt dr dt dh dt . dt dt 


Thus, at the instant when r = 10 and h = 8, we have 


- = 27(10)(8)(3) + 2 (10)?(—5) = —207 


~The volume is decreasing at the rate of about 62.8 in.?/min. x 


If F (x, y) = 0 defines y implicitly as a differentiable function x, we can regard x |. 
as a parameter and apply the chain rule to obtain 


_ OF dx oF dy OF dF dy 


~ Ox dx vay, oy dx ax dy dx 


so 
OF 
dy ay FE, 
5 Pi iF = ae provided F, 4 0 
dy 


This formula provides a useful procedure for implicit differentiation. This alternative 
procedure is illustrated in the following example. 
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F @ AXAMPLE 4 Implicit differentiation using partial derivatives 
If y is a differentiable function of x such that 
sin(x + y) + cos(x — y) =y 


dy y 


ee fin d mea 
‘ Solution 
Let F(x, y) = sin(x + y) + cos(x — y) — y, so that F(x, y) = 0. Then 
F, = cos(x + y) — sin(x — y) 
Fy = cos(x + y) — sin(x —yi(-) -1 


irameter 


sO 


: | dy Fy _ ~[eos(x + y) - sin(x - y)] 
48) dx Fy ~ cos(x +y) + sin(x - y)— 1 . 


| ; When z is defined implicitly in terms of x and y by an equation F(x, y, z) = 0, 


dz dz 
the chain rule can be used to find or and a. in terms of F., F., and F.. The procedure is 
5 y ory : 


outlined in Problem 57. 
.3 radius r 
e rate of 


lines EXAMPLE.5 Second derivative of a function of two variables 


Let z = f(x, y), where x = at and y = bt for constants a and b. Assuming all necessary 
differentiability, find d’z/d? in terms of the partial derivatives of z. 
A ae, : _ Solution 
t By using the chain rule, we have 
dz dzdx az d dy 
dt axdt  dydt 


and 
dz _ d (dz _4 tg dx gas dy 
de dt\dt) dt \ dx dt . dt 
. dx dz|d {dy d (dz\|dy 
+—|— sa laeeel ewe 
dt dy |dt\dt dt \dv/ | dt 
dz ao to dx a°z fn) [2 dy | dy V2 dx a ‘)) 
~ Lax de? © dt \ax? de dxdt dy di? © dt \dpamdt " Oy? dt 


dx dy. ; 
Substituting —- = a and — = D, we obtatin ; 
dt dt ; : | 


az a7z a*z ' [dz az az. \4 
sae a b =) +b , 45) 
dP E we (53 1° Fxay +50 Ge mi) | 

182 az 4 az az Oz | 


= a°—~ + 2ab—— + 0° Note ——— = : 
“Ox oan axdy dy? ow” Oxy dydx 


1 regard x 


y : : : : : 

| Ly Next, we will consider the kind of composite function that occurs when x and y are 
iapanue. 2 / \av a | Vay both functions of two parameters. Specifically, let 2 = F(x, y), where x = x(u, v) and 

a ene g | § Py] y = y(u, v) are both functions of two independent parameters u and v. Then * 
u . v u Vv 


ge . EXTENSIONS OF THE CHAIN RULE 
[=| 


z= F {xtu, ), yu, v)] is a composite function of u and v, and with suitable assumptions 
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regarding differentiability, we can find the partial derivatives 02 zi du and dz/dv by 
applying the chain rule obtained in the following theorem. 
{wn 
aN he THEOREM 11.5 The chain rule. for two independent parameters ‘ 
ae Suppose z = f(x, y) is differentiable at (x, y) and that the partial derivatives of x = 
x(u, v) and y = y(u, v) exist at-(u, v). Then, the composite function z = f[x(u, v), 
y(u, v)] is differentiable at (u, v) with 


te _ Dede dedy ig Be. Bea | 028) 
du Ox du dy du dv dx dv dy du 


Proof This version of the chain rule follows immediately from the chain rule for 

one ene parameter. For example, if v is fixed, the composite function 

z=f[x(u, v), y(u, v)] depends on u alone, and we have the situation described in the 

chain rule of one independent variable. We apply this chain rule with a partial deriva- 

tive (because x and y are functions of more than one variable): 
: dz dzdx dz dy 
Bu Ox Bu By bu 


a : o 
- The formula for = can be established in a similar fashion. ge OQ. 


EXAMPLE 6 Chain rule for two independent parameters 


az 0z | : 
Let z = 4x.— y’, where x = uv’ and y = wv. Find a and ay" : 
Solution | as 
First find the partial derivatives: | 
dz dz 
—=—(4x-y*) =4 — = —(4x —y’) = —2y 
ra oar Goat ay 9 (4x — y°) = -2) 
ax 9, 4 9 oy. ne 
rae Fic ea re hi 3u“v 
and 
Ox 2 re ee 3 . 
pial per eae =9 pte st fp ogi ros 
dv au ) os dv ay ees 


~ Therefore, the chain rule for two independent parameters gives 
Oz Oe ox Oe ay 
du Ax du dy Ou 
= (4)(v’) + (-2y)(3u7v) = 4u° — 2(u*v) Bu? v) =.4v? — 6uPv? 


* and 
dz dzdx dz ay 
av ~ Ox dv a dy av 
= (4)(2uv) + (-2y)(w?) = Suv — 2 vu? = 8uv — 2u8v | 


EXAMPLE 7 Implicit differentiation using the chain rule 


If f is differentiable and z = u + f(w? v’), show that u = = ve = i. 
uu v 
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; i¢/8v by Solution . 
Let w = wv’, soz =u + f(w). Then, according to the chain rule, 
a df aw - dz df dw 
du dw du dv dw dv 
s of x= : = 1-4 f'(w)(Quv?) = f'(w)(2u2v) 
fix(u, v), 
so that 
dz Oz Bet ! 2 
oe ie [1 + f(w) Quy ) a [f’(w) (2uv) | 
. =u+ f’(w)[u(Quv*) — v(2u?v)] 
1 rule for ° = = : 
’ function =. . eats ee 
yedinthe .- The chain rules can be extended to functions of three or more variables. For 
al deriva- © ; instance, if w = f(x, y, z) is a differentiable function of three variables and x = x(t), 


y = y(t), z= z(t) are each differentiable functions of f, then w is a differentiable com- 
posite function of ¢ and \ 


| dw _dwdx | wdy | dwde 
a dt dxdt dydt  dzdt 


- In general, if w = f(x,, x, ..., x,) 18 a differentiable function of the n variables 
_ X\)%y «+, X,, Which in turn are differentiable functions of m parameters 1, f,, ..., t,. 
then 7 
ow dw dx) aw OX. | OW OX 
Ot, Ox, Ot Ax2 AL OX, Ot 


ow _ dw 0x; dw dx Rea aw OX, 
Btn OX, Otm OX Atm OX, Olm 


«EXAMPLE 8 Chain rule for a function of three variables with three 
parameters , 


Ow. t r+s 
Find ae ifw=4x+y?+2?, wherex =e, y =In aes and z = rst’. 


‘| , Solution 


dw dw dx dw oy dw dz “if 
ds dx ds dyads az as 


u | | ea 3 one i, eh FN, 
; = aan pes 2 3 (e's ae ee 3 ea 
oot dee a [pares ee] [peo] + [Zee ells Oo) 


+ | Fide y? + 2) Faw 
az as 


2 1 1 5 
=4 le" (rs)| cen ears ar (-) + 32" (rt”) 
ie 


2 2y 
= Srsel™ + ae 43re2 
r+s 
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In terms of r,.s, and 1, the partial derivative is 38, Van der’ 


¢ ap a > r+s e. ou occupyi 
Yee 8rse" : . | P, wher: 


A) 1. WHAT DOES THIS SAY? Discuss the various chain rules 
and the need for such chain rules. 
2. WHAT DOES THIS SAY? Discuss the usefulness of the 
schematic (tree) representation for the chain rules. 
3. WHAT DOES THIS SAY? = Write out a chain rule for a function 
of two variables and three independent parameters. 
In Problems 4-7, the function z = f(x, y) depends on x and y, which 
in turn are each functions of t. In each case, find dz/dt in two dif- 
ferent ways: 
a. Express z explicitly in terms of t. 
b. Use the chain rule for one parameter. 
4. fx, y) = 2xy + y*, where x= —3P andy=1428 
5. fx, y) = (4 + y’)x, where. == e” and y = e™ 
4 y Ax, y) = (1 +22 + y?)', where x = cos 5t and y=sin5t 
« f(x, y) = 29”, where x = cos 3t and y = tan 3¢ 
In Problems 8-11, the function F(x, y) depends on x and y. Let 
X = x(u, v) and y = y(u, v) be given functions of u and v. Let 
= F[x(u, v), y(u, v)] and find the partial derivatives 0z/du and 
z/dv in these two ways: 


a, Express z explicitly in terms of u and v. 


b. Apply the chain rule for two independent parameters. 
8. F(x, y) =x+y’, wherex=u+vandy=u—v 
ft F(x, y) =x + y’, where x =u sinv and y = u — 2v 
10. F, y) = e", wherex =u — vandy=u+ov 
11. F(x, y) = In xy, where x = en, yoe 
Write out the chain rule for the functions given in Problems 12-15. 
12. z = f(x, y), where x = x(s, 0, y= y(s, 1) 
w = f(x, y, z), where x = x(s, ), y = y(s, ), z= (5, 1) 
14. t= flu, v), where u = u(x, y, Z, w), v= UG, y, Z, W) 
fw = fix; y, Z), where x = x(s, f, u), y = y(s, Lwrz= z(s, t, u) 
Find the indicated derivatives or partial derivatives in Problems 
: Oar reve your answers in mixed form (x, y, % 1). 


| 
“and x= 2t— 1, y = = 


U2 


17. Find ay. where w = sin xyz andx = | — 3t,y=e!""z= 4. 


dt 
18. Find ae where w = ze” and x = sint, y = cost, z = tan 2t. 
BS 
2 f 
19, Find where w = e+ and x = py = ine — 3),z=0. 
t 
._ , OW Dye yee! 
20. Find where w = eH and x =rt+ts—-ty= 
% 


ar — 3s, z = cosrst. 


& | ae 
. 5 PROBLEM SET Gs-2o) yuu si oh 


x4 ; 
BS \ Find? re Pee he © whee ws — and x = 2rs, y = sinrt, 
é z , 


Z=S0. 
In Problems 22-27, assume the given equations define y as a differ- 
entiable function of x and find dy/dx using the procedure illustrated 
in Example 4. , 


22, y+ /ry=4 23. (x? — yy? 4 ry =2 


Ba) .2y + In(2x + y) =5 r28/ cos y + y tan X=X 
\ a | ) 

26. xe + ye" = 3 27, tan”! (=) = tan! (=) 
Ve x 


@ Find the following higher-order partial derivatives in Problems” 
28-33. 


a, az b. az Cc. az 

_ Oxdy ax? ay? : 
Wot y+ a5 29. xyz = 2 i 

30. Inat+y)=y +z oe 

32. xcosy=ytz Siye + Si x = tan y 


ff ) Let f(x, y) be a differentiable function of x and y, and let 
x=rcos#,y=rsin@ forr > 0 and0 <6 < 2m. 


dz az 
Aw Ez = f[x(7, 8), y(r, @)], find — and —. 
or 00 

(b. Show that 


az\" 
(z) + 
# Let z = f(x, y), where x = au and y == bv, with a, b constants, 
Express 07z/du? and 8°z/dv? in terms of the partial derivatives 


of z with respect to x and y. Assume the existence and conti- 
nuity of all necessary first and second partial derivatives. 


36. Let (x, y, z) lie on’the ellipsoid 


Without solving for z explicitly in terms of x and y, compute 
the higher-order partial derivatives 
gz jee 


ox? dxdy 


37. The dimensions of a rectangular box are linear functions of 
time, £(2), w(t), and h(2). If the length and width are increasing 
at 2 in./sec and the height is decreasing at 3 in./sec, find the 
rates at which the volume V and the surface area S are changing 
with respect to time. If £(0) = 10, w(0) = 8, dnd A(0) = 20, 
is V increasing or decreasing when t = 5 sec? What about S 
when t = 5? 


ue), (zy (By = 
pepo Na kag 
r2\ 56 ax ay 


39, 


40, 


42, 


» To mo 
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“(: 


Problems 


° 


constants. 

Jerivatives 
and conti- 
atives. 


yv, compute ~ 


increasing 
»c, find the 


€ changing 
~ -A(0) = 20, 


iat about § 


_y, and let : 


f 


bs 
j 


snctions of 


38. Van der Waal’s equation in physical chemistry states that a gas 
occupying volume V at temperature T (Kelvin) exerts pressure 
Ps whete 


| 
| (P+ a) e- B) =kT 


for ‘ty ical constants A, B, and k. Compute the Towne 
rates: 

4, the rate of change of volume with respect to temperature 
‘b. the rate of change of pressure with respect to volume 


39. The conbentration of a drug in the blood of a patient t hours 
after the drug is injected into the body intramuscularly is mod- 
eled by the Heinz function 


i 
1 


| 1 
C Ps 


et 
~~ b-a ) 


b>a 


(e a (] on 
where a and b are parameters that depend on the patient’s 


metabolism and the particular kind of drug being used. 


C fee aC 3c ac 
‘ : Te tage ANG 
a crpae e rates 9a’ ab at 


b. Explore the assumption that a = (In b)/t, b constant for t > 


(In b)/b. In particular, what is dC/dt? 
40. A paint store carries two brands of latex paint. An analysis of 


sales figures indicates that the demand Q for the first brand is” 


modeled by 


O(x, y) = 210 — 12x" + 18y 
gallons/month, where x, y are the prices of the first and second 
brands, respectively. A separate study indicates that t months 
from now, the first brand will cost x = 4 + 0.18¢ dollars/gal 
and the second brand will cost y = 5+ 0.3./f dollars/gal. 
At what rate will the demand Q be changing with respect to time 
9 months from now? , 
To model the demand for the sale of bicycles, it is assumed 
that if 24-speed bicycles are sold for x dollars apiece and the 
price of gasoline is y cents per gallon, then 


4. 


= 


Olx, y) = 240 — 21,/x + 4(0.2y + 12°? 

bicycles will be sold each month. For this model, it is further 
assumed that t months from now, bicycles will be selling for 
x = 120 + 6r dollars apiece, and the price of gasoline will be 


y= 80+ 10/4? cents/gal. At what rate will the monthly ~ 
» demand for the bicycles be changing with respect to time 


4 months from now? 
42, Ata certain factory, the amount of air pollution generated each 
day is modeled by the function 


 Q(E,T) = 


where E is the number of employees and T (°C) is the average 
temperature during the workday. Currently, there are 142 
employees and the average temperature is 18°C. If the average 

’ daily temperature is falling at the rate of 0.23°/day and the 
number of employees is increasing at the rate of 3/month, 
what is the corresponding effect on the rate of pollution? 
‘Express your answer in units/day. For this model, assume 
there are 22 workdays /month: 


127E2B TP 
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- 43, The combined resistance R produced by three ‘variable 


resistances R,, R,, and R, connected in parallel is modeled by 
the formula 


Suppose at a certain instant, R, = 100 ohms, R, = 200 ohms, 
R, = 300 ohms, and that R, ol R, are deceasine at the rate 
of 1.5 ohm/s while R, is ieemate at the rate of 2 ohms/s. 
How fast is R changing with respect to time at this instant? Is 
it increasing or decreasing? 
In Problems 44-48, assume that all functions ave whatever 
derivatives or partial derivatives are necessary for the pene to 


bemeaningful. 
ff Ifz=fluv?), show that 


dz az 
oer = ive 0 . 
4s. If z= f(u — v, v — u), show that 
dz az 
Nee 
du av 
46. Ifz =u+f(uv), show that 
dz az 
u— -v-—— =u 
du any 
fiftea= A= *), show that 
ow ow 
Pee ar Sine =0 


Bs = xy + fo? + y*), show that 


Ps Or. ee ony 
"Ox Lage = : 


Ds Let w = f(z) be a differentiable function of t, where t = (x? +. 


y? + 22)!/2, Show that 


(#) (=) dw aw dw \? 

—_— = — 4. - — 

dt Ox ay , \ az 

50. Suppose f is a twice differentiable function of one variable, 
and let z = f(x’ + y’). Find 


92 2 2 
gee Ag ee 
ax? ay" axdy 
d*z 
51. Find — whee z is a twice differentiable function of one 


do?’ 
variable @ and can be written z = f(cos 6, sin@). Hint: Let x= 
cos @ and y = sin@ Leave your answer in terms of x andy. . 


Sie f and g be twice differentiable functions of one variable, 
and let 
u(x,t) = f(x +ct) + g(x — ct) 


for a constant c. Show that mu ae oe Hint: Letr=x + ct; 
s=x-ch as | 

53. Suppose z = f(x, y) has continuous second-order partial deriva- 
tives. If x = e" cos@ and y = e’ sin@, show that 


ms i az 2a}. Q°- ss a°z 
=e; 7 
dy? ar? 00? 


SIRES Or ES 
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a 


3 ) If f(u, vu, w) is differentiable and u =x = ¥, v= y — 2, and 
/ w=z-— x, what is 


af Pave ae of , 
dx dy Tap 
The Cauchy-Riemann equations are 


du dv ; du dv 
ax dy dy . ax 


(See Problem 51, Section 11.3.) Show that if x and y are 
expressed in terms of polar coordinates, the Cauchy-Riemann 


58. 


“ ’ _ 4 az La en eee 
Use these formulas to find = and ay if zis:detined implicitly 
by the equation x7 + 2xnz+y' + &= 4. 

Suppose the system 


xu+yv—uv=0 
yu —xvu+uv=0 


can be solved for w and v in terms of x and y, So that u = ua, yj 
and v = v(x, y). Use implicit differentiation to find the partial 


equations become au av A 
au tv, aud dcavatives and / | 
—= an SS SS ae 
arr 00 or rag 59. A function f(x, y) is said to be homogeneous of degree nif ae 
56. Let T(x, y) be the temperature at each point (x, y) inja portion f(tx.ty)=t"f,y) — forall’> 0. 
of the plane that contains the ellipse x = 2 cos f, y = sin ¢ for | 
0 <1 < 2m. Suppose a. Show that f(x, y) = x’y + 2y4 is homogeneous and find its 
oT 7 i oT degree. 
Oye dy b. If ftx,.y) is homogeneous of degree n, * show that 
¢ 
dT dT 4 4 | ; 
a. Find ae and ae by using the chain rule. x + yt =nf ar 
b. Locate the maximum and minimum temperatures on the , : | 
~ ellipse. . eee 60. Suppose that F and G are functions of three variables and that it 
57. Let F(x, y, z) be a function of three variables’ with continu- is possible to solve the equations F(x, y, z) =0 and G(x, y, 2) =0 


ous partial derivatives F., F., F, in a certain region where 
F(x, y, 2) = C for some constant C. Use the chain rule for two 
parameters and the fact that x and y are independent variables 
to show that (for F. # 0) 


for y and z in terms of x, so that y = y(x) and z= a(x). Use the 
chain rule to express dy/dx and dz/dx in terms of the partial 
derivatives of F and G. Assume these partials are continuous 
and that 


dF 8G 
az dy 


OF OG _ 
ay az 


tr 


11.6 Directional Derivatives and the Gradient 
IN THIS SECTION the directional derivative, the gradient, maximal property of the seat functions 


Direction { 


WARNING, 


unit vector § 


of three variables, normal property of the gradient, tangent planes and normal lines 


Suppose z = T(x, y) gives the temperature at each point (x, y) in a region R of the 
plane, and let P,(x,, y)) be a particular point in R. Then we know that the partial deriv- 
ative T’ (X, Yp) gives the rate at which the temperature changes for a move from P, in , 
the x- -direction, while the rate of temperature change in the y-direction is given ‘by, 
T (Xp, Yo). Suppose we want to find the direction of greatest temperature change, ° 
which may be in a direction not parallel to either coor dinate axes. To answer this 
question, we will introduce the concept of directional derivative in this section and 
examine its properties. : 


THE DIRECTIONAL DERIVATIVE “8 


In Chapter 3 we defined the slope of a curve at a point to be the ratio of the change 
in the dependent variable to the change in the independent variable at the given point. 
To determine the slope of the tangent line at a point R(x,, y,) on a surface defined by : 


z= fix, y), we need | to specify ' the eee) in which we wish to measure. ae do this 


e 


‘implicitly 


'= u(x, y) 
the partial 


ree nif 


nd find its 


and that it 


tay. 2) =O 
:). Use the 


the partial . 
continuous 


functions 


“mal lines 


R of the 


_ lal deriv- 


rom F, in 
given by 


2 change, © 


swer this 
ctton and 


ie change 


ven point. 


Directional Derivative 


WARNING, 
ERE 


Remember, a must be a 
unit vector.” 


efined by © 


Ve do this 


Partial Differentiation 587 


by using.vectors.-In Section 11.3 we found the slope parallel to the xz-plane to be the 
partial derivative F,(%qs Yo). We could have specified this direction in terms of the unit 
vector i (x-direction), while J, (x, y) could have been specified in terms of the unit 
“vector j. Finally, tc to. measure the heslope of the tangent line in an arbitrary direction, we 
use a unit vecto# in that direction. — ieee 


plane passing through the point is pallet to. the ‘vector u, as shown in a 11.26, 


This vertical plane intersects the surface to form a curve C, and we define the slope ¢ of. 


“the surface.at-P, in the direction of u.to be the slope of the tangent line to the curve C 
defined by u at that point. 


Figure 11.26 The directional derivative D, f(xy, yy) is the slope 
of the tangent line to the curve dn the surface z = f(x, y) in 
the direction of the unit vector u at F,(x,, y)) - 


We summarize this idea of slope in a particular direction with the following definition. — 


Daf tt, WW) 


[ ‘ Onan | ae 


- provided the: iit exists. us 


Ata particular point; EPO 0? “yp there are infinit ly / many directional derivatives to. 7 
° the ‘graph of z = f(x, y), oné foreach direction. radiating from f P,. jTwo of these are the 


‘ partial derivatives Tt: Jp) and f hi (Xp, Yo). To see this, note that if u=i(sou, = 1 and 
u,=0), then , 


: + A, =, , 
Dif Ge. yo) = jim SABE 20) LC) 0, 0) 


and if u = j (sou, = 0 andu, = 1), 


Ff (Xo, Yo a3 h) f (Xo, yo) 
h 


Dif (%o, Yo) = lim = fy(%o, Yo). 


et FeSO, CES OMTEMTE RS oeN ea SER AST RO PEO 
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Up 


Figure 1].27. The graph of the surface 
z=3-2°+4y3 


The definition of the directional derivative is similar to the definition of the deriv- 
ative of a function of a single variable. Just as with a single variable, it is difficult to. ° 


apply the definition directly. Fortunately, the following theorera allows us to find 
directional derivatives more efficiently than by using the definition. 


Let f(x, y) be a function that is differentiable at P,(x, y,). Then f has a directional 
derivative in the direction of the unit vector u = u,i + u,j given by . 


Du f (Xo. Yo) = feo, YoMs + fy os Yo)ea 


Proof We define a function F of a single variable h by F(h) = fx, f AL, Vy hall) 


- so that 


f (xo + hut, yo + hur) — f 0;¥0) 
h i 
F(h) — F(0) \ | 


i _ h =e 


Daf (xo, Yo) = lim 
h>0 


' Apply the chain rule with x = x, + hu, and y = y, + hu,: 


dF afdx afd 
a ei f dy 


De aed jyay 


‘When h = 0, we have x = x, and y = y,, so that 


‘ of a “2 
Daf (x0, yo) = F'(O) = T, + ma = flo, your + fro, Yolen ~ O 


EXAMPLE 1 Finding a directional derivative using partial derivatives 


Find the directional derivative of f(x, y) = 3 a 2x’ + y? at the point P(1, 2) in the 


direction of the unit vector u = si = 8 j. 


Solution 
First, find the partial derivatives f(x, y) = —4x and fi, y) = 3y?, Then, since 
uy = k and uz = ~ 8 we have 

aes | Dees JB 

Duff C, 2) = ae 2) (5) a Feld) (7 


. faX 
= —4(1) (5) + 3(2)? (-) = -2-—6V3 » -12.4 a. 


The directional derivative of f(x, y) at the point P (Xp: Yo) in the direction of the 


unit vector u = (u,, u,) can be interpreted as both a rate of change and a slope, For 


instance, in Example 1, the intersection of the surface z = 3 — 2x? + y? with the 
vertical plane through the point P(1, 2) parallel to the unit vector u = - =¥3 isa 


curve C, and the directional derivative D, f(1, 2) = —12.3 is the slope rf C at the 
point Q(; 2, 9) on the surface above P, as shown in Figure 11.27. The 
derivative also gives the rate at which the function f(x, y) = 3 — 2x? + y3 changes as 
a point (x, y) moves from P in the direction of u. 


irectional + 


Gradient. 
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/ederiv- THE GRADIENT 
ficult to nee any 
to find The directional derivative D, f(x, y) can be expressed concisely in terms of a vector 
function called the gradient, which has many important uses in mathematics. The 
* gradient of a function of two variables may be defined as follows. 
ens 1. Gradient |. - Let fbe-a differentiable function at (x, y) and let f(x, y) have partial derivatives 


f(x, y) and a (x, y). Then the gradient of f denoted by vf (pronounced “del 
eff”), is.a vector given by ; 


~ 


VPC = AE MELEIN 


The value. of the ee at the point P. Co Yo) is spous 


+ hu,), 
an Vifo= ae (tos 30h + Flees vos. 
1 | 3 
Note: Think of the symbol Vv as an “operator” on a function that produces a vector. 
Another notation for Vfis grad f(x, y). 
- EXAMPLE 2 Finding the gradient of a given function 
Find v(x, y) for fl, yaxryty’ 
. | Solution 
Begin with the partial derivatives: 
d 2 2 
: Gg ee N= L(y ty) say and fy(x,y) = gy ETS +3y 
Then 
res Vile y= 2x tO? +3 C 
| 2). an the "The following theorem shows how the directional derivative ¢ can be expressed in 


terms of the gradient. 


' THEOREM 11.7. The gradient formula for the directional derivative 


ins since If f is a differentiable function of x and y, then the directional derivative of f at the 
point P(x, yo) in the direction of the unit vector u is 


. Duf (Xo, Yo) = Vifo-u 


Proof Because V fy = fr(Xo, Yo)i + fy(%o, Yo)j and w = wi + uj, we have 


Du f 0, Yo) = Vfo- w= fir (to, Your + fy (Xo, Yow2 / 0 ' 
. ‘ Poa } 
a EXAMPLE 3 Using the gradient formula to compute a directional derivative : 
Find the directional derivative of f(x, y) = In(x? + y’) at P,(1, —3) in the direction of 
Sn of the v= 2i — 3j. 
lope. For : ‘Soliiian 
with the | 
- fa J 2X. 2 
Pyisa. AOD = Sry 80 fell, -3) = 
C at the | - 3y2 27 
Tectional | ‘ fyQy) = Gay so fy(1,~3) = ey: 
langes as | 


Vfo= ae Vf (I, —3)= ~Zi- i 


290 Calculus 


A unit vector in the direction of v is 
Vv 2i — 3j me 
u= — = — = —= (21 
(lvl = /22 + (-3)2 4/3 


. fg 7 ?) ) Doe 23. 3 
—) =Vf-u= (-3) (=) ¥ (-2) (-=5) 


_ 71V13 


Thus, 


338 [ 


Although a differentiable function of one variable f(x) has exactly one derivative 


f(x), a differentiable function of two variables F(x, y) has two partial derivatives.and . 
an infinite number of directional derivatives. Is there any single mathematical concept 
for functions of several variables that is the analogue of the derivative of a function 


of a single variable? The properties listed in the following theorem suggest that the 
gradient plays this role. 


Dey THEOREM 11.8 Basic properties of the gradient 
A . » Let fand g be differentiable functions. Then 


Constant rule Vc = @ for any constant ¢ 


Linearity rule V(af + bg) =aV f + bVg for constants a and b 


Product rule Vifg)= fVg+eVf 
Vif-fVs 
Quotient rule Vv (=) = Rea ae Ss g #0 
& § 
Power rule Ve yenf Ves ! 


Proof Linearity rule 


V(af + bg) = (af + bg). + (af + bg),j =Laf, + be i+ (af) +bgy)j 
= afyi ai bgxi 1 af — bgyj = al frl 1 AD + b(g yi alt Syd) 
~aVf +bV¢ 


Power rule 


Vf" =[fbEt (fbi = nfl | fat af! fi 
= nf" [fait Ad — nf FT 


The other rules are left for the problem set (Problem 57). O 


MAXIMAL PROPERTY OF THE GRADIENT 


In applications, it is often useful to compute the greatest rate of increase (or decrease) 
of a given function at a specified point. The direction in which this occurs is called the, 
direction of steepest ascent (or steepest descent). For example, suppose fig function 
z = f(x, y) gives the altitude of a skier coming down a slope, and we want to state a 
theorem that will give the skier the compass direction of the path of steepest descent 
(see Figure 11.28b). We emphasize the words “compass direction” because the gra- 
dient gives direction in the xy-plane and does not itself point up or down the mountain. 
The following theorem shows how the direction of maximum change is determined 
by the gradient (see Figure 11.28). 


i eh 


Figure i] 
descent 
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“Steepest” tangent 
vector has magnitude 


_[Ivill 


Bo 


B . 
srivative 
ives and - 
concept 
- function ak 
that the a. The optimal direction property of the gradient ’ b. Skier on a slope 
. ; Figure 11.28 Steepest ascent or steepest descent 
° wy, - THEOREM 71.9 Maximal direction property of the gradient | 
a Suppose f is differentiable at the point P, and that the gradient of f at P, satisfies 
Vf * 9. Then 
a. The largest value of the directional derivative D, fat P, is || V fol] and occurs when 
= the unit vector u points in the direction-of Vf. | 
; . 7 : H 
b. The smallest value of D, fat F, is —l|V foll and occurs when w points in the 
direction of — Vfy. 
. ny oe Proof If wis any unit vector, then 
Duf = V fo-¥ = [IV foll (lull cos8) = IV foll cos 6 || 
where 6 is the angle between vf, and u. But cos @ assumes its largest value 1 at 6 = 0; 
Wj \ that is, when u points in the direction V/f,. Thus, the largest possible value of D, fis 
: a | 
D . Duf = IV foll(1) = IV fol | 
‘ 
; ' | Statement b may be established in a similar fashion by noting that cos 6 assumes its 
; smallest value ~1 when @ = x. This value occurs when u points toward —Vfp, and 
| in this direction 
: 
Daf = IV foll(—1) = -IlV foll UO 
ie 
(4 / 
= What This Says The theorem states that at P, the function f increases 
" gcrease) most rapidly in the direction of the gradient Vf, and decreases most rapidly in 
| ; the opposite direction (see Figure 11.29). 
a me Figure 11.29 The direction of steepest med . e ) 
BEHO! ; descent 
‘ostatea 
‘descent = 3 
the gra- EXAMPLE 4 Maximal rate of increase and decrease : i 
ountain, | | In what direction is the function defined by f(x, y) = xe'-* increasing most rapidly 
ermined | at the point P,(2, 1), and what is the maximum rate of increase? In what direction is. 


s Ff decreasing most rapidly? 
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Solution 
We begin by finding the gradient of f 
Vi = fab t+ ff = le + xe (—1)Ji + [xe (2) 
= eT — x)i+ 2xj] 
At (2, 1), Vf =e)? [CL — 2)i + 2(2)jt = —i + 4j. The most rapid rate of increase: . 


is IV foll = /(-1)2 + (4)? = J17 and it occurs in the direction of —i, + 4j. The 
most rapid rate of decrease occurs in the direction of — Vy =i- 4j. | 


TOY PER yD Oe, alos 


Ce . 
FUNCTIONS OF THREE VARIABLES a | 


The directional derivative and gradient concepts can easily be extended eee 
of three or more variables. For a function of three variables, f(%, y, 2, the gradient Vf 
is defined by | 


Vf = fat fit fk 


and the directional derivative D, f of fx, y, z) at Plea Vs Zeya the direction of the 
unit vector u is given by 

Duf =Vfo-u 
where, as before, Vio is the gradient Vf evaluated at P, The basic properties of the, 
gradient of f(x, y) (Theorem 11.8) are still valid, as is the maximal direction property 


of Theorem 11.9. Similar definitions and properties are valid for functions of more 
than three variables. 


EXAMPLE 5 Directional derivative of a function of three variables | 
Let f(x, y, z) = xy sin(xz). Find Vip at the point PU, —2, x) and then compute the 
directional derivative of f at P, in the direction of the vector v = —2i + 33 — Sk. 


Solution ; ’ 


.Begin with the partial derivatives: 


fr = ysin(xz) +xy(zcos(xz));  f,(l,-2, 7) = —2sinx —2n cosm = 20 


y = X sin(xz); fy, -2, 7) = lsina = 0 . 
fr, = xy(x cos(xz)): f:(1, -2, 7) = (1)(-2)(1) cos 7 = 2 
Thus, the gradient of f at P, is 
Ae eh V fy = 2ni + 2k 
To find D,, f we need u, the unit vector in the direction of v: 


v ~2i + 3j —5k I 
Uu= —4 =. 
ivi = (2)? +.B)? + (5? V8 


(—2i + 3} — 5k) 


Finally, 
I 
Dyf (l,-2,7) =Vfp-u= ao — 10) + -3.66 


NORMAL PROPERTY OF THE GRADIENT 

Suppose S is a level surface of the function defined by f(x, y, z); that 18; 932) =K 
for some constant K. Then if P,(x,, Yo» Zq) 18 a point on S, the following theorem shows 
that the gradient Vfp at P, is a vector that is normal (that is, orthogonal) to the tangent 
plane surface at P, (see Figure 11.30). 
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Normal 
vector Vfi, 


;. Tangent plane 


” nerease 
: surface S 
4j. The 
| 
' 
. a Figure 11.30 The normal sripsity of the gradient 
inctions Ek SN ESS cs 
lient Vf as THEOREM 11.10 The normal property of the gradient 
. ' Suppose the function f is differentiable at the point P, and that the gradient at P, - 
satisfies Vf, # 0. Then Vf, is orthogonal to the level surface of f through P,. 
a of the Proof Let C be any smooth curve on the level surface f(x, y, z) = K that passes 
through P,(Xp» Yor Z), and describe the curve C by the vector function R(f) = x()i + 
y(f\j + 2()k for all ¢ in some interval /. We will show that the gradient Vf, is ortho- 
’ ; gonal to the tangent vector dR/dt at Po. ; ' 
_ °$ of the . Because C lies on the level surface, any point P(x(¢), y(#), z(t) on C must satisfy 
oyoperty ' fLx(t), yo), 20] = K, and by applying:the chain rule, we obtain 
‘of more ; : : F 4 ; | 
x : ae Z : 
= x(t), t), z(t = Ix, sZ)— H+ Sy XY, ae X,Y, ie { 
| qt e@ O (= fy 7 Fy( ya + fel Yr | 
i i Suppose t = f, at P). Then 
pute the . ' . 
| dt it 
é ax dy dz 
= f(x (to), y(to), ato) + fy(x(to), ¥(to), <(f0)) + f.(x(to), y(to), <(to)) 
oi aN f es 
' JO FF 
aoe BE a 9% 55 95 4 ee We also now that f K for all t ; 
C = i ‘ a = \ 
since Th ‘7 a 7 eae now that f(x(1), y@, z(t) or all tin | 
(because the curve C lies on the level surface f(x, y, z) = K). Thus, we have | 
4 pth, yo), 20)1) = S(K) = 0 a 
Sn. x ’ ’ a eae = : t 
dt wre dt i 
dR | 
_and it follows that V fo - rs = 0. Weare given that vf, # 0, and dR/dt # 0. because 
é 
the curve C is smooth. Therefore, V7fy is orthogonal to dR/dr, as required. oy) 
= ; = Whet This Says The gradient Vf, at each point F, on the surface 
dR 
, fx, y, 2) = Kis orthogonal at Fj to the tangent vector T = a of each curve C 
yak on the surface that passes through P,. Thus, all these tangent vectors lie in a single 
>m shows plane through P, with normal vector N = Vf,. This plane is the tangent plane to | 
je cangent . the surface at P. 
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EXAMPLE 6 finding a vector that is normal te a level surface 

Find ‘ vector that is normal to the level surface x? + 2 2xy -- ye + 32’ 27 at the point 
Fy, 1, ~ 1). . 

Solution 


Since the gradient vector at P, is perpendicular to the level surface, we have 


Vf = fit Aj+ Lk = (2x + 2y)it (2x - 2)j+ (2 -y)k 


. ; : : Tangent | 
At the point (1, A, —1), Vf = 4i + 3j — 7k is the required normal. | to a Surf 
Here is an example in which f involves only two variables, so f(x, y) = K is a level ° . 
ral curve in the plane instead of a level surface in space. 
il ria EXAMPLE 7; Finding a vector normal to @ level curve ie x Tange 
: T Py. 3), Sketch the level curve corresponding to C = | for the function f(x, y) = 2° -- and - 


we 


: AVE) = = i - 2N3j 
Ko, / find a normal vector at the point Po(2 2, /3) 3). 
vgs I A \ 


NE Solution 


The level curve for C=1 is a hyperbola given by x?— sie as shown in | 
Figure 11.31. The gradient vector is perpendicular to the level curve. We have 


LAE Fee ° Sv 
| a Vf = fb + frj = 2xi — 2yj 
Plane z=1 Figure 11 
j . so at the point (2, V3), V fo = 4i — 2/3] is the required normal. This normal vector normal 
Figure 11.31 The level curve and a few others are shown in Figure 11.31. fs 


v-yal 


EXAMPLE 8 Heat flow application 
The set of points (x, y) with O < x < Sand0<y<Sisa square in the first quad- 
rant of the xy-plane. Suppose this square is heated in such a way that 7(, y) = 2? + 


y? is the temperature at the point P(x, y). In what & direction will heat flow fi from the 
point P 03; 4)? ; é 


Tanger 


Solution 


The flow. of heat in the region is given by a vector function H(x, y), whose value at 
each point (x, y) depends on x and y. From physics it is known that H(a, y) will be 
perpendicular to the isothermal curves T(x, y) = C for C constant. The gradient VT 
and all its multiples point in such a direction. Therefore, we can express the heat flow 
as H = —RVT, where k is a positive constant (called the thermal conductivity). The 
negative sign is introduced to account for the fact that heat flows “downhill” (that is, .- 
in the direction of decreasing temperature). : Figure 11. | 
Because T(3, 4) = 25, the point P,(3, 4) lies on the isotherm T(x, y) = 25, which ~~ normal li & 
is part of the circle x’ + y? = 25, as shown in Figure 11.32. We know that the heat . ; a: 
flow H, at Fy will satisfy H, = ~kyT,, where VT, is the gradient at J f, Because VT = 


2xi + yj, we see that yt= = 61+ 8 Thus, the heat flow at F, saticties 


Norma! f 


Hy = —kVT,) = —k(6i + 84) ~ 
Figure 11.32 Isotherms of 0 0 ( + $j) | 


T(x, y) =x° +)”. Heat flow at Pisin Because the thermal conductivity & is positive, we can say that heat flows from P, in 
the direction of —VT) = —6i — 8j the direction of the unit vector u given by 


-6i+8j) 3, 4, 


3 Sef sj . &£ 
Vortec 5 8 7 


re point 


3a level 


| vector 


alue at 
will be 
ant VT 
at flow 
’), The 
that is, 


| Which 


1e heat 
; VI = 


° 


Tangent Plane ane Normal Line 
to a Surface 


| Normal line _ 


Tangent plane 


Surface S ] : 


Figure 11.33 Tangent plane and 
normal line 


A Mormal vector 


i 

j 

Tangent plane { 
5 i Ne (iy 


' Nornial line 


Figure 11.34 The tangent plane and 


- normal line toa surface 


Normal vector 
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TANGENT PLANES AND NORMAL LINES 


Tangent planes and normal lines to a surface are the natural extensions to R3 of the 
tangent and normal lines we examined in R’. Suppose S is a surface and N.is-a-vector 
normal to § at-the point . We would intuitively expect the normal line and the tan- 


gent plane to S-at fy to be, “epectively the line throu gh P, P with the dirét reqtiorror Nand 


the plane through. Piva inpeal LN (see Figure 11-33). “These observations lead us to” 
the following definition. 


Suppose the surface S has a nonzero normal vector N at t the point P,. Then the . 


line through P; parallel to Nis called the normal line to S at P P,, and the-plane — 
mrouen Py with pone vector N is the tangent plane to Sat P. : 


bce would expect a surface S with the representation z = f(x, y) to_ have a non- 


“ jocks Swi 


‘(tangent plane at each point where-V f..4 0..In particular, if S has an equation ~ 


of te! the form F(x, y, z) = C, where C is a constant and F is a function differentiable at 


P,, the normal property of a gradient tells us that the gradient V Fo at P, is normal to $ 


° e V Fy # 9) and that S must t therefore have a tangent plane at F,. 


EXAMPLE 9 Finding the tangent plane and normal line te a given surface 
Find equations for the tangent plane and the normal ig at the point P Ply, 2)-0n 
the surface S given by x*y + y’2 + 2x =5. 


Solution 


We need to rewrite this problem so that the normal property of the gradient theorem 
applies. Let F(x, y, z) = x*y + y’z + 2x, and consider S to be the level surface 
F(x, y; 2) = 5. The gradient VF is normal to S at P,. We find that 


VF (x,y,z) = Quy + 2 )i+ (x? + 2yz)j + (y? + 2xDk 
so a normal vector at P, is 
N= VF = VF(1, -1, 2) = 24-3) + 5k 
Hence, the required tangent plane is 
2a-1-3(y+D4+5@-2)=0 > or 2x-3y+5z=15 
The normal line to the surface at Py is 
x=l+2, y=s-1-3, 2=2+4+5t i 

By generalizing the procedure illustrated in the preceding example, we are led to 

the follbwing formulas for the tangent plane and normal line. (Also see Figure 11.34.) 


Suppose Sis.a surface with the- equation F Os y, 2 = 'C and let P (ys Yop 4) be : 
a point on S where Fis differentiable. with VFo # 0. Then the equation | of: the.’ 
tangent plane to S at F, is : 


0. 


Formulas for the Tangent Plane and Normal Lines to. a Surface 


FX Yor Z) (x wa Xp) + FQ Yo Z)(¥ _ Yo) + P(x, ’ Yor 2) Z 7 Zy) 


x = Xo + Fe(Xo, Yo: Zo)t 
y = yo+ Fy (x0; Yo, Za)t 
L= Z0 + Fo, yo, Zo)t 


and the normal line to S at F, has parametric equations 
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Note if z = f(x, y), we have F(x, y, 2) =f(, y) -— 2=0. Then F=f, F=f, 
and F_ = —1 and the equation of the tangent plane becomes oe 
Fi. Qige Yor Sq) — %) +5, Oy» Yor 2910) = y= Ge) =O 

which is equivalent to the tangent plane formula given in Section 11.4, 


EXAMPLE 10 Equations of the tangent plane and the nermail line 


Find the equations for the tangent plane and the normal line to the cone 2 = x? + y* 
at the point where x = 3, y= 4, andz> 0. 


Solution - 
If Po(%q» Yo Zp) is the point of tangency and x, = 3, y, = 4, and z, > 0, then 


Fao a 
= tot yy avot lo=5 


If we consider F(x, y, z) =x" + y" — 2’, then the cone can be regarded as the level 
surface F(x, y, z) = 0. The partial derivatives of F are ; 
Fak R=’ F=~2 | 
; so at P,(3, 4, 5), i 
| F (3, 4,5) = F.3,4,5)=8, F.3.4,5)=— 


Thus the tangent plane has the equation 
6(x — 3) + 8(y — 4) — 10(z — 5) = 0 | 


or 3x + 4y — 5z = 0, and the normal line is given parametrically by the equations 


gee - Pep | 


7 Mao 


11.6 PROBLEM SET yng” 


O Find the gradient of the functions given in Problems 1-10. 
1. fx, y) =x? — 2xy 2. f(x, y) = 3x + 4y? 


ot, 06? 


Find a unit vector that is normal to each surface. given in 
Problems 17-24 at the prescribed point, und the standard form of 
the equation of the tangent plane at that point. 


z=5-- 10t a 


Be fay) == 4. Fe, y) =InG? +?) 


3.50, 9) = al 6. f(x, y= a irae 
7. f(x, y) = sin(x + 2y) Beye 


0.f(@,y,0= = 


2+. 
Compute the directional derivative of the functions given in 
Problems 11-16 at the point P, in the direction of the given vector v. 


9. g(x, y, 2) = xe*™ 


Function Point Py Vector v 
11. fy =x fe (ly =2) i+j 
12. f(x,y) = © ‘ Q,-1 -i+j 
a fle, y) = In(x? + 3y) dg, i+j 
14) fox, y) = nx + 9) (0, 1) = 
15, Six, y) = sec(xy — y*) (2, 0) —i- 3j 
16. f (x, y) = sinxy (Ja, ft) 3ni-xj 


17,2 +y4+2=3at(1,—-1, 1) 
18. x4 + y+ 24 =3at(1,—-1—1) 


qT 
YF 


20. sin(x + y) + tan(y +z) = 1 at (4, %,—4) 


Gb -) =o0e, 5, 3) 


79, (= yee) saree 0.1) 
pies eee 


23, ze*+** = 3 at (2, -1, 3) 
24, ze" =3 at (1, 1,3) 
Find the direction from P, in which the given function f increases 


most rapidly and soniite the magnitude a the greatest rate of 
increase in Problems 25-34. 


25. f(x, y) = 3x + 2y—1; PR, —1) 
26. f(%, y) = 1-x? — y*; PoC, 2) 


g) cos z = sin(x + y) at (£ 


- Ou. Let fl 


1 fle) 
28. f(x, y) 
- 29. fx y,: 


assume 
30, f. 
yo f (x, ¥ 


32: POY 
33. fx. yy. 
34. fy. 
In Problen 


graph at th 
are constai 


3§, the lin 
Ay . | 
lhe ell 
/ F 
38. the hy 


9 od t 
point 


Figure 


40, Find t 

Bid, - | 

Uy Findt |} 
the di 

42. Let ft | 

the pc § 

a. Fir 

b. Fu 

toy 


both: 
, eri ‘€ 


Gy Let f( 


unit, £ 


Model 
0. 
‘temp 
TE 
AGP 
perat 
mum [ 


45, 


the level 


' ations 


given in 


Tform of. 


_ hereases 
t rate of 


’ 35. the line ax + by =c 


~38. the hyperbola a a5 es 


; 


“27. flr, y) =8 + ys PB, —3) 


28. f(x, y) = ax + by +c; P(a, b) 
29. fix, y, 2) = ax + by? + c2: P,(a, b,c); 
assume a? + b' + ct £0. 
3, fl y) =a’ + by’; P,(a, b); assume a® + bf # 0. 


f/f =In fe? + ys Po(I 


32 f(x, y) = sinxy; (4, 2) 


33. fix, y.2) = ty? + (yt2? + 42% P(2, -1, 2) 


zin (=); Po(l, e, -1) 
x 


34, (X,Y. 2) = 2 


"In Problems 35-38, find a unit vector that is normal to the given 


graph at the point P,(X9, Yo) on the graph. Assume that a, b, and c 
are constants. 


36. the circle x? + y? = a? 


2 


7) ae ey 
he i Jecat . ae oD os ] 
vee eljipse nm + ye 


b 


Find the directional derivative of f(x, y) = x’ + y? at the 
point P,(1, 1) in the diréction of the unit vector u shown in 
Figure 11.35. 


Figure 11.35 Problem 39 


40. Find the directional derivative of f(x, y) ee x + xy + y? at 


AL, is 1) in the direction toward the € origin. | 


x t/ Find th directional derivative of fx, y) = en cs * at Flea) in 


the dit tion toward O(2, 3). ‘ 
“4, Let fi, 2) = 20 — y+ 322 — Bx — dy + 201, and let P, be 
" the point (2, -2, 4) 
a. Find Vf, 


b. Find cos @, where @ is the angle setycen Vf and the vector 
toward the origin from P,. my ; 


04 Let fey, 2) = xyz, and let u be << vector perpendicular to 


both v =i — 2j + 3k and w = 2i+j — k. Find the directional - 
derivative of f at F,(1, —1, 2) in the direction of u. 

Let f(x, y, Z) = ye*** + ze’, At the point P(2, 2, —2), find the 
unit vector pointing in the direction of most rapid increase of f 


45, Modeling Problem Suppose a box in space given by 0 < x < 2, 
0 < y < 2,0 < z < 2 is temperature-controlled so that the 
temperature at a point P(x. v, z) im the box is modeled by 

| T(x, y, 2) = ay + yet xz. A heat-seeking missile is located at 

PC, 1, 1. In what direction will the missile move for the tem- 
perature to increase as quickly as possible? What is the maxi- 
mum rate of change of the temperature at the point P,? 


46. 


47, 


48. 


49, 


51. 


53. 


ds 
iy) 


Osa, 


. Let T(x, y) = 
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Modeling Problem A metal ere covering the rectangular 
region 0 < x < 6,0 <y < S is charged electrically in such a 
way that the potential at each point (x, y) is inversely propor- 
tional to the square of its distance from the origin. If an object 
is at the point (3, 4), in which direction should it move to 
increase the potential most rapidly? 


A hiker is walking on a mountain path when it begins to rain. 
If the surface of the mountain is modeled by z = 1~3x?-3y° 
(where x, y, and z are in a and the rain begins when the 
hiker is at the point p, (f, _} i, 3), in what direction should 
she head to descend she mipitatainlds most rapidly? 


Let fhave continuous partial derivatives, and assume the maxi- 
mal directional derivative of f at (0, 0) is equal to 100 and is 
attained in the direction toward (3, —4). Find the gradient vf 
at (0, 0).>> 

Suppose at the point P,(—1, 2), a certain function f(x, y)-has 
directional derivative 8 in the direction of i) Aj and | 


n the direction of vy =i + J: — k and has value. 33 it in this 


Neder diiectiona derivative of fix y, Aut t the sink P. is greatest 
1 


direction. What is the directional derivative of fat ae in the 
direction of w =i + j? 


Let f have continuous partial derivatives and suppose the maxi- 
mal directional derivative of fat P,(1, 2) has magnitude 50 and 
is attained in the direction from P, toward Q(3,—4). Use this 
information to find vf(1, 2). 

| —x’—2y be the temperature at each point 
P(x, y) in the plane. A heat-loving bug is placed in the plane 
at the point P,(—1, 1). Find the path that the bug should take 
to stay as warm as possible. Hint: Assume that at each point 
on the bug’s path, the tangent line will point in 1 the direction in 
which T increases most rapidly, 


a. Show that the ellipsoid 


@* pe 
has a tangeni plane at P,(x,, yy, Z,) with the equation 


XoX YOY Zz 
wae te gag ag 
a b? ce 


_b. Find the equation for the tangent plane to the nyperpolols 


of one sheet wh 


yok 
Ba 
at the point P(X. Yor 2) 


c. Find the equation for the tangent plane to the apie 
paraboloid 


at the point Py(x. ¥y. %)- 
Recall that an ellipse is the set of all points P(x, y) such that 
the sum of the distances from P to two fixed points (the foci) 
is constant. Let P(x, y) be a point on the ellipse, and let r, and 


r, denote the respective distances from P to the two foal F 
and F, as shown in Figure 11.36. 


‘ 


* «36 
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Vf-fVv 
e. V(f/@) = os a #0 


ad. vfg) =fVe+evf 


of intersection of the paraboloid z = x? + y* and the ellipsoid 
2x7 + 2y° +2 =8 at B41, 1, 2). 
58. Find a general formula for the directional derivative D if of the 


function f(x, y) at the point P(x, y,) in the d irectionof’ the unit. 


Figure 11.36 Unit tangent to an ellipse vector uw = (cos6)i + (sin6)j. Apply your formula to obtain 


the directional derivative of f(x, y) = xy°e'~*" at P(-1, 3) in 


a. Show that T- y(r, +1,) =9, where T is a unit tangent to the direction of the unit vector 
the ellipse at P. 
b. Use part a to show that the tangent line to the ellipse at P 


‘w= (cos 2) i 7 (sin 2) 3 


makes equal angles with the lines joining P to the foci (that 59, Suppose that w and ¥ are unit vectors and that f has continu. 
is, 0, = 6, in Figure 11.36). i ous partial derivatives. Show that 
55: Modeling Problem A particle P, with mass m, is located at the : 
origin, and a particle P, with mass’ bunitislowated at the point Du f= eet (Daf + Dyf) 
(x, y. z). According to Newton’s law of universal gravitation, 
the force P, exerts on P, is modeled by | 60. Countevexample Problem If f, fy and f dre continuous and 
—Gmj(xi+ yj + zk) v/flx, y) = 0 inside the disk x° + y? < J, then either show that 
= 2 f(x, y) is a constant function inside the disk or ind a coun- 
here r is the di b P, and P,, and G is th ee oe 
a a ee SNEED Ong eas eer 61. Counterexample Problem If f is differentiable at Palty Yo) and 
hie . ae Ce ee D,,f(%q Yq) = 9 for unit vectors u, and u,, where u, xu, #90, 
a. Starting from the fact that r? = x* + y* + 2’, show that then show that D, f(x Yo) = 0 fay every unit vector u, or find 
=(*) ee > (7) are A =(] nee a counterexample. 
dx \r Pi ay\rJ ork’ az\r r 62. Let R =x + yj + zk, and let r = [Ri = fret ryt. 
b, The function V = —Gm, /r is called the potential energy a. Show that yr is a unit vector in the direction of R. 
function for the system. Show that F = — VV. b. Show that 7(r") == nr’, for any positive integer n. 
. Verify each of the following properties for functions of two 63. Suppose the surfaces F(x, y, z) = 0 and Gtx, y, 2) = 0 both 
_ variables. pass through the point P,(x,, Y,» Z,) and that the gradients VF, 
a. Vc = 0 for constant c and VG, both exist. Show that ae two surfaces are bengenta at 
b. vift+2) =vf+t ve Py ifand only if VF x VG, = 9. . 
oP Se ee 


11.7 Extrema of Functions of Two Variables 


IN THIS SECTION relative extrema, second partials test, absolute extrema of continuous functions, 
least squares approximation of data 


There are many practical situations in which it is necessary or useful to know the | 
largest and smallest values of a function of two variables. For example, if T(, y) is : 
the temperature at a point (x, v) in a plate; where are the hottest and coldest points in. 
the plate and what are these extreme temperatures? If a hazardous waste dump is 
bounded by the curve F(x, y) = 0, what are the largest and smallest distances to the 
boundary from a given interior point P,? We begin our study of extrema with some 
terminology. 


Absolute Extrema 


57. Find the parametric equations for the tangent line to the curve 


I 
pure 


Dae 


we 


Aapy pnt d ae 2 
ORB, 63) 
os ce Af fp 
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In Chapter 4, we located absolute extrema of a function of one variable by first 

finding relative extrema, those values of f(x) that are larger‘or smaller than those at 

| all nearby points. The relative extrema of a function of two variables may be defined 
as follows. 


he-curve : ' 
llipsoid 7 
eee Relative Extrema Let fbe a function defined on a region containing (x,, y,). Then 
“fof the ae Sr i 
“the me > jee J(Xp, yp) is a relative maximum if f(x, y) < f(x, yp) for all (x, y)1 in an open 
0 obtain ee a ed disk containing (x, yy). 
‘1 3)in vo, , ., gat ae; F(X» Yo) is a relative minimum if fe y) >= fx : y,) for all ns yy in.an open 
er a ca —— _ disk containing (x,, y,)- 
: Bm Collectively, relative maxima and minima. are called relative ‘extrema. ° 
i of. Vo, Up). ; . Pe re a : nae v2 
zontinu- \ ie ae Toes 
Bee ae ee: 
; i RELATIVE EXTREMA 
ae & 3 
ae . pebatin FF In Chapter 4, we observed that relative extrema of the function f correspond to “peaks 
deste a ais otek and valleys” on the graph of f, and the same observation can be made about relative 
- a that / fete san : bot tye extrema in the two-variable case, as seen in Figure 11.37. 
a coun- * Relative 
maxima 
yy) and fi\ aN (peaks) 
aes fi alli\ 
or find fy) Ni Nea iN \ 
4 di Wis Ne Ny us 
~~ a We a 
el a 1! es 
ai “0 e 
wool A ue LS 
0 both e Relative 
its VF. - minimum 
went at ‘ (valley) 
7 Figure 11.37 Relative extrema correspond to peaks and valleys 
=e : Fot a function f of one variable, we found that the relative extrema occur where 
f(x) = 0 or f'(x) does not exist. The following theorem shows that the relative 
extrema of a function of two variables can be located similarly. 
THEOREM 11.17 Partial derivative criteria for relative extrema 
+ Sage. o x ya bf “If fhas a relative extremum (maximum or minimum) at P(X, Yp) and partial deriva- 
a ae ae , oui do tives f and f, both exist at Gis Yo), then 
w the IC Yo) = F:A%p Yo) = 0 | 
syis . Proof Let F(x) = f(x, yp). Then F(x) must have a relative extremum at x = x9, so 
Intsin F'(x)) = 0, which means that f(x), Y) = 0. Similarly, G(y) = f(x), y) has a relative | i 
en Sy extremum at y = y,, so G'(y,) = 0 and is (Xp, Yo) = 0. Thus, we must have both } 
fo the F(X) Yo) = 0 and h Cy ¥) = = 0, as claimed. QO} 
some aes tae toe wn = 
WARNING, ~ 


oe Theres isa horizcitel ee ae at each extreme point ee het Tirst 
partial derivatives exist. However, this dees net say that whenever a horizontal tangent 
plane occurs at a point P, there must be an extremum there. All that can be soid is that 
such a point P is a possible location for a relative extremum. 


in single-variable calculus, we referred to a number x,, where f"(x,) does not exist 
or f'(4,) = 0 as a critical number. This terminology is erended to ieee of two 
variables as follows. : 
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fe Ease = | | casa aaa 
Critical Points “As Jp ees oe. AES A ctitical point of a function f defined on an open'set D is a point (x,, y,) in D where 
oe. an en sg aeye tae either one of the following is true: Bs 
7 ? ¢ DTA iA|. ae F.%qy Yo) = fq Yo). = 0. 
saber j bc ; b. At least one of f, (Xq» Yo) OF f (Xq, Yo) does not exist at (ins Va) 


EXAMPLE TI Distinguishing critical points 


it Discuss the nature of the critical point (0, 0) for the quadric surfaces 
az=x+y bz=l=x-y ez=y-x 
Solution 


The graphs of these quadric surfaces are shown in Figure 11.38. Let f(x,y) = +y’, 
g(x, y) = 1-2 — y’, and h(, y) = y? — x°. We find the critical points: 


Minimum in yz-plane 4 i 


— 
fame] 


NNNAN 
Wout woul 
One WN 
NAAN mM 
Nou fh abou 
tot 
RWhY- 


| Ca 
WEISCERE 

NGEEES/ 
NSSEEEDS 

fini 


a, z =x? + y* (paraboloid) and level b. z= 1-2* - y’ (paraboloid) and level MORE | 
curves; relative minimum at (0, 0) curves; relative maximum at (0, 0) level curves; saddle point at (0,0) 


- Figure 11.38 Classification of critical points 
E i 
a. f (x, y) = 2x, f,0, y) = 2y; critical point (0, 0). The function f has a relative min- 
imum at (0, 0) because x? and y” are both nonnegative, vielding x° + y’ > 0 for all | 
nonzero x and y. : 
b. g(x, y) = —2x, g(x, y) = —2y; critical point (0, 0). Since z = 1 — x y’, its 
follows that z < | with a relative maximum occurring where x* and y* are both 0; 
that is, at (0, 0). _ 7 
c. h(x, y) = —2x, h,(x, y) = 2y; critical point (0, 0). The function A has neither a 
b iy relative maximum nor a relative minimum at (0, 0). When z = 0, h is a minimum 
on the y-axis (where x = 0) and a maximum on the x-axis (where y = 0). a 


° 


‘ 


kK Ss 4, «tered at P, contains points in the domain of f that satisfy f(x, y) > f(x), y)) as well as 
\ . . ep APE pha ~ 0 A Pp ; J B 0 Yo) 
| : ee points in the domain of a thai satisty fay) . fixy y,). An example of a saddle point 
e Pha. ue. ee =, ., 18 (0, 0) on the hyperbolic paraboloid z = y- — x", as shown in Figure 11.38c. 

[ oo : aay oe se * 


: igen Weep Ste ht th oe ae Oe 3- A critical point P,(xq, yp) is called a saddle point of f(x, y) if every open disk cen- 


Mey 4 
ctl $8 
Pe Ae tatee tee 


hy ’ te . ae 

: { - ‘A 

a ane . 
i 


Partial Differentiation 601 
aaa SECOND PARTIALS TEST 


The previous example points to the need for some sort of a test to determine the 
nature of a critical point. In Chapter 4, we developed the second derivative test for 
functions of one variable as a means. for determining whether a particular critical 
att number c of f corresponds to a relative maximum or minimum. If f’(c) = 0, then 
or? according to this test, a relative maximum occurs at x = c if f’(c) < 0 and a relative 

minimum occurs if f"(c) > 0. If f’(c) = 0, the test is inconclusive. The analogous 
- result for the two-variable case may be stated as follows. 


2)». THEOREM 11.12 Second partials test 
i - Let f(x, y) have a critical point at P,(x,, y,) and assume that fhas continuous second-order | 


partial derivatives in a disk centered at (x,, y,). The discriminant of fis the expression 


. ' 2 
24 y, i D= ee = Fi 
Then, re 
i i A relative maximum occurs at P, if z=1-x2-y* (See Ex 1b) | 
pys D(Xq) Yo) > O and f.,.(%) Yo) < 0 q 
(or, equivalently, D(x), y)) > 0 and 
: Fy, Q%q Yo) < 9). 
to A relative minimum occurs at P, if 
plane b D(X Yq) > Oand f..% Yo) > 0 
- i (or f,.% » Yo) > 9). 
Idle 
sa ; : A saddle point occurs at P, if D(x,, y,) < 0. 
yand 
Summary: For a critical point (a, 5): 
: min Dia. b)| ae ep 4 
for all iced si Lt 
ae +: — Rel. max. . 
2 it: + + Rel. min. If D(x, y,) = then the test is inconclusive. Nothing can be said about the nature | 
y > H : < . 0 y 0. : ; g ' 
“oth 0; as elt A Saddle point + of the surface at (x), y)) without further analysis. 
ee "0 NA Inconclusive  Prgef The second partials test can be proved by using an extension of the Taylor 
ther a | ' Series expansion (Section 8.8) that applies to functions of two variables f(x, y). 
er . Details can be found in most advanced calculus texts (also see Problem 60). Q 
a The discriminant D =f. f.. — f2 may be easier to remember in the equivalent 
: : And yy nay y q 
ccen- determinant form 
‘ella , ; : 
p : i xy t yy 
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Note that if D > 0 at the critical point P,(%, yo), then f,, and f, must have the same. 
| The definition of a 2x2 sign. This is the reason that when D > 0, either f > 0 or Te > Dis enough to guaran- : ; 

determinant is presented in Section 2.8 tee that a relative minimum occurs at P, (or a relative maximum if fe < O orf, < 0). - 

of the Student Mathematics Hanabook. Geometrically, if D > 0 andf,. > 0 and f,. > 0 at P,, then the surface z = A, y) _ a 
_curves upward in all directions from the point Q(x, yo, 2), so there is a relative mini- 
mum at Q. Likewise, if D > 0 and f. < 0 and f,, < 0.at P,, then the surface curves .. - 
downward in all directions from P,, ‘which must therefore be a relative maximum. 
However, if D < 0 at Py, the autice curves up from Q in some directions, and down 
in others, so Q must be a saddle point. 


WARNING, The second partials test says nothing about the geometry of the surface at'Q at 

if D = 0 at P,. Example 4 and Problem 54 show that a relative minimum, a. relative Critical pc 

maximum, a saddle point, or something entirely different may occur ifD=0. Gb) D 
(0,0) N 
H (2,4) P 


EXAMPLE 2 Using the second partials test to classify critical points 
Find all relative extrema and saddle points of the function 


fy) =22 4 2xyty—2xr-2y4+5 * 


Solution 
First, find the critical points: 


f=aytly= 2 f= 2x + 2y — 2 


Setting f = 0 and f, = 0, we obtain the system of equations 


4x +2y-2=0 
2x+2y—-2=0 


and solve to obtain x = 0; y = 1. Thus, (0, 1) is the only critical point. To apply the 
second partials test, we obtain 


i= * fy = 2 f,=2 
and form the discriminant 
D=fify — bq = AQ — 2? = 4 


Por 5s the critical point (0, 1) we have D=4> Oandf,,=4 ~ 9. so there is a ee 
minimum at (0, 1). iS 


EXAMPLE 3 Second partials test with a relative minimum and a saddle point 
Find all critical points on the graph of f(x, y) = 8x7 — 24xy + y*, and use the second « 
partials test to classify each point as a relative extremum or a saddle point. 


Solution 


FQ y) = 24x? — 24y, F,0% y) = —24x + 3y? 


To find the critical points, solve 


0 
~24x + 3y? =0 


Z 
From the first equation, y = x”; substitute this into the second equation " find 


| 


he same 
' -guaran- 
Lod), 


=f(x, y). 


.ve mini- 
2 curves 
 ximum. 


: vd down 


ce at Q 


Ve 


o 


Cnitical point 
(a,b) Dia,b) fe(a,b) type 
(0,0) Neg. Saddle 


(2,4) Pos. Pos. Rel. min. 


Saddle Point 


J 
Li] 
Za 
i} 
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a. View near the origin (showing 
the saddle point ) 


NSS Lo 
XQ Se 
S PSOE 


Figure 11.40 Graph of f(x, y) = x’y* 
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2947 +357) = 6 
x0? —8) =0 
x(x —2)(x? 42x +4) =0. 


x=0,2 The solutions of x7 + 2x +4=0 
are not real. : 


If x = 0, then y = 0, and if x = 2, then y = 4, so the critical points are (0, 0) and 
(2, 4). To obtain D, we first find f(x, y) = 484, f, yy) = —24, and f(x, y) = 6y to 
find D(x, y) = (48x)(6y) — (-24)° and then compute: . 


Fes fy 
fry Sry 


‘D= = 


48x 24 
—24 6y 


E 288xy — 576. 


At (0, 0), D = —576 < 0, so thete is.a saddle point at (0, 0). 

At (2, 4), D = 288(2)(4) — 576 = 1,728 > 0 and f (2, 4) = 96 > 0, so there is 
:a relative minimum at (2, 4). 
- To view the situation graphically, we calculate the coordinates of the saddle point 

(0, 0, 0), and the relative minimum (2, 4, —64), as shown in Figure 11.39. 


x 

Relative 

minimum 

(2, 4, -64) 

-b. View away from the origin (showing , c. Level curves 
the relative minimum point) 


Figure 11.39 Graph of f(x, y) = 8x° — 24xy + y* a 


“EXAMPLE 4 Extrema when the second partials test fails 


Find all relative extrema and saddle points on the graph of ! 
f(xy) = xy" : 
The graph is shown in Figure 11.40. eH 


Solution 


Since f(x, y) = 2xy', f,@, y) = Ax? y’, we see that the critical points occur only when 
x = 0 or y = 0; that is, every point on the x-axis or y-axis is a critical point. Because 


Fl) = 2y, f(y) = Bxy’, fy) = 12x?’ 
the discriminant.is 


Sees Fry 
Sey fy 


_|2y* — Bxy? 
~ |8xy3 12x2y? 


D= 


= 24x7y® — 64x? y® = ~40x?y® 


604 Calculus 


Figure Wat Graph of 
fx, y) = e*—™” over the disk 
e+y<l 


Or 


mo 
We 


variables in the following form. F 


Since D = 0 for any critical point (Xo, 0) or (0, yo), the second patil test fails. 
However, f(x, y) = 0 for aa critical point (because either x = 0 or y = 0, or both),’ 
and because fix, y) = x*y* > 0 when x # 0 and y # 0, it follows that each critical 
point must be a relative minimum. a 


ABSOLUTE EXTREMA OF CONTINUOUS FUNCTIONS 7 


The extreme value theorem (Theorem 4.1) says that a function of a single variable f 


must attain both an absolute maximum and an absolute minimum on any closed, 1. 
bounded interval {a, b] on which it is continuous. In R°, a nonempty set S is closed 
if it contains its boundary (see the introduction to Section 11.2) and is bounded if it 
is contained in a disk. The extreme value theorem can be eXtended to functions of two 


1 
cd 


* OREM Hl. 13 Extreme value theorem for a function of two Loriabtes : 
« function of two variables F(x, y) attains both an absolute maximum and an absolute 
/minisoum on any closed, bounded set S where it is continuous. 

IP oof The proof is found in most advanced calculus texts. i ; —O 


To find the absolute extrema of a continuous function f(x, y) on a closed, bounded 


| 
Set S, we proceed as follows: 


Procedure for Determining Absolute Extrema 
Given a function f that is continuous on a closed, bounded set S. 


Step 1. Find all critical points of fin S. 

Step 2. Firid all points on the boundary of S where absolute extrema can occur. 

Step 3. Compute the value of f(x,, y,) for each of the points (x,, y.) found in 
steps 1 and 2, 


Evaluation: The absolute maximum of fon Sis the largest of the values computed 
in step 3, and the absolute minimum is the smallest of the computed valueg. 


EXAMPLE 5_ Finding absolute extrema 


Find the absolute extrema of the function f(x, y) = eno 
The graph is shown in Figure 11.41. 


7) 


* over the disk x? + y? < 1. 


Solution — nin 

Step 1. f(x, y) = 2xe"—” and f@ y) = ~2ye" ~Y” These partial derivatives are 
defined for all (x, y). Because f (x, y) = = f(x, y) =O only whenx =O and } 
y = 0, it follows that (0, 0) is the only critical point of f and it is inside the. 3 ! 
disk, md 

Step 2. Examine the values of f on the boundary curve x? + y? = 1. Because y? 
= ie — x* on the boundary of the disk, we find that 


fQ%, y) = el) = ewe l 
We need to find the largest and smallest values of F(x) = e"-! for —1 < ‘ 
x < 1. Since 
F'(x) = 4x27"! 


we see that F’(x) = 0 only when x = 0 (since e2"°-! ig always’ positive). 
At x= 0, we have y* = 1 — 0°, so y= +1; thus (0, 1) and (0, — 1) are bound- 
ary critical points. At the endpoints of the interval —1 < x < 1, the corre- 
sponding points are (1, 0) and (—1, 0). 


-28t fails. 
or both), 
\ Critical 

- 


‘ariable f 


closed, ... 


3 closed 
Ted if it 
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Step 3. Compute the value of f for the points found in steps 1 and 2: 


Points fo check Compute f (x0, yo) = e"0-% 
(0, 0) f(,0) =e®=1 
(0, 1) f(, 1) = e7!; minimum 
(0-1) f (0, -1) = e7!; minimum 
(1, 0) fC, 0) = e; maximum 
(~1, 0) f (—1, 0) = e; maximum 


Evaluation: As indicated in the preceding table, the absolute maximum value of f 
on the given disk is e, which occurs at (1, 0) and (—1, 0), and the absolute minimum 


value is e~', which occurs at (0, 1) and (0, —1). a 


' In general, it can be difficult to show’ that a relative extremum is actually an 
absolute extremum. In practice, however, ifis often possible to make the determination 
using physical or geometric considerations. Consider the following example. 


EXAMPLE 6 Minimum distance from a point to a plane 
Find the point on the plane x + 2y + z=5 that is closest to the point P(0, 3, 4). 


Solution 


If Q(x, y, z) is a point on the plane x + 2y + z = 5, then z= 5 — x — 2y and the 
distance from P to Q is 


d=J@-0' 40-3 + @-4 


= yx? +(y- 3) +(5—x -2y — 4)? 


Instead of minimizing d, we minimize 
funy =P =x + (y- 34+ (1-x- 2y)P 


since the minimum of d will occur at the-same points where d? is also minimized. 
To minimize f(x, y), we first Gercnnine the critical points of f by solving the 
system 
fr = 2x —2(1 —x —2y) = 4x 4+4y-2=0 
a = 2(y — 3) -4(1 —x —2y) = 4x + 10y-10=0 


We obtain + = -3 pe = i, and since 


fe=4  fy=10,  f,=4 
we find that | 
D =fody — i = 4(10) — Hs 0 and fe =4 > 0 


so a relative minimum occurs at (-2, =), 


Intuitively, we see that this relative minimum must also be an absolute minimum 
because there must be exactly one point on the plane that is closest to the given point. 


The ca eel pae isz = 5— (-2)-2(9) = ©. Thus, the closest point on 


the plane is Q (-2 63? $2), and the minimum distance is 


AP-6-T-E Os 
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in (4%, y3)- 


Figure 11.42 Least squares 
approximation of data 


YK) yak mx + b 
a 


Cnn) 


Check: You might want to check your work by using the formula for the distance 
from a point to a plane in R? (Theorem 9.8): 


7 fot ne? |- 


AP+ B2+C? af apd? ot)” 9/6 


LEAST SQUARES APPROXIMATION OF DATA 


In the following example, calculus is applied to justify a formula used in statistics and 
in many applications in the social and physical sciences. | 


~ 


Wer Ws} JEXAMPLE 7 Least squares approximation of data 
., Pare known, and. we wish to find a function : 


Suppose data consisting of n points P,, . 
y = f(x) that fits the data reasonably well: In particular, suppose we wish to find a line 
y = mx + b that “best fits” the data in the sense that the sum of the squares of the 
vertical distances from each data point to the line is minimized. 


Solution 

We wish to find values of m and b that minimize the sum of the squares of the dif- 
ferences between the y-values and the line y = mx + b. The line that we seek is called 
the regression line. Suppose that the point P, has components (x, y,). At this point 
the value on the regression line is.y = mx, + b and the value of the data point is y,, 
The “error” caused by using the point on the regression line rather than the actual data 
point can be measured by the difference 

— (mx, + b) 
The data points may be above the een line for some values of k and below the 


regression line for other values of k. We sée that we need to minimize the function | 


that represents the sum of the squares of all these differences: 
Nn 


F(m, b) = yb — (mx, + b)P 


k=l 


The situation is illustrated in Figure 11.42. To find where F is minimized, we first 


compute the partial derivatives. 


F,(m, b) = 26 — (mx, + b)|(—xx) 
k=] . 


= Im) +2 Se ae Ve 


k=l k=} 


a Fy(m, b) = > 2h - (mxz + b)\(-1) 


k=1 


aim Suto 1-2 ym | 
= 2m Sx + 2bn 2% 
k=] k=} 


Set each of these partial derivatives equal to 0 to find the critical values (see Problem 61). | 


Nn nh nt : 
4 
Ede (Domed De] 
k=l k=l: / \k=l 


k=l k=l 


It can be shown that these values of m and b yield an absolute minimum for F(m, b). 
: | 
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Many calculators will carry out the calculations required by the least 


standard IQ test. Their scores.are then compared with their high school 


A calculator output shows: m = .0224144711 and b = 3173417224. 
_ A scatter diagram with the least squares line is shown in Figure 11.43. 


: @ 1. WHar DOES THIS SAY? Describe what is meant by a ctitical 


_,  telative extrema. 
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Most applications of the least squares formula stated in Example 7 involve using 


t ‘ 
a calculator or computer software. The following technology note provides an example. 


TECHNOLOGY NOTE 


squares approximation procedure. Look at your owner's manual for 
specifics, Most calculators allow you to input data with keys labeled 
(STAT! anid [DATA]. After the data are input, the m and b values are given igs 
by pressing the choice. For example, ten people are given a be 


grades: 


IQ: 17 105 111 96 «135 «81 «103 99 «107 109 
GPA: 3.1 28 25 28. 34 19 21 32 29 23 a 


75: 100. 125% 


: 4x, y) =e“ siny 
point. et 
2, WHAT DOES THIS SAY? Describe a procedure for classifying 


3, WHAT DOES THIS SAY? Describe a procedure for deter- 
mining absolute extrema on a closed, bounded set S._ 
Find the critical points in Problems 4-23, and classify each point 
as d relative maximum, a relative minimum, or a saddle point. Pilot 
A/fe.y) = 22 dey ty 42 7 Pee Mite, es 


as 


IPS L2 
Lp 


£7 
eg, 


508 


9. fly =P tyty 
11. fx, y) = x3 + 9x — Ay" 
fa y= 
15. fox, y) =a! + yu! + axy 


13. 


Calculus 


10. fix, y) =xy- x+y 
12. fx, y) et 


2 y 14, fs, y) =s et 


(x? + 2y*)eim* _ 


17. fx, y) =e +y' + 32 — 18y’ + Bly +5 


18. f(x, y) 


= 2x4 yi 3x7 - 3y — 12x -4 


19. f(x, y) =x + y= Oxy + 9x + Sy +2 


32 
20. fa yHrtyrt— 
xy 


21. 


5 eat 
Ope ee 
a y 


22. flx, y) = Bay? - 2x?y + 36xy 
23. fx, y) =3e + 1c + gy - 12y° +7 
QFind the absolute extrema of f on the closed bounded set, si in ‘ie 
plane as described in Problems 24-30. 
24. fix, y) = 2x — y?; Sis the disk x? + y’*< 1. 
. fix, y) = xy — 2x — Sy; Sis the triangular region with vertices 


Sy 


(0, 0), (7, 0), and (7, 7). 


26. flx, y) =x? + 3y? — 4x + 2y — 3; Sis the square region with 


27, 


28. 


vertices (0, 0), 3,9), (3, —3), and (0, —3). 


fx, y) = 2sinx + Scosy; S is the rectangular region with 


vertices (0, 0), (2, 0), (2, 5), and (0, 5). 


fil 9) = eP #24”: $ is the disk x? + 2x +’ < 0. 


wl fx, y) =x? + xy + y%; Sis the disk x+y’ < 1. 
30. fx, y) = 22 — day + + 4y; Sis the square region 0 < x < 


2,0<y<2. 


Find the least squares regression line for the data points given in 
Problems 31-34. 


3K 
32. 
33. 
34, 
35. 


36. 


37. 


38. 


39, 


40. 


41. 


(-2,-3), (-1,-1), @ D, (L, 3), (3, 5) 

(0, 1), (11.6), 2.2;-3), (3.1, 3.9), (Ay 5) 

(3, 5.72), (4, 5.31), (6.2, 5.12), (7.52, 5.32), (8.03, 5.67) 
(—4, 2), (-3, 1), (0, 0), (1, —3), (2, 1), G, -2) 

Find all points on the surface as = 4+ xz that are closest to 
the origin. 


Find all points in the plane x + 2y + 3z = 4 in the first octant 
where f(x, y, z) =x’ yz* has a maximum value. 

A rectangular box with no top is to have a fixed volume. What 
should its dimensions be if we want to use the least amount of 
material in its construction? a 


A wire of length L is cut into three pieces that a are bent to form 


a circle, a square, and an equilateral triangle. How should the - 


cuts be made to minimize the sum of the total area? 
Find three positive numbers whose sum is 54 and whose prod- 
uct is as large as possible. 
A dairy produces whole milk and skim milk in quantities x 
and y pints, respectively. Suppose the price (in cents) of whole 
milk is p(x) = 100 — x and that of skim milk is g(y) = 100 
— y, and also assume that C(x, y) = x° + xy + y’ is the joint- 
cost function of the commodities. Maximize the profit 

P(x, y) = px + gy — C(x, y) 
Let R be the triangular-region in the xy-plane with vertices 
(—1, —2), (—1, 2), and (3, 2). A plate in the shape of K is 
heated so that the temperature at (x, y) is 


TO, y) = 2X —xy+y?- 2y4+1 


16. fx, y) = (@ ~ 4) InGy) © 


42. 


43. 


44, 


45. 


46. 


47. 


i 
| 


(in degrees Celsius). At what point in R or on its Houndary is 


T maximized? Where is T minimized? What are the extreme, 


temperatures? ; 


A particle of mass m in a rectangular box with dimensions 
x, y, zhas ground state energy 


ke Lyd, 1 
8m \x2 " y? are 


where k is a physical constant. If the volume of the box is fixed 
(say V, = xyz), find the values of x, y, and z that minimize the 
ground state energy. 


EQ, y, Oe 


A manufacturer produces two different kinds of graphing 
calculators, A and B, in quantities x and y (units of 1,000), 
respectively. If the revenue function (in dollars) is R(x, y) = 

—2y’ + Zxy + 8x + 5y, find the quantities of A and B that 
should be produced to maximize revenue. 


Suppose we wish to construct a closed rectangular box with 
volume 32ft*, Three different materials will be hsed in the 
construction. The material for the sides costs $1 per square 
foot, the material for the bottom costs $3 per square foot, and 
the material for the top costs $5 per square foot. What are the 
dimensions of the Jeast expensive such box? 


Modeling Problem A store carries two competing brands of 


bottled water, one from California and the other from upstate, 


New York. To model this situation, assume the owner of the 
store can obtain both at a cost of $2/bottle. Also assume'that 
if the California water is sold for x dollars per bottle and the 
New York water for y dollars per bottle, then consumers will 
buy approximately 40 — 50x + 4Qy bottles of California water 
and 20 + 60x — 70y bottles of the New York water each day. 
How should the owner price the bottled water to generate the 
largest possible profit? 

Modeling Problem A telephone company is planning to intro- 
duce two new types of executive communication systems that 
it hopes to sell to its largest commercial customers. To create 
a model to determine the maximum profit, it is assumed that 
if the first type of system is priced at x hundred dollars per 
system and the second type at y hundred dollars per system, 
approximately 40 — 8x + 5y consumers will buy the first type 
and 50 + 9x -- 7y will buy the second type. If the cost of 
manufacturing the first type is $1,000 per system and the cost 
of manufacturing the second type is $3,000 per system, how 


' should the telephone company price the systems to generate 


maximum profit? 
Modeling Problem A manufacturer with exclusive rights to a 
sophisticated new industrial machine is planning to sell a limited 


number of the machines to both foreign and domestic firms. The 
price the manufacturer can expect to receive for the machines. 
will depend on the number of machines made available. For 


example, if only a few of the machines are placed on the market, 
competitive bidding among prospective purchasers will tend to 
drive the price up. It is estimated that if the manufacturer 
supplies x machines to the domestic market and y machines to 
the foreign market, the machines will sell for 60 — 0.2x + 
0.05y thousand dollars apiece at home and 50 ~ 0.1y + 0.05x 
thousand dollars apiece abroad. if the manufacturer can produce 
the machines at a total cost of $10,000 apiece, how many 
should be supplied to each market to generate the largest 
possible profit? 
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48. A college admissions officer, Dr. Westfall, has compiled the fol- , 


49, 


50. 


lowing data relating students’ high-school and college GPAs: 


HS GPA. 20. 2:5. 3.0. 3.0. 3.3 
College GPALS 2.0 2.5 


Plot the data points on a graph and find the equation of the 
regression line for these data. Then use the regression line to 


predict the college GPA of a student whose high school GPA 
is 3.75. 


It is known that if an ideal spring is displaced a distance y from 
its natural length by a force (weight) x, then y = kx, where k is 
the so-called spring constant. To compute this constant for a 
particul F spring, a scientist obtains the following data: 


eb). 52 0 78 8.4 10.12 12.37 
yin.) 11.32 15.56 17.44 21.96 26.17 
Based on these data, what is the “best” choice for k? 


Exploration Problem . The following table gives the approximate 
U.S. census figures (in millions): 


Year: . 1900 1910 1920 1930 1940 
Population: 76.2 92.2 106.0 1232 1321 


Year: 1950 1960 1970 1980 1990 
Population: 151.3 179.3, 203.3. 2265 248.7 


a. Find the least squares regression line for the given data and 
use this line to “predict” the population in 1997. (The 
actual population was about 266.5 million.) 

b. Use the least squares linear approximation to estimate the 
population at the present time. Check your answer by looking 
up the population using the Internet. Comment on the accu- 
racy (or inaccuracy) of your prediction. 


51. Exploration Problem The following table gives the Dow Jones 


Industrial Average (DJIA) Stock Index along with the per 
oe POnSHDHOD of wine (in gallons) for those years. 


“Year: 1965 1970 1975 1980 1985 1990 1995 


DJIA Index: 911 753 802 891 1,328 2,796 3,838 
Consumption: 0.98 131 L171 211 243 2.05 1.79 


52, 


‘a, Plot these data on a graph, with the DJIA Index on the 


x-axis and consumption on the y-axis. 
b. Find the equation of the least squares line. 


-¢, Determine whether the consumption figures predicted by 


the least squares line in part b are approximately correct by 
using the most recent figures available at the time of this 
writing: The DJIA opened 1997 at 6,442 and U.S. wine 
consumption was 1.95 gallons. Interpret your findings. 
d. In 2001 the stock market began the year at 10,790. Use the 
~ Jeast sqilares, line to predict per capita wine consumption 
that corresponds to this stock value. 
Linearizing nonlinear data In this problem, we turn to data that 
do not tend to change linearly. Often we can “linearize” the 
data by taking the logarithm or exponential of the data and 
then doing a linear fit as described in this section. 


__a, Suppose we have, or suspect, a relationship y = kx”. Show 


that by taking the natural logarithm of this equation we 
obtain a linear relationship: Y = K + mX. Explain the new 
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e 


variables and constant K. 


b. Following are data relating the periods of revolution r (in 
days) of the six inner planets and their semimajor axis a 
(in 10° km). Kepler conjectured the relationship t = ka", which 
is very accurate for the correct k and a. You are to “trans- 
form” the data as in part a (thus obtaining 7, =InJ.....) and 
do a linear fit to the new data, thus finding & and m. 


t-data: (87.97, 224.7, 365.26, 686.98, 4332.59, 10759.2) 
a-data: (58, 108, 149, 228, 778, 1426) 


53. Following are data pertaining to a recent Olympic weight-lifting 
competition. The x-data are the “class data” giving eight weight 
classes (in kg) from featherweight to heavyweight-2. The 
w-data are the combined weights lifted by the winners in each 
class. Theoretically, we would expect a relationship w = kx”, 
where m = 2/3- (Can you see why?) 


a. Linearize the data as in Problem 52 and use the least squares 
approximation to find k and m. 


\ 
\ 


x-data: (56, 60, 67.5, 75, 82.5, 90, 100, 110) 
w-data: (292.5, 342.5, 340, 375, 377.5, 412.5, 425, 455) 


b. Comment on the 60-kg entry. Do you see why this partici- 


pant (N. Suleymanoglu of Turkey) was referred to as the © 


strongest man in the world? 
54, This problem is designed to show, by example, that if D = 0 


@ at a critical point, then almost anything can happen. 


a. Show that f(x, y) = x1 — y* has a saddle point at (0, 0). 

b. Show that g(x, y) =x? y* has a relative minimum at (0, 0). 

c. Show that h(x, y) = x7 + y* has no extremum or saddle 
point at (0, 0). 

55. Counterexample Problem If f is a continuous function of one 
variable with two relative maxima on a given interval, there 
must be a relative minimum between the maxima. By consi- 
dering the function* . 


fl y) = 4e ef — 2x? - et 


show that it is possible for a continuous function of two vari- 
ables to have only two relative maxima and no relative minima. 

56. Counterexample Problem If a continuous function of one vari- 
able has only one critical number on an interval, then a rela- 
tive extremum must also be an absolute extremum. Show that 
‘this result does not extend to functions of two variables by 
considering the function’ 


fx, y) = 3xe" — x8 -— e® oS 
In particular, show that it has exactly one critical point, which 
corresponds to a relative maximum. Is this also an absolute 
maximum? Explain. 
57. Tom, Dick, and Mary are participating in a cross-country relay- 
race. Tom will trudge as fast as he can through thick woods to 
the edge of a river, and then Dick will take over and row to the 


*Based on the problem “Two Mountains Without a Valley,” by Ira 
Rosenholtz, Mathematics Magazine, 1987, Vol. 60, No. 1, p. 48. 
*Based on material in the article, “The Only Critical Point in Town Test” 


by Ira Rosenholtz and Lowell Smythe, MaiHoratcs Magazine, 1985, Vol. 58, 
No. 3, pp. 149-150. 
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opposite shore. Finally, Mary will take the baton and run 
along the river road to the finish line. The course is shown in 
Figure 11.44. 


mi 


Figure 11.45 Problem 59 


60. Prove the second partials test. Hint: Compute the second 
directional derivative of f in the direction of the unit vector 
wu = hi + kj and complete the square. 


1.2 mi 
61. Verify the formulas for m and b associated with the least | 
squares approximation. 


62. This problem involves a generalization of the least squares i 


Figure 11.44 Course for the relay procedure, in which a “least squares piane” is found to pro- 
duce the best fit for a given set of data. A researcher knows 
Teams must start at point S and finish at point F, but they may _ that the quantity zis related to .« and y by a formula of the form | 
position,one member anywhere along the shore of the river and z=k.x + ky, where k, and k, are physical constants. To deter- - 
another anywhere along the river road. Suppose Tom can trudge mine these constants, she conducts a series of experiments, the ; 
at 2 mi/h, Dick ‘can row at 4 mi/h, and Mary canrunat6mi/h.  ~ ‘results of which are tabulated as follows: 
Where should Dick and Mary wait to receive the baton in order ; ne 
for the team to finish the course as quickly as possible? x 120 0.86 103 165 —0.95 —1.07 ' 


58, Exploration Problem Consider the function f(x, y) = (v - »°) 


(y — 2x’). Discuss the behavior of this function at (0, 0). 


y 043 192 152 -1.03 1.22 +0.06 


ooo i 


- 321 5.73 222 092 ~Li1 +0.97 


59, Exploration Problem Sometimes the critical points of a function 
can be classified by looking at the level curves. In each case . | . 
shown in Figure 11.45, determine the nature of the critical * Modify the method of jeast squares to find a leg approxi- : 


point(s) of z = f(x, y) at. (0, 0). oe ; mation” for k, and k,, 


11.8 Lagrange Multipliers - 


IN THIS SECTION © method of Lagrange multipliers, constrained optimization problems, Lagrange 
multipliers with two parameters, a geometric interprefation of Lagrange’s theorem 


METHOD OF LAGRANGE MULTIPLIERS 


ope RE ET AEE 


In many applied problems, a function of two variables is to be optimized stibject to a “ 
restriction or constraint on the variables, For example, consider a container heated 
in such a way that the temperature at the point (x, y, 2) 1a the container is given by’ 
the function T(x, y, z). Suppose that the surface z = j (x, y) lies in the container, and 
that we wish to find the point on z = f(x, y) where the temperature is the greatest.’ 
- In other words, What is the maximum value of T subject to the constraint z = f(x, y), 
2 and where does this maximum value occur? s , 


ae ; ae 


“THEOREM 11.14 Lagrange’s theorem — 
gh _ Assume that f and g have continuous first partial derivatives and that f has ‘an 
extremum at Po(%q» Yo) OD the smooth constraint curve g(x, y) = c. If Vg Yo) * 0, 
: there is a number A such that 


Vf%q» Yo) = AVE My Yo) 


J second ; 
7 vector | 
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This system is solved as 


. Example 3.4 in Section 3.1 of the 


Student Mathematics Handbook. 
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Proof Denote the constraint curve g(x, y) =c by C, and note that C is smooth. 


We represent this curve by the vector function 
RY) = xi + yj . 
for all ¢ in an open interval J, including fy corresponding to-P,, where x’(t) and y’(t) 


exist and are continuous. Let F(t) = f(x(), y(t) for all tin J, and apply the chain rule 
to obtain . 


dp dy 
F(t) = fix), YQ) + fr(x(t), yoy = Vf (x(t), y(t) RO) 


Because f(x, y) has an extremum at Py, we know-that F(t) has an extremum at ty, the 
value of t that corresponds to P, (that is, P, is the point on.C where t = f,). Therefore, 
we have F’(t,) = 0 and 7 OP ass : 


F(t) = VflU(tg), (tq) - R'(tq) = 0 


If villt,) y(t,)) = 0, then A= 0, and the-condition Vf = Avg is satisfied trivially. 


If VAC), y(t,)) ¥ 0, then Vf(x(t), ¥(tq)) is orthogonal to R(t). Because R'(Z,) is tan- 
gent to the constraint curve C, it follows that (xq) yp) is normal to C. But ve(x,, Yo) 


is also normal to C (because C is a level curve of g), and we conclude that vf and vg: 


must be parallel at P,. Thus, there is a scalar A such that Vigo Vo) = AVE (Xp Yo) aS 
required. : ol 


~ CONSTRAINED OPTIMIZATION PROBLEMS OS aa 


The general procedure for the method of Lagrange multipliers may be described as 
follows. 


Procedure for the Method of Lagrange Multipliers 


Suppose f and g satisfy the hypotheses of Lagrange’s theorem, and that f(x, y) 
has an extremum subject to the constraint g(x, y) = c. Then to find the extreme 
value, proceed as follows: 


OL Simultaneously solve the following three equations for x, y, and A: 
FGY=A8.0y) fy) = A8%Y) ga y)=e 


2. Evaluate f at all points found in step 1 and all points on the boundary of the 
constraint. The extremum we seek must be among these values. 


EXAMPLE 1 Optimization with Lagrange multipliers : 
/ 
Given that the largest and smallest values of f(x, y) = 1 — x? — y? subject to the con- 


_ Straint x + y= 1 with x > 0, y > 0 exist, use the method of Lagrange multipliers to 


find these extrema. _ 
Solution 
Because the constraint is x + y = 1, let g(x, y) =x + y 
Fy) = —2x FG, y) = —2y eye 8%, y) = 1 
Form the system. 
2x =I) fix, y) = Age (x, y) 
~2y=AMI) fy, y) =Agy(x, y) 
xty=l = g(x,y) =1 
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The only solution is x = 4, y = 5. 7 . 
Constrained | ‘ 


maximum 1\2 121 
pziee) ~(3) = 
, The endpoints of the line segment . 
xty=1 forx>0,y2>0 z ’ 
are at (1, 0) and (0, 1), and we find that 


Unconstrained 
maximum 


f(1,0)=1-1?-0°=0 
f0.1)=1-0°-P =0 


Therefore, the maximum value is 5 | at (+.5) 3}, and the minimum value is 0 at (1, 0) . 
Py 


Figure 11.46 The maximum is ihe 
high point of the curve of intersection —_ and (0, 1). (See Figure 11.46.) 
of the surface and the plane 


The method of Lagrange multipliers extends naturally to functions of three or _ 
more variables. If a function f(x, y, z) has an extreme value subject to a constraint : 
g(x, y, 2) =c, then the extremum occurs at a point (Xp, Yo, Z,) Such-that g(Xq, Yos Zp) = C' 
and Vfl%qs Yor Zo) = AVE(Xp» Yor Zp) for some number i. Here is an example. 
EXAMPLE 2 Hottest and coidest points on a plate 
A container in R® has the shape of the cube given by0< x< 1,0<y<1,0<7z< 
1. A plate is placed in the container in such a way that it eae that portion of the | 
plane x + y + z= I that lies in the cubical container. If the container is he...:d so that. 
the temperature at each point (x, y, z) is given by 


1Gj30 Stade oy ae” i 
in hundreds of degrees Celsius, what are the hottest and coldesi points on the plate? 
You may assume these extreme temperatures exist. 


Solution 


The. cube and plate are shown in Figure 11.47. We will use Lagrange multipliers to | 
find all critical points in the interior of the plate, and then we will examine the plate’s | 
boundary. To apply the method of Lagrange multipliers, we must solve VI= V8 

where 2(x, y, Zz) =x +y + z. We obtain the partial derivatives 


Tr=-4x 0 Ty=-2y) T= 22 gy = By = B= 1 Be 


We must solve the system 


Z —dy =) <— Ty = Age 
Ee See Problem 29 of ~ly=h «- Ty =Ag, 


Figure 11.47 - Find the hottest and _ Problem Set 3 of the Student oh ; 
coldest points on the plate inside the Mathematics Handbook. ~ath ae ae Soap ae ° 


cube xtytz=1 <—g(ixycd=i 


The solution of this system is (4, 2, 2). The boundary of the plate is a triangle with 


vertices A(1, 0, 0), B(O, 1, 0), and C(O, 0, 1). The temperature along the edges of this * 
triangle may be found as follows: 

ene eee iso Tite) = 4 ~ 2a? ~ (OP — (1 — a? = 3-34 +, O<x<1 a 

Edge AB: x+y=1,z2=0 T(x) =4- 2x? -(1- 2x)? — (0) =3-3x7+2x, Osx<] ' 

Se ee ee, Ty(y) = 4-200" — y? — (1 —y)? =3 + 2y —2y’, O<y<l | | a 

Edge AC: Differentiating, T| (x) = T, (x) = —6x + 2, which equals 0 when 


= = ie yet then z = ; (because x + z= 1, y= 0 on edge AC), so we have © 


. the critical point t(§, 0, <), - 4 
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Edge AB: Besuse T,=T,, weseex = 3. Ifx = 5,thety = a (becauise x + 
y = 1,z=0 on edge BC), so we have another critical point G, g, 0) 
Edge BC: Differentiating, 6 (y) = 2—4y, which equals 0 when y = 7 Because 


| y +z= land x = 0, we have the critical point (0, +, 5). 
Endpoints of the edges: (1, 0, 0), (0, 1, 0), and (0, 0, i). 


The last step is to evaluate T at the critical points and the endpoints: 


| (533) = 3 | 
1,0) T(3,0,5)=33 7 (5,5:0)=35: | 7 (0.5,5) = 33! 
an T(1, 0,0) = 2; T (0, 1,0) = 3; TOUS 3" 


Comparing these values (remember that the-temperature is in hundreds of degrees 
cee Or 


straint 


Celsius), we see that the highest temperature is 360°C at (4,3 a 2) and the lowest 
—yre - 


5? 
temperature is 200°C.at (1, 0, 0). 


Notice that the multiplier is used only as an intermediary device for finding the cri- 
tical points and plays no role in the final determination of the constrained extrema. 
; However, the value of 4 is more important in certain problems, thanks to the inter- 
See : feton given in the following theorem. 


{ .. hee : Bat ne tee 
cae | - a , THEOREM 11.15 Rate of change of the extreme value 
. ! - Suppose E is an extreme value (maximum or minimum) of f subject to the constraint 
, "* g(x,y) =c. Then the Lagrange multiplier A is the rate of change of E with respect to 
. _ ¢; that is, A = dE/de. 
plate? | Proof Note that-at the extreme value (x, y) we have 
; fr=Agy, fy =Agy, and g(x, y)=c 
| _ The coordinates of the optimal ordered pair (x, y) depend on c (because different con- 
(eens | straint levels will generally lead to different optimal combinations of x and y). Thus, 
alate’s | E = E(x,y) where x and y are functions of c 
V8, | By the chain rule for partial derivatives: 
dE _ dE dx | dE dy 
| de odxdc dydc 
: dx d 
= ae + hye Because E = f(x, y) 
c 
: ee dy 
: a ee 7c + ey Because fy =), and fy =Agy 
ax y 
Hl — h see + acta i : 
(« dc ®) 2) / 
e with | . dg 
; f =h— Chain rule 
‘ofthis; dc — | 
as : =i Because = = | (remember g = c) a 
i : 4 ; c ‘ 


This theorem can be interpreted as saying that the multiplier estimates the change 
goa in the extreme value E that results when the constraint c is increased by 1 unit. This 
interpretation is illustrated in the following example. 


) when : EXAMPLE 3) Maximum output for a Cobb-Douglas preduction function 
ie have If x thousand dollars is spent on labor, and y thousand dollars is spent on equipment, 
 y it is estimated that the output of a certain factory will be ‘ 


O(x, y) = 50x2/5y3/5 


«6614 Colulus 
units, If $150,000 is available, how should this capital be allocated between labor and | ae : 
ee mn rae pre yeh bi : { Intersecti 
equipment to generate the largest possible output? How does the maximum output ; a 
change if the money available for labor and equipment is increased by $1,000? In © 
economics, an output function of the general fornt Q(x, y) = x* y'*is known as a Cobb- 


Douglas production function. LE 
Solution a 
Because x and y are given in units of $1,000, the constraint equation is x + y = 150. Find the p 
If we set g(x, y) = x+y, we wish to maximize Q subject to g(x, y) = 150. To apply intersectic 
the method of Lagrange multipliers, we first find feiss 
Bade : ‘eure 14.4 

0, = 20x Fy Oy = 30x75y25 gg = 1 gyal Figure 11. 


of Exam 


Next, solve the system 
. 20x-3/5 y3/5 = (1). 
30x7/5y-7/9 = 2(1) 
x+y = 150 


From the first two,equations-we have \ 


. 20x -3/5,y3/5 Se 30x2/5 2/5 


20y = 30x vo 
AG ’ y= 15x | 
we gat G | : 
a rn Substitute y = 1.5x into the equation x + y = 150 to find x = 60. This leads to the 
Gee ae ~ solution y = 90, so that the maximum output is | os 
ee (60, 90) = 50(60)7/>(90)** = 3,826.273502 units 
mae . : 
a x We also find that ag is 
G. . = 20(60)77/° (90)*? *~ 25.50849001 
Thus, the maximum output is about 3,826 units and occurs when‘$60,000 is allocated ‘ 
Og osu to labor and.$90,000 to equipment. We also: note that an increase of $1,000 (1 unit) ; 
ve ar yx in the available funds will increase the maximum output by approximately A~ 25.51 | ' 
ody S&C units (from 3,826.27 to 3,851.78 units). ff 
eaF ee : an ] 
q” LAGRANGE MULTIPLIERS WITH TWO PARAMETERS | 


The method of Lagrange multipliers can also be applied in situations with more than | 
_ one constraint equation. Suppose we wish to locate an exiremum of a function | 
defined by f(x, y, z) subject to two constraints, g(x, y, z) = c, and A(x, y, Z) = Cy 
. where g and h are also differentiable and vg and Vh are not parallel. By generaliz- 
_ ing Lagrange’s theorem, it can be shown that if (x), yp. Z,) is the desired. extremum, | 
. then there are numbers A and yu such that g(x, Yor %) = Cys Ap. Yor Zp) = Cy and 
VE» Yop Zo) = AVBCXop Yor Zo) + UV Hy» Yor Zp) 
As in the case of one constraint, we proceed by first solving this system of equations 
simultaneously to find A, (4, Xs Yor %y and then evaluating f(x, y, z) at each solution 
- and comparing to find the required extremum. This approach is illustrated in our final, 
-example of this section... - st 
i 


EXAMPLE 4 Optimization with two constraints \ ie a 

“Find the point on the intersection of the plane x + 2y + z = 10 and the paraboloid 

‘ 7= x2 + y* that is closest to the origin (see Figure 11.48). You may assume that such 
a point exists. , 
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and : _ 32 Solution 
} Intersection curve | : : 
ie < The distance from.a point (x, y, z) to the origin is s = ./x* + y? + z2, but instead of 
: a minimizing this quantity, it is easier to minimize its square. That is, we will minimize 
faydertyt? 
Vv subject to the joint constraints 
“ be vai Diy 2 
[50.2 5.4 Find the point on the x g(x, y,z)=xt+2y+z=10 and At, y.z)=x°+y°-z=0 
i 
oply , intersection curve that © ¥+2y+z=10 ; ae 
| is closest to the origin. o Compute the partial derivatives of f, g, and h: 
Figure 11.48 Graphical representation Ly aee sy ay fam 
; Pp P 
_ of Example 4 a &=l g=2 g =! 
. hes ike hes Zh tie 1 
To apply the method of Lagrange multipliers; we use the formula 
V f (xo, Yo. 20) = AV8(X0, Yo, Zo) + UVA(Xo, Yo, Zo) 
which leads to the following system of equations: ‘ 
[ 2x = ACI) + u(2x) 
| 2y = A(2) + w(2y) 
rt 22 = ACI) + w(-1) 
= x+2y+z= 10 
| gaxr+y?. 
ythe | ae ; a sa Si 
. ' This is not a linear system, so solving it requires ingenuity. 


Multiply the first equation by 2 and subtract the second equation to obtain 
4x —2y = (4x -2y)u 
(4x — 2y) — (4x —2y)u =0 
(4x — 2y)(1— pw) =0 
4x -—2y=0 or 1—-yw=0 


CASE I: If 4x — 2y = 0, then y = 2x. Substitute this into the two constraint equations: 


x+2y+z=10 xe+y?*—-z=0 
x +2(2x)+2=10 | x? 4+ (2x)? -z=0 
“zg=10—5x z= 5x? 


By substitution we have 5x? = 10 —5x, which has solutions x = 1 and 
x = —2. This implies 


| es | re) 
y=2x=2(1)=2 | y=2x =2(-2) =-4 oo} 
72 = 5x = S51) =5 | c= 5x? = 5(-2)? = 20 


Thus, the points (1, 2,5) and (2, —4, 20) are candidates for the minimal 
distance. 

CASE II: If 1 — w= 9, then pz = 1, and we look at the system of equations involving 
x,y, Z, A, and je. 


2x = A(1) + w(2x) 
2y = A(2) + w(2y) 
2z = A(1) + w(-1) 
x+2y+z= 10 
zee x? + y? 
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Figure 11.49 Increasing level curves 
and the constraint curve 


; . LE 
The top equation becomes 2x = 4+ 2x, so that A= 0. We now find z from |. 
the third equation: ! | 
Q=-l of z=-4 : 
Next, turn to the constraint equations: 
x+2y+z=10 r+y—-z7=0 
lye t= 19 v4yt : ma 
v+2y=l0¢! |] xr4ys- 
There is no solution because x” + y’ cannot equal a negative number. 
. We check the candidates for the minimal distance: 
f@y2Q= x 4 re +z7 so that 
f(,2,5) =? +27 +5? = 30 
f(—2, —4, 20) = (-2) + (-4)? + 207 = 420 
: [ 
Because f(x, y, z) represents the square of the distance, the minimal distance 1 is 30 and 
the point on the intersection of the two surfaces nearest to the origin: is 1,2 2, oy . | 
A GEOMETRIC INTERPRETATION 
Lagrange’s theorem can be interpreted geometrically. Suppose the constraint curve 
g(x, y) = c and the level curves f(x, y) = & are drawn in the xy-plane, as shown in 
Figure 11.49. 
To maximize f(x, y) subject to the constraint g(x, y) = c, we must find the “highest” 
(leftmost, actually) level curve of f that intersects the constraint curve. As Figure 11.49 | 
suggests, this critical intersection occurs at a point where the constraint curve is tan-, 
gent to a level curve—-that is, where the slope of the constraint curve g(x, y) = c is 
equal to the slope of a level curve f(x, un = k. According to the formula derived in 
Section 11.5 (p. 732), 
Slope of constraint curve g(x,y) =cls enae f 
Sy an 
ee — fr 
Slope of each level curve is ——. 
: 
The condition that the slopes are equal can be expressed by P 
as = fr ~§y ; . te q : 
— = ; or, equivalently, = —-=-= 
Oo Senne i ¥ § y Sx Sy : 
Let A equal this common ratio, F 
A= be and = Jj | 
&x & 
so that | 
i 
fe = Ax and fy = Agy ( 
and ; 
Vf = fait fi = Mari + gy)) =AV9 | wh 
Because the point in question must lie on the constraint curve, we also have g(x,y) =c. 
If these equations are satisfied at a certain point (a, b), then f will reach its constrained } 


maximum at (a, b) if the highest level curve that intersects the constraint cur curve. does:so 
at this point. On the other hand, if the Jowest level curve that intersects the constraint 
curve does so at (a, 5), then f achieves its constrained minimum at this point, 
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11.8 PROBLEM SET 


U u 
SB) , 


In the problems in this set, you may assume that the requested 
extreme value(s) exist. 

A] Use the method of Lagrange multipliers to find the required con- 
strained extrema in Problems 1-14. 


“ti, 


Le 


16. 
17, 


18. 


19, 


26. 


27. 


Maximize F(x, y) = xy subject to 2x + 2y = 5. 

Maximize F(x, y) = xy subject to x + y = 20. 
Maximize f(x, y) = 16 — x° — y? subject tox + 2y = 6. 
Minifnize f(x, y) = x° + y* subject to x + y = 24. 

Mi ie fay)=e+y subjecttoxyy=1. 
Minifnize f(x, y) = x2 — xy + 2y° subject to 2x + y = 22. 
Minimize f(x, y) = 2° — y° subject to.x7 ++ y? = 4. 
Maximize f(x, y) = x° — 2y — y’ subject tox’ + y’ = 1. 
Maximize fix, y) = cosx + cosy subject to y = + + me 
Maximize f(x, y) = e™ subject to x* + y? = 3. 

Maxjmize f(x, y) = In(xy*) subject to 2x° + 3y’ = 8 for x > 0. 


. Maximize f(x, y, 2) = xyz subject to 3x + 2y+z= 6. 
. Minimize f(x, y, 2 
. Minimize f(x, y, z) =x? + y* + 2 subject to 


= +y +2 subject tox — 2y+3z=4. 


4e 4 2~ $7 =4. 


. Find the smallest value of f(x, y, z) = 2x?,+ 4y? + 2? subject 


to 4x — 8y + 2z = 10. What, if anything, can be said about the 
largest value of f subject to this constraint? 

Let fx, y, 2) = y’z’. Show that the maximum.value of f on 
the sphere x + y? + 2? = R? is R°/27. 

Find the maximum and minimum values of 

f(x,y, =x —- y +z on the sphere r¢yte2 = 100. 
Find the maximum and minimuin values of 

f0% y, 2 = 4x — 2y — 3z 0n the sphere x? + 9? + 2 = 100. 
Use Lagrange multipliers to find the distance from the origin 


to the plane Ax + By + Cz = D where at least one of A, B, C 
is nonzero. 


. Find the maximum and minimum distance from the origin to 


the ellipse 5x? — 6xy + Sy? = 4. 


. Find the point on the plane 2x + y + z = | that is nearest to 
_the origin. 
. Find the largest product of positive-numbers x, y, and z saith 


that their sum is 24. 


. Write the number 12 as the sum of three positive numbers x, 


y, Zin such a way that the product xy’z is a maximum. 


. A rectangular box with no top is to be constructed from 96 ft” 
of material: What should be the dimensions of the box if it 1s 


to enclose maximum volume? | 


. The temperature T at point (x, y, z) in a region of space is 


given by the formula T= 100 — xy — xz — yz. Find the low- 
est temperature on the plane x ++ y+ z= 10. 

A farmer wishes to fence off a rectangular pasture along the 
bank of a river. The area of the pasture is to-be 3,200 yd?, and 
no fencing is needed along the river bank. Find the dimensions 
of the pasture that will require the least amount of fencing. 


There are 320 yd of fencing available to enclose a rectangular 
field. How should the fencing be used so that the enclosed 
area is as large as possible? 


28. 
Lay 


29, 


30. 


31. 


32 


33. 


34. 


35. 


36. 
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Use the fact that 12 oz is approximately 6.897 in.* to find the 
dimensions of the 12-0z Coke can that can be constructed 
using-the least amount of metal. Compare your answer with an 
actual can of Coke. Explain what might cause the discrepancy. 
A cylindrical can is to hold 47 in.* of orange juice. The cost 
per square inch of constructing the metal top and bottom is 
twice the cost per square inch of constructing the cardboard 
side. What are the dimensions of the least expensive can? 


Find the volume of the largest rectangular parallelepiped that 
can be inscribed in the ellipsoid 


A manufacturer has $8,000 to spend on the development and 
promotion of a new product. It is estimated that if x thousand 
dollars is spent on development and y thousand is spent on 
promotion, sales will be approximately f(x, y) = 50x!/2y*/? 
units. How much money should the manvfacturer allocate 
to development and how much to promotion ‘to maximize 
sales? . 

Modeling Problem If x thousand dollars is spent on labor and y 
thousand dollars is spent on equipment, the output at a certain 
factory may by modeled by 


O(x. y) = 60x14 y 


units. Assume $120,000 is available. 


a. How should money be allocated between labor and equip- 
ment to generate the largest possible output? 


b. Use the Lagrange multiplier A to estimate the change in the 
maximum output of the factory that would result if the money 
available for labor and equipment is increased by $1,000. 

Modeling Problem An architect decides to model the usable liv- 

ing space in a building by the volume of space that can be used 

comfortably by a person 6 feet tall—that is, by the largest 
6-foot-high rectangular box that can be inscribed in the build- 
ing. Find the dimensions of an A-frame building y ft long with 
equilateral triangular ends x ft on a side that maximizes usable 

living space if the exterior surface area of the building cannot ° 

exceed 500 ft?, 

Find the radius of the largest Rie of height 6 in: - that can 

be inscribed in an inyeties cone of height H, rai R, and 

lateral surface area 250 in.’ 


In Problem 42 of Problem: Set 11.7, you were asked to minimize 
the ground state energy 

Ref ie | { I 

8m \x2 y2 22 


xyz = C. Solve the 


E(x, y,z) = 


subject to the volume constraint V = 
problem using Lagrange multipliers. 
Modeling Problem A university extension agricultural service 
concludes that, on a particular farm, the yield of wheat per 
acre is a function of water and fertilizer. Let x be the number 
of acre-feet of water applied, and y the number of pounds of 
fertilizer applied during the growing season. The agricultural 


ah 


38. 


39. 


40. 
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service then concludes that the yield B (measured in bushels), 


can be modeled by the formula B(x, y) = 500 + x2 + 2y*. - 


Suppose that water costs $20 per acre-foot, fertilizer costs $12 
per pound, and the farmer will invest $236 per acre for water 
and fertilizer. How much water and fertilizer should the farmer 


buy to maximize the yield? 

How would the farmer of Problem 36 maximize the yield if the 
amount spent is $100 instead of $236? 

Present post office regulations specify that a box (that is, a 


“package in the form of a rectangular parallelepiped) can be 


mailed parcel post only if the sum of its length and girth does 
not exceed 108 inches, as shown in Figure 11.50. Find the 
maximum volume of such a package. (Compare your solution 
here with the one you might have given to Problem 14, 
Section 4.6) , 


j 
i 


—~ Girth = 2x + 2y 


Figure 11.50 Maximum volume for a box 
mailed by U.S. parcel post 


Heron’s formula says that the area of a triangle with sides a, 


b, cis 
A =Js(s —ay(s — b)(s —¢) 


wheres = (a + b + c)is the semiperimeter of the triangle. 
Use this result and the method of Lagrange multipliers to 
show that of all triangles with a given fixed perimeter P, the 
equilateral triangle has the largest area. 

If x, y, z are the angles of a triangle, what is the maximum 
value of the product P(x, y, z) = sinx siny sin z? What about 
O(x, ¥, Z) = COS.X COS y COS Z? 


Use the method of Lagrange multipliers in Problems 41-44 to find 


the required extrema for the two given constraints. 


41, 


42. 


43. 


44. 


» 45. 


Find the minimum of f(x, y, 2) =? + Y +2’ subject to x + 
y=4andy+z=6. 

Find the maximum of f(x, y, 2) = xyz subject tox + y° =3 
and y = 22. - 

Maximize f(x, y, z) = xy + xz subject to 2x + 3z = 5 and 
xy = 4. 

Minimize f(x, y, 2) = 2x2 + 3y° + 42 subject tox+y+z7=4 
and x — 2y + 5z=3. 

Modeling Problem A manufacturer is planning to sell a new 
product at the price of $150 per unit and estimates that if 
x thousand dollars is spent on development and y thousand 
dollars on promotion, then approximately 


160x 
xt+4 


320y 
yt2 


units of the product will be sold. The cost of manufacturing 


the product is $50 per unit. 


a. If the manufacturer has a total of $8,000 to spend on the 
development and promotion, how should ‘this money be 
allocated to generate the largest possibie profit? 

b. Suppose the manufacturer decides to spend $8,100 instead 
of $8,000 on the development and promotion of the new 
product. Estimate how this change will.affect the maximum 


possible profit. 


_ ¢, If unlimited funds are available, how much should the manu- 


facturer spend on development and promotion to maximize 
profit? * 
d. What is the Lagrange multiplier in part c? Your answer 


should suggest another method for solving the problem in 
part c. Solve the problem using this alternative approach. 


46. Modeling Problem A jewelry box with a square base has an’ 


interior partition and is required to have volume 800}em" (see 
Figure 11.51). | 


| 


Top view 


Figure 11.51 Constructing a jewelry box 


a. The material in the top costs twice as much as that in the 


sides and bottom, which in turn, costs twice as much as the . 
material in the partitions. Find the dimensions of the box that: 


_ minimize the total cost of construction. Does it matter that 
you have not been told where the partitions are located? 


b. Suppose the volume constraint changes from 800'cm* to ~ 


801 cm}. Estimate the appropriate effect on the ‘minimal 
cost. 


47, Three alleles, A, B, and O, determine the four blood types A, 


B, O, and AB. The Hardy-Weinberg law says that the propor- 
tions of individuals in a population who carry two different 
alleles is 


P =2pqt2pr + 2rq 


where p, q, and r are the proportions of blood types A, B, and 


O in the population. Given thatp +g +r= 1, what is the . 


largest value of P? 


Cd 48. A farmer wants to build a metal silo in the shape of a right eir- a 


cular cylinder with a right circular cone on the top (the bottom 
of the silo will be a concrete slab). What is the least amount 
of metal that can be used if the silo is to have a fixed volume 
Vi? 

0 


49, Find the volume of the largest rectangular parallelepiped (box) 


that can be inscribed in the ellipsoid 
adh. 2) 


+o+-=] 
ae BP @ 


(See Problem 30.) 
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50. Exploration Problem The method of Lagrange multipliers gives 55. HISTORICAL QUEST Joseph : 


a constrained extremum only if one exists. If the method is Lagrange is generally acknow/|- 

applied to optimizing f(x, y) = x + y subject to xy = I, the edged as one of the two greatest 

method yields two candidates for an extremum. Is one a maxi- mathematicians of the eighteenth 

mum and the other a minimum? Explain. century, along with Leonhard Euler 
In Problems 51-54, let Q = f(x, y) be a production function in , ~ (see HISTORICAL QUEST #58 
which x and y represent units of labor‘and capital, respectively. If of kT of the Supplementary Problems of { 


p and q represent unit costs of labor and capital, respectively, t yy 


? i Chapter¢ _ There is a distinct dif 
oy. y) & px + gy represents the total cost of production, yf ws A oat : JOSE ACRANGE 


48 yy fer Bin Shyle between Lagrange 1736-1813 
4 Use Lagrange multipliers to show that subject to a ‘axed pro- 2. 4 pi sedhn re ter cyan has beenchor: 


cugfion level Q), the total cost is smallest when. it ee a ; 


eee and O = f(x. y)=Q ead 
oi re: i A gt 


(provided vf # 0, and p # 0, q # 0). This is often referred to ° 


82, Show that.the inputs x, y that maximize the production ievel ea 
Y Q = fl, y) subject to a fixed cost k satisfy ; 


= with px +qy =k 
q 


A Rae SN 
"OS cee # 0, g # 0). This is called a fixed-budget problem. 
A Cobb- Douglas production function is an output function of 
the form Q(x, y) = cx” y’, witha + B = 1. 
S / Show that such a function is maximized with respect to the 
fixed cost px + gy =k when'x = ak/p and y = Bk/q.. 
yy Where does the maximum occur if we drop the condition 
a + B = 1? How does the maximum output change if k is 
increased by 1 unit? 
54//Show that the cost function 


EE 
C(x, y) = px + ay cans 
is minimized subject to the fixed production level Sy xye =k a 


pre kg 
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=i (3 Ds m tae. MW pe 
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PROBLEMS | 


I. What ts a function of two varablest 


_3..What is a level curve of the, function defined by f(x, y)? 


sto. ‘write concisely and with rigor. On the other hand, Euler 
_wroté using intuition and with on abundance of detail. 


as the minimum cost problem, and its solution is called the .*; 5 
least cost combination of inputs. ee ee 


a which provide a procedure for constrained optimization. This 


awe 


rok when he.was only 19 years old.*" . i 


- degrees. Here is what he did. Suppose you are given a general 


with a + 8 = 1 when at Ce 1,2, 3, and 4. 


‘t. -*From Men of Mathematics by E. T. Bell, Simon & Schuster, New Je 


"1937, p. 165, fe to ; 
e Me Q a at we ‘ f 
re es : Po. 
2 ‘i $3 aul [on 
. Be Ae faa a. J ¢) de fey 
ioe Ache eget 


2. What are the domain and range of a function of two variables? Eine 


a What Ho we we mean by the limit of a function of two variab es? ts 


Seterized as the first true analyst in the sense that he attempted 


” Lagrange.was described by Napoleon Bonaparte as “the lofty 
4; pyramid of the mathematical sciences,” and followed Euler as 
the court mathematician for Frederick the Great. He was the first 
to use the notation f(x) and f(x) for derivatives. In this section 
we were introduced to the method of Lagrange multipliers, 


method was contained in a paper on mechanics that Lagrange 


For this Quest, we consider Lagrange’s work with solving 
algebraic equations. You are familiar with the quadratic for- 
mula, which provides a general solution for any second- 
degree equation ax? + bx +c=0,a# 0. Lagrange made an 
exhaustive study of the general solution for the first four 


algebraic expression involving letters a, b, c,...; how many 
different expressions can be derived from the given one if the 
letters are interchanged in all possible ways? For example, 
from ab + cd we obtain ad + cb by interchanging b and d. 


This problem suggests another closely related problem, also 
part of Lagrange’s approach. Lagrange solved general alge- 
braic equations of degrees 2, 3, and 4. It was proved later (not 
by Lagrange, but by Galois and Abel) that no general solution 
for equations of degree greater than 4 can be found. Do some 
research and find the general solution for eauanons of degrees 


~ respect. tox: a } 


620° Galelos. 


9, If-z = fix, y), represent. the second partial derivatives... 
10. Ifz= fay), ‘what are the increments of _ y, ‘and 2? 
11. What does it mean for a function of two’ variables to be dif: 
ferentiable at (x,, y,)? 
12. State the incremental approximation of f(x, y). 
13. Define the total differential of z = f(x, y). 
14, State the chain rule for a function of one parameter: 


15, State the chain rule eet a function. a two independent pa: 
meters. é . 


16. Define-the directional derivative of a fan ion efined oye: z = 


PAIGE “ 
.. 17, Define the gradient oft, ae eo 
18. ‘State the following basic properties. of th gradient.” | 
b. linearity. rule = 
a quotient rule, ; 


a constant rule . 
iC; product rule 
e. power ‘rule 
19, Express the directional dereaived in terms af the: iofalieat: 
20. State the optimal direction property of the gradient (that is, the 
_ Steepest ascent’and steepest descent). 
21. State the normal property of the gradient. 


22, Define the ‘normal line and tangent sacs to-a surface: RY at a 
os aa ae 


6 Oe the na sara test. 
npaeads State the extreme value theorem fora function of two veniables: 


_ 28. What i is the least squares approximation of data, and d what is a. 
eee regression line?’ oantts 


29, State Lagrange’ s theorem. ae ; 
30. State the ptocedure for the method of Lagrange multipliers. 


PRACTICE PROBLEMS 


31. If f(x, y) = sin“ 'xy, verify that f, =f, 
32. Let w =x°y + y’z, where x =f sin t, y = cos t, and z= 
dw 
Use the chain mule to find 7 ‘where t = es 
33. Let fs, y, a= xy + ye. # xz; and. let P; denote the point 
. 2, -De 
a. Find the gradient of fat Py 


‘Bb. Find the directional derivativ eof fin 


~ directional derivative at PB? Pe 
. 34, ‘Show that ae function defined gee 


vy : 00 
f= {ery Gy) £00 
: f= 0.0) 


is not continuous at (0, 0). . 


8. What is the. sigh of a tangent: ine to. ‘the surface: defined by- 3: 35, if FG, yy=In 
z = f(x,y) that is parallel to the'xy-plane at a point. P, on f Tt mb ee 


: 36. SI Show that if f(x, y, 2) = x’y+ yz + omy then . 


a a Re ae =: sing! x cos7! y: et 
Find. the partial derivatives fe ‘and f for the cts defn 
: Problems 5-100: 


i fay= Ox + 2y,.6.= 0, C= ee 2 
2B. 2=f@y)= ere a ifx2 O 


from Py. 14, foxy yoae ti hes 16, c=0, ae 


n (2) a fy and f,. 


af of Jere coe 
. AA, Fin 
37, Let fix, y) = (2 + y°). Find the directional derivative of f at | 
(2, —2) in the direction that makes an angle of = a with. the ° 
positive X-axis, 


38.. Find all critical points of f(x, y) = ]2xy — 
them-using the second partials t test. 


22. Fin 


ax? - - a es 


5 39. Use the method of Lagrange. multipliers to find the maximum 


and. minimum values od the function 


ice y= 


. subject to the constraint x2 ye = 4. Ne boas tt 
40. Find the largest. and: smallest values ‘of-the: function 


= Dy Oe 3 as ie 


fe, y= Ay? + 3x4 6. 


on the region. defined by -2<x<2,0< ye ote 


— Problems 


Describe the domain of each was given in Problems 14 


6. fs.) ssesie. : 


8. f(x,y) = In (- i: a 


23 yt iy? +2 ; 10. fs, y) = aye" 


Se AG, Y= 


. fe, y) =x?y t+ sin : 


9. f@,y)= 


For each function given in Problems 11-15, describe. the level 
curve or level surface f = c for the given values of the constant:c. 


ly JOS P= e742 


mlyl.. ee 
c=0,c=1, c= i 


16..; ayo » x? ae ot ay)0.0 le OS 

Show tha each limit i in Problems 18 and i9 does not grist. 

, ee : 3,2 ° 

= ‘ x73 

18. fim Bees as lim 
a teprrior 0):x3 +: ye (ay) 0.0) x8 peyt: 


t 
’ Find the derivatives in Problems 20-23 using the chain rule. You 


may leave your answers in terms of x, » t, u, and v. 


eden b ; 
0. Find =, where 2 ty, ands = -3F,) 


‘1. Find 5 where 2 = +98 and et nm +y = tan t aa 


25. et erpes3 
27. x Zy — 3z = In z 


2 + a Ops 
26. x +3 
In Problenis 28-33, find f., and ie 


28. “05 y) = tan“! xy 29. fey) = sin xy = 
cas + y= day? 31. fy) =e” . 


-ye-2=1 


x 


ces: given in Problems 34-36 at the prescribed point. 
34. yz = 8 at P(2, -1, -2) 
35, x8 + danyr—Tx? +3y+1=0atP (1,1, 1) 
ice . 4 : 
ea . 
Find all critical: points of f(x, y) in Problems 37-42 and classify 


each as a relative maximum, a relative minimum, or a saddle 


360 


i ey) HP = 6+ 2" Payee 
ge £¥ ek ae 


aN LAX 
ZR lee SY tH in RN 
GS hs 
LOSER 
SS ie . 


gure 11.52. Graph of lx, y) = sine +y) + sinx +i 


ee ee : is 


“336 fe y= f singos.dt _ 


uations for the tangent lane and ‘honnil line. to the ‘sur 


Partial Differentiation . 621 | 


In Problems 43-46, find. the largest and smallest values of the- 
function f on.the hespentee closed, bounded set 8. 
43. SO Y= ye (ys: S is the rectangular region 0 < xs 3, 
“areys1 ee ig 
44. f(x, yy =x 2 2y? a ee ~ 2y; S is the. triangular region with 
vertices 0), Q, 0), roy) eae 7 ee 
~ 3y; Sis the: disk Pale p< <4. Sas d 
aay = Wf Sis, the Nannie O:< 2 3 3, sl 


the chairi mle to (0 find ma and dx 


74] 


(0. Use implicit differentiation to find and iy ney x,y, and z 
y 


are related by the equation x° + i ~ye~—P=1. ae 
51. — the slope of the: level curve: eof Se + ye = =2, where Ke hy 
=f: : : 
52. a the: slope of the level curve of a 
53. Find the equations 1 for the tangent plane and. nonttial line to the. zs 
surface zZ=sinx .e% + 2y at the point. P (0, 1,3). 


54. The electric: potential at each point (x,y) in the disk 2. + Ly <4 = : 
2 4g VS24 32 — y)-1? volts: Draw the oagpptential curves: 
V =e fore =v, 2/%/3, and 8 woe 


55, Let {iI Ds y + yz +z 3y, Find a function ven y, 7) such 


2: where : x= 2. 


that of ils Coy y+ 43g(x, y. 2). 
ax dy dz 
: du. du 
56. Let yssin= Ine. Show that Yor +2— = 0, 
-¥ dy Ox 


57, Let w= Ind tx24+ y)- 2tan=! y, where x = In(1 + f°) and: 


o ye = é. Use the chain tule, to find a " * 


ied ‘Find the direc iorial derivative of fa at & : 


ee th (2 plus: length L of 108 inches. 
 Whatis the largest ‘volume cylindrical. can that can'bé mailed?. os 
61. Let flx, y2) = 2 = yitaye. 
a. Find the: directional derivative of fat (2,1, —1) in the direc- 
tion of the outward normal to, the sphere e a yt7=6. | 
D. hh vihat direction 1S the directional derivative at (2, 1, — » - 


or wh yz isa a maximum, ae 
sum ; hat the: treme value exists. 
given at x; Ys and: z are ‘all: positive ; 
= 12. Assume: that the. extreme value ror 


© 64 Ie = fl? =», 


Colulus 


622 


dz... dz 
), evaluate ga +x 


igin:to: 1¢ surface ¢ aa 


“IS given in degrees eens by i 
F ve OS 
F (x5 y)° @ $y ve 4 
a. Find the rate of change i in fetnpeta ite at the point G, 4) in 
the direction 2i + j. : 
b. Find the direction and the magnitude of the greatest rate of 
change of the temperature at the point (3, 4). 
Modeling Problem The beautiful patterns on the wings of but- 
terflies have long been a subject of curiosity and. scientific 
study. Mathematical models used to study these patterns often 
focus.on determining the. level of mor phogen (a: chemical that 
affects change). In a model dealing: with eyespot patterns, a 


67 


quantity of morphogen is réleased-from.aneyespot and the .- 


‘ ia morphogent concentration t days later i is ‘modeled By: 


(vk 2y¢a1)) 


S(t) = ae ESD 


; Ant. = 
is where rmeasures ‘the radius of the region on the wing affected 
._., by the morphogen, and‘k and y ‘are’positive constants:* 
_ a. Find £,,80 that 0S/dt = 0..Show that.the function S, (2) 
formed from S(r, t) by fixing r has a relative maximum at f,,.. 
_ Is this the same as saying that the function of two variables 


S(r, t) has a relative maximum? 

b. Let M(r) denote the maximum found in part a; that is, 
MG) = S(r, te Find an expression for M in terms of z = 
(+ 4y kr), 


c. Show that - <Q and interpret this result... 
r 


68. Modeling Problem Certain malignant. tumors that do not res-: 


pond to conventional methods ‘of, treatment (surgery, 
chemotherapy, etc.) may be : treated by. hyperthermia, a 


" process. involving: the: application : ‘of: ‘extreme heat. using: 


$3). For one particular 


microwave transmission (see Figure’ 1, 


- Heat 
applicator . 


~ Coolant. 


Skin 


Tumor ©.) 0"" 


Fgwe 3143 _Hypetteimie Heart eee 


*J. D: Murray, Maihiematical Biology, ond edition, Springer Vela, New 
York, 1993, p. 464: 


uch i ‘way that its fame ls 
perature. atia point (x, ‘yy: measured in, centimeters on the plate 


. :75, Find two unit vectors that are normai to the eee by < 


~1991:° Tools for Teaching, Consortium for Mathematics and Its 7 


— | 
kind of microwave -application used in such therapy, :the- 
temperature at each point located r units from the central axis 
of the tumor and.’ units inside is modeled by the formula 


TOvh) Keren el 


hes. K, P..q,. and S.are positive constants that de endo on ‘th 
2. ‘properties of the patient’ s blood and the heating ae ' 


a _At what depth inside the ‘tumor does the maximum temper-~. 

© ature occur? Express your answers in terms ‘of K DP, g,and s:.. 

be The article on which this problem is based discusses t the : 

physiology of hyperthermia i in addition. to raising several” 

other interesting mathematical issues. Read this article and 
discuss assumptions made in the model. 

69. Modeling Problem =The-marketing manager for.a certain company 

has compiled the following data relating monthly advertising. 

expenditure and monthly sales (in units.of $1,000). 


Advertising 3 4 7 9 10" 
Sales 718. . 86 138° \: 145 0° 156° 


- as Plot the data’on.a graph aud find the least squares line. 
““b,. Use the least squares ‘line’ to predict monthly sdles if the 
monthly advertising expenditure i is $5,000. ° . 


79. Find f,, = Jai ys where f(x, y) = x? y? + x?y?. 
71. Find f,,,. where f(x, y, z) =.cos G2 + aig +24)... 
72. Let z= fix, y), where x = t+ cost.andy= el. 


a. Suppose f (1, 1) =4 and f(1, 1) =—3. Find when r= 0. E 
) dt 


b. Suppose f(0, 2) = -1 and f.(0, 2) = 3.-Find = and = at 


the pomt wherer = 2,6 = an and x =r cos, y=rsing, 


73. Suppose f has continuous partial derivatives in some region D in 
the plane, and suppose f(x; y) = 0 for all (x, y) in D. If (1, 2) és 
in D and f(1, 2) =4 and. 7 (1, 2) = 6, find oe when x ='1 
and y = 2. = = 

74, Suppose Vf(x, y, z) is parallel to the vector xi -+ yj -+.zk for . 
all. (x, y, z). Show that f(0, 0, a) = (0, 0, —a) for any-a. . ; 


z=, y) at (0, 1), where f(x, y) = sin x +e? + 2y. 
+76. _ Let fix, y) = 3 = 2)? — 5(y + 1)? Find all points on the 
“graph of f where the tangent plane i is parallel to-the plane a tS 
‘Qy-z=0. : 


71. Let z be defined implicitly. as a function of x and y by fie" 


2s 


equation cos(x + y) + cos(x + z) = L. Find i: in terms of j 
: : ck 


a ax 
xy, and z. z . 

78. Suppose F and F" are continyons functions of t and that. 

F(t) = C. Define fby fay) = Fee +y). Show that the 

direction of f(a, b) is the same as the direction of the line 

joining (a, b) to (0; 0). 

9. -Let fl, y) = 127! + Igy! + xy, where x > 0, y > 0. How: « 

“.. do you know-that th must necessarily’. have.a minimum : in the 

Tegion x>0,y> 0? Find. the-minimum. 


“Heat Therapy for Tumots.” by Leah. Edelstein- Keshet; UMAP- Modules 


“Applications, Inc. , Lexington, MA; 1992, pp. 73- AOL 


80. Let f(a, y) = 3x! — 4x¢y + y?, Show that fhas a minimum at 

L (0,.0) on every line y = mx that passes through the origin: 90. 
a “—... ‘Then show that fhas no relative minimum at (0; 0). 

eae ln Problems 81-83, you may assume the required ¢ extremum exists. 
81; Find the minimum of x? + y+ 2 subject to the constraint 


n the us ‘ax + by + cz = | (witha #0, BS Gee 0y.. 1. 
ion. 82. Suppose 0<a<landx> 0, y> >-0. Find the maximum of 

nper- a. “At ylia ® | subject to the constraint. ax + (1 — ay = 1. 

nd 5. The geometric mean: of three Positive numbers. x, ¥2 z isGSr. 


ae ; seach second is ‘elated tot the “rt P and the viscosity ai 
S Bers oO aa 
a a of the fluid by the formula V-= Ga, ~ Whatis the maximum 


}- _ error that can occur in using this formula to compute the vis- 
6 | ‘cosity a, if errors of + 1% can be tade-in measuring r and L, 
2% in measuring V, and £3% in measuring P? 


a 85.) Suppose the functions f and g have continuous partial: deriva- 


oe ae a 8 Oy, Ox. 
Th se ate called the Catighy Riemann equations. ‘ 
7 a. Show that level curves of f and g ‘intersect at vist siiles oe 
oe - provided. vi A O and yz #, 0. 

; b. Assuming that the second: partials of fand g.are continu- 
ous; ‘show that f and g satisfy Laplace’ $ equations 
: fe aa = 0 and Be + By = 0 ; 
86. Show that if z = flr, 0), where r and 0 are defined.as functions 

of x and y by the equations x = r cos@, y = r sind, then the 

a at et 1 oe 1 az 


vie This is Laplace’ s has in iter aes 


8 WA circular’ sector: of radius. and central angle. 6 has area 

LAS arg. Find 0 for the sector of fixed area A, for. which the» 
perimeter: of. ‘the sector “is: minimized. Use: ‘the: ‘method of 8 
‘Lagrange: multipliers ‘and assume ‘that the minimum: exists. 
3, ‘For: the production function jen by Oe, Ds = = pat where 
ae. g and) b> 0, Show that 
- Bo atte @+hO- 


"In particular, if b = i a with 0 < <a<i, 


89. The diameter of the base and the height of a closed right cir - 
mae ee cular cylinder are measured, and the measurements are known : 


odules = 
3d. Its.” 


; been removed Ignore the thickness of the: container.) ” 


93. 


Partial Differentiation 


b. the winfiee atea S of the cylinder 


A right circular cone is measuted and is found to have tas | 
radius 7. = 40 cm and altitude h = 20 cm. If it is known that 


each: measurement is accurate to within 2%, what-is the max- 


imum percentage error in the measurement of the volume? 


An elastic cylindrical container is filled with air-so that the 
radius of the. base is 2.02 cm and the height is 6.04 cm. If the 
container is deflated so that the radius of the base reduces to 
2m, and: the height to.6.cm, approximately how: much air has . 


A caplet iSa aciinder of: radios: rand eth a Ape on ne : 
end bya hemisphere: Assume that the capsule dissolves in the ~ 


: stomach ata'rate proportional t to. the ratio. R =.5/ V, where Vis : 
the volume and Si is the. surface area of the he capsule Show that : 


| eR, Setting the nala derivatives D, “and D, to 0 gives” 
the critica point y=0,2=0.5. Solving fit on the paraboloid. 
gives the. points . O35, 0,0.5) and Q,(—4/3.5, 0, 0.5). : 


‘These points are not minimal.because (0;.1,-0) is closer. 2 
Explain.what is going on here..Our thanks. to. Herbert R. 


Bailey, who. Peer this, suet in The College, 


all auntaces swith a given boundary, then = 


“(+2 Rls. +042, athe 


A surface satisfying such an ‘equation. is, called a _ minimal 


surface. 
a. Find constants A, B so. that 


(=) Peat 
z=tn ee 
‘B cos x aa 


is a minimal surface. 


b. Is it possible to find C and D-so that C= = ess +D 
In(siny) isa tninimal surface? ey 


ne Putnam Examination Problem Let f be a real-valued function 


» Soap: bubbles form.minimal.surfaces. For an 1 interesting - 

. discussion, see “The.Geometry of Soap Films and. Soap - 

Bubbles,” by Frederick J. Almeren, Jr., and Jean B. Taylor, 
ee ~ Scientific American, July 1976, pp. 82-93. . 


having partial derivatives defined for x” + y’ < 1 thi t satisfies 

(f(x, y) < I. Show that there exists a point (x,, yg) it ‘the inte- 
rior of the unit circle;such that [ F.Upydl +f fp yP< < 16. 

98. Putnam Exomination Problem. Find the smallest volum jounded 
by the coordinate planes and a tangent plane to a lipsoid 

; i 


2 “4 


99, Potnam Examination Problem Find ne erst distance lhetweet tot 
“the plank # Ax + a + Cz - bs = O.and the’ ellipseld: 
re oe 
ee ae ae 


ee 
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MATHEMATIC$ in its pure form, as 
arithmetic, clei geometry, and the 
applications of the analytic method, as 
well as ees applied to matter and 
force, or statics and dynamics, furnishes 
the peculiar study that gives to us, 
whether as children or as men, the 
command of nature in this its quantitative 
aspect; mathematics furnishes the 


" instyument, the tool of thought, which we 
F ‘wield in this realm. 


—W. T. Harris 
Psychological Foundations of Education 
(New York, 1898), p. 325. 


Guest Research Project* 


Desertification 


This project is to be done in groups of three or four students. Each group will 
submit.a single written report. 


friend of yours named Maria is studying the causes of the continuing expansion 
of deserts (a process known as desertification). She is working on a biological 
index of vegetation disturbance, which she has defined. By seeing how this 
index:and other factors change through time, she hopes to discover the role played in 
desertification. She is studying a huge tract-of land bounded by a rectangle. This 
piece of land surrounds a major city but does not include the city. She needs to find 
an economical way to calculate’for this piece of land the important vegetation distur- 


bance index J(x, y). \ 
Maria has embarked upon an ingenious approach of combining the results of 


photographic and radar images taken during flights over the area to calculate the - 


index J. She is assuming that J is a smooth function. Although the flight data do not 
directly reveal the values of the function J, they give the rate at which the values of J 
change as the flights sweep over the landscape surrounding the city. Maria’s staff has 
conducted numerous flights, and from the data she believes she has been able to find 
actual formulas for the rates at which J changes in the east-west and north-south 
directions. She has given these functions the names M and N. Thus, M(x, y) is the rate 
at which J changes as one sweeps in the positive x-direction and N(x, y) is the corre- 
sponding rate in the y-direction. Maria shows you thése formulas: 


M(x, y) = 3.4e*(y — 7.8)" and N(x, y) = 22 sin(75 — 2xy) 


Convince her ¢hat these two formulas cannot possibly be correct. Do this by 
showing her that there is a condition that the two functions M and N must satisfy if 
they are to be the east-west and north-south rates of change of the function J and that her 
formulas for M and N do not meet this condition. However, show Maria that if she can 
find formulas for M and N that satisfy the condition that you showed her, it is possible 
to find a formula for the function J from the “ormulas for M and N. 


*Marcus S. Cohen, Edward D. Gaughan, R. Arthur Knoebel, Douglas S. Kurtz, and David J. Pengelley, 
“Priming the Calculus Pump: Innovations and Resources,” MAA Notes 17(1991). 
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Multiple Integration ae °f Bition) 
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PREVIEW 


The single integral i f(x) dx introduced in Chapter 5 has many uses, as we have 
seen. In this chapter, we will generalize the single integral to define multiple integrals 
in which the integrand is a function of several variables. We will find that multiple 
integration is used in much the same way as single’ integration, by “adding” small 
quantities to define and compute area, and-volume. ; 


PERSPECTIVE 


What is the volume of a doughnut (torus)? Given the joint probability density function 
for the amount of time a typical shopper spends shopping at a particular store and the 
time spent in the checkout line, how likely is it that a shopper will spend no more than 
30 minutes altogether in the store? If the temperature.in a solid body is given at each 
point (x, y, z) and time f, what is the average temperature of the body over a particular 
time period? Where should a security watch tower be placed in a parking lot to ensure 
the most comprehensive visual coverage?. We will answer these and other similar 


questions in this chapter using multiple integration. 


1. l Double Integration over Rectangular Regions 


nN IN THIS SECTION | definition of the double integral, properties of double integrals, volume interpretation, t 
a iterated integration, an informal argument for Fubini’s theorem 


~~ DEFINITION OF THE DOUBLE INTEGRAL | ; ihe : 
| Recall that in Chapter 5, we defined the definite integral of a single. variable 


| pb | 
| | f (x) dx as a limit involving Riemann sums 
a 


Yap Ax, where a = "Xp <X1 <2 <-+++ <2, =d 
| k=l 


' are points in a partition of the interval [a, b] and xf is a representative point in the 
subinterval [x,__,, x,]. We now apply the same ideas to define,a definite integral of two 


variables =| f(x, y)dA, over the rectangle R:a<x<bc<y<d. ' 
\ ° ig 
i ‘ i : 
The secnidon requires the ideas and notation described in the following three 
| steps: ni 


| Step 1. Partition the interval a < x < b into m subintervals and the interval c < y< 
| d into n subintervals. Using these subdivisions, partition the rectangle R into 
| N = mn cells (subrectangles), as shown in Figure 12.1. Call this partition Pe. 
: Step 2. Choose a representative point (*;. ¥;:) from each cell in the partition of the 
rectangle. Form the sum 


| N 
: ai * *y 
Figure 12.1 A partition of the — Lf OE IAAL 
rectangle R into mn cells = 
showing the kth cell where AA, is the area of the kth representative cell. This is calledthe Riemann = 
representative ; sum of f(x, y) with respect to the partition P and cell representatives (x; Y,). i 
. ; ‘Step 3. To measure the size of the rectangles in the partition P, we define the norm —[ 
, ||P|| of the partition to be the length of the longest diagonal of any rectangle 


-in the partition. We refine the partition > subdividing the cells in such a 
| way that the norm decreases. 


When this process is applied to the Riemann sum and the norm decreases indefi- 
nitely to zero, we write 


N 
m S> f(g yAAc 


li 
[P|>0 — 


If this limit exits, its value is called the double integral of f over the rectangle R. 


Double Integral 


TESS ARE ESPNS one Soe NN ETMNSCAMT ATL Unoartnecnemtayed cane 


wv 
P 


Multiple Integration 629 


More formally, the limit statement 


N 
a F(xp yD AAL 


‘ion, 


5 
| 
| 
i 
~ VIS es 
| means that for any € > 0, there exists a 8 > 0 such that 
able - 'Z - | N 
“ i 
I | 7 | 1-) > fp, yO AAr <é 
ah k=l 
er eee | | 
| ‘ N : : t 
| \ whenever y. f (Xs y,) AA, is a Riemann sum whose norm satisfies ||P]| < 6. In this 
aia \ k=l 
. the { process, the number of cells N depends on “the partition P, a as ||P|| > 0, it follows 
bye that N — oo. 
“Tt can be shown that if fx, y) is continuous on a rectangle R, then it must be inte- 
grable on R, although it is also true that certain discontinuous functions are integrable 
Le as wel well. Moreover, it can also be shown that if the Timit that defines the definite integral 
. = ; exists, then itis sense that the same limiting value results no matter how 
“the partitions and subinterval representatives are chosen. We will extend the defini- 
y< tion of the definite integral to nonrectangular regions in Section 12.2. However, issues 
into involving the existence and uniqueness of the definite integral are generally dealt with 
iP. in a course in advanced calculus. 
* the 
; PROPERTIES OF DOUBLE INTEGRALS 
. Double integrals have many of the same properties as single integrals. Three of these 
properties are contained in the following theorem. 
ann ‘ 
Vp). 
re THEOREM 12.1 Properties of double integrals 
ngle » Assume that all the given integrals exist on a tectangular region R. , 
2 : Linearity rule: For constants a and b, 
lefi- 


[flere n+ bec mda =a ff rte. naao ff eesae 
R R 


Dominance rule: If f(x, y) > g(x, y) throughout a rectangular region R, 


[[ tenaae ffecnaa 
R R 


Subdivision rule: If the rectangular region of integration R is subdivided into 
two subrectangles R, and R,, then — 


[[ founaa= [f tonaas ff ere | 
R Ry Ry 


Proof This proof is omitted. 


Region R 


ie 
| 
| 


FERcrocaattonticeucamnaueens 
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Figure 12.2 The approximating 
parallelepiped has volume 
AV, = fxg Vy)AAr 


yo a) 


ae 
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ep 
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Figure 12.3 Volume approximated 
by rectangular parallelepipeds 


. (3, 0), (3, 2), and (0, 2). 


VOLUME INTERPRETATION : | 
If g(x) > 0 on the interval [a, b], the single integral | g(x) dx can be interpreted as 


ope 
the area under the curve y = g(x) over [a, b]. The double integral | | f(x, y) dA has 
; | 


a similar interpretation in terms of volume. To see this, note that if f(x, y) > O onthe - 


rectangular region R and we partition R, then the product f (xp, ¥,) AAr is the volume 


of a parallelepiped (a box) with height f(xg, ¥,) and base area AA,, ab shown in 
Figure 12.2. 
The Riemann sum 
’ | , | | 
Y fp Ade | 
kl | 


provides an estimate of the total volume under the surface z = f(x, y) over Ri and if fis 
continuous, we expect the approximation to improve by using more refined partitions 


Ay ¥ (that is, more rectangles with smaller norm). Thus, it is natural to define the total volume 


¥ y under the surface as the limit of Riemann sums as the norm tends to 0. That is, the 


volume under z = f(x, y) over the domain R is given by 
a N ; 


wy v= tim Vretopaa= ff ronda 
; R : ; 


é 


” The approximation by the Riemann sum is illustrated in Figure 12.3. 


IP I0 A 


EXAMPLE 1° Evaluating a double integral by relating it te a volume 


Evaluate | | (2 — y) dA, where R is the rectangle in the xy-plane with vertices (0, 0), 
R 


4 


Solution 


Because z = 2 — y satisfies z > 0 for-all points in R, the value of the double integral 
is the same as the volume of the solid bounded above by the plane z = 2 — y and below 
by the rectangle R. The solid is shown in Figure 12.4. Looking at it endwise, it has a 
triangular cross section of area B and has length 3. We use the formula V = Bh. 


Triangular cross section Base rectangle R 


Figure 12.4 Evaluation of f{(2 — y) dA as a volume 
. ; 


1 


er Rn 


Fis 
ions 
ume 
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Because the base is a triangle of side 2 and altitude 2, we have . 
; : 
V=Bh= aale =6 


Therefore, the value of the integral is also 6; that is, . 
i | (2-y)dA=6 | 
R 


ITERATED INTEGRATION 


As with single integrals, it is often not practical to evaluate a double integral even over 


- a simple rectangular region by using the definition. Instead, we will compute double 


integrals by a process called iterated integration, which is like partial differentiation 
in reverse. = mn 
Suppose f(x, y) is continuous over the rectangle R:a<x<b,c<y<d. Then we 


d 
_write | f(x, y) dy to denote the integral obtained by integrating f(x, y) with respect 


to y over the interval [c, d] with x held constant. The integral obtained by this partial 


integration is a function of x alone, G(x) = | f(x, y) dy, which we integrate over 
‘ 


the interval [a, b] to obtain the iterated integral 


be ae Integrate with respect to y first, 
i G(x) dx = [ if fey) i) dx keeping x constant, and then 
a a c 


integrate with respect to x. 


~ Similarly, if we integrate f(x, y) first with respect to x over [a, b] holding y constant, 


and then with respect to y over [c, d], we obtain the iterated integral 


- Integrate with respect to x first, - 


d b 
i: il f(x,y) ax] dy _ keeping y constant, and then 
c va . integrate with respect to y. 


The following theorem, which shows how the double integral 


| |} see 


can be evaluated in terms of iterated integrals, was proved in a more general cont by 

the Italian mathematician Guido Fubini (1879-1943) in 1907. : 

THEOREM 12.2 Fubini’s theorem over a rectangular region oe 

If f(x, y) is continuous over the rectangle R: a < x < b,c-< y < d, then the double integral 
i fe,ydhAeoo 


R 


may be evaluated by either iterated integral; that is, 


d pb b pa 
{| fy)dA = i | ere | | fr, y)dyde 


R 
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= What This Says Instead of using the definition of a double integral of 
f(x, y) over the rectangle R: a < x < b,c < y < d, evaluate either of the iterated 
integrals: 


Limits of x (variable outside brackets) Limits of y (variable outside brackets) || 


1 2 
b d d b 
| [ fonay dx or | [ tena dy : 


4 is | 


Limits of y (variable inside brackets) —_Limits of x (variable inside brackets) 


Note that Fubini’s theorem applies only when a, b, c, and d are constants. L 
a me 


Proof We will provide an informal, geometric argument at the end of this section. } 
The formal proof may be found in most advanced calculus textbooks. Ol} 


Re) ae 


Let us see how Fubini’s theorem can be used to evaluate double integrals. We 
begin by taking another look at Example 1. 


‘ : | 
EXAMPLE 2 Evaluating a double integral by using Fubini’s theorem | 


Use an iterated integral with y-integration first to compute i | (2 ~ y) dA, where R 
is the rectangle with vertices (0, 0), (3, 0), (3, 2), and (0, 2). “pr ; 


Solution 
The region of integration is the rectangle 0 < x < 3,0 < y < 2 (see Example: 1 and 
Figure 12.4). Thus, by Fubini’s theorem, the double integral can be evaluated by the 
iterated integral: - 


3 p2 
[fe —y)dA= i | (2— y)dydx integrate inner integral q 
f 0 40 . with respect to ). f 
: 4 ae 

™ =| E - 4 

x Tee 0 2 No 
3 4 : 
= 4-—-=-(0)| dx 
[|-7-9] 


3 ‘ f 
= [ ax = 21 =6 rT we 
con 0 . 


é 


dx | 


| 
; | 
which is the same as the result obtained geometrically in Example 1.: a 
| 
| 


EXAMPLE 3 Double integral using an iterated integral . 


' Evaluate | | oy dA, where R is the rectangle 1 < x < 2,0< y< 1, using an iterated 
i ; 


integral with 
a. y-integration first b. x-integration first 
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Solution © 
al of a. The graph of the surface z = x’y° over the rectangle is shown in Figure 12.5a, and 
ated the rectangular region of integration in Figure 12.5b. 
ee re , 2 pl ae | ; 27 pl mi 
ED ae 
kets) iE y dA =i i xy ayes Read this ze | f xy ay| dx. 
Sn R : ; 
2 69) 
= ea dx 
rL Oll 
. a ited «a eS a ee : 
=| |?(2--|}dx=—| =2-s=5 : 
sts) 1 6 6 18], 18 18 18 & 
a hea 5 : 
4 1 2 ae ] 33 2 g 
t b. I vy dA =) i x’y dxdy =i y° | dy : 
‘ st” 0 3h 
R ; 
q 1 6jl 
section. § = y ae dy = oe Bi islet oe | 
~ OF | . 0 3 3 18|, 18 18 18 
ess 4 we b. Skbtch of rectangular region 
als. We § | my 


Figure N.5 Graph of the surface . : 
over a rectangle ; 


TECHNOLOGY NOTE: == 


there R} ‘Using technology for multiple integrals offers no special difficulties. You simply integrate with respect to one variable and 
j then with respect to the other variable. You must be cateful, however, to input properly the correct limits of integration for 


2 pl. 
eee ; 99 : oa 
each integral. Notice that for | / x’y* dy dx, most calculators and software programs require the following syntax: 
1 Jo 
el and integration operator, function, variable of integration, lower limit of integration, upper limit of integration. 
by the inner limits _ outer limits 
, of integration of integration 
2.5 on : 
(x*y), y, 0,1 ; Ks 1,2 
—— ‘ 
function t t 
inner variable outer variable 
of integration of integration 
a 


“inside” integral is the function 
_ for the “outside” integration 


The result of this operation is shown in Figure 12.6 (compare with Example 3). 


(Peel Sal i rir ke Far i FE (clear a-z..| 
(Pee ligepra CalclOther |PromiId 


Pd 
iterated [Ff glx? waver rig 
Sf Cc*29°S 9. G,13..%,1.2> SCS Ox*29°5 .%.1,.29,4,0,19 
Ain AC UT nC i¢cd RIM AAD AUTO FUNG ays 


Figure 12.6 Calculator output for Example 3 
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In many problems, the order of integration in a double integral is largely a matter: 
of personal choice, but occasionally, choosing the order correctly makes difference 
between a straightforward evaluation and one that is either difficult or impossible. 
Consider thé following example. ; >. 


EXAMPLE 4 = Choosing the order of integration for a double integral ape 


Bvahuate ff cosya for R:0<x < = 0 <y<k 
R | 


Solution 


Suppose we integrate with respect to x first: 


lp px/2 
i | cos yd dy 
0 Lvo 


{ 
{ 
if 
The inner integral requires integration by parts. However, integrating with respect to é 
| 
i 
| 
i 
i 


» y:first is much: simpler: : 


n/2 1- n/2 o 
/ | o0s:y dy| dx =[ =] 
0 0 0 x 


: x /2 ; ; : x/2 7 
=| (sinx — sin0)dx = —cosx = | ai 
0 - _ 10 ' 


ae 
dx 
0 


i 
| 
$ 
i 
! 
! 
I 
i 


. AN INFORMAL ARGUMENT FOR FUBINI’S THEOREM 
We can make Fubini’s theorem plausible with a geometric argument in the case where 
fs, y) > OonR. If ff f(x, y) dAis defined on a rectangle R:a <x <b,c< y <d, it 
R 


represents the volume of the solid D bounded above by the surface z = i, y) and 
below by the rectangle R. If A(yf) is the cross-sectional area perpendicular to the 


y-axis at the point yf, then A(y~) Ay, represents the volume of a “slab” that approxi- 
mates the volume of part of the solid D, as shown in Figure 12.7. 


ae area A(y ) 


Figure 12.7 Cross-sectional volume parallel to the xz-plane 


By using a limit to “add up” all such approximating volumes, we obtain the volume 
_ V, of the entire solid D; that is, 


> 


eee // f@ydA=V= lim S\AOP Ay 
“g Se ke 8 ee k=], 


° 
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The limit on the right is just the integral of A(y) over the interval c < y <.d, where” 
A(y) is the area of a cross section with fixed y. In Chapter 5, we found that the area- 
A(y) can be-computed by the integral 


b : 
A(y) = | FQ) ds Integration with respect to x (y is fixed) 


We can-now make this substitution for A(y) to obtain 
oe + [[ feda=v = fim) AvDan 
k=} 
R : a 


: > A(y) dy 4 


“pap pb _- 
= E [ {re y) ax| dy. Substitution 
c a . A ‘, 


Aty) | 


t to 


The fact that 


| . | fn y)da = f [ feonayar. P 


R 


can be justified in a similar fashion (you are asked to do this in Problem 21). Thus, 


Le Ce re — wehave : . 
j . ue pd ppb ab pd | 7 
if | | fs.» a= ff fonan= [| f re yaya 
: c a a c 
R 
rere ti dey 
. | a oe “ayy glade 
3" : f} : ; if 
? 4 Q tbo p 4) Do 
vay | V21 PROBLEM SET ((3!60~ 04) | | 
| the A) 7 Problems 1-2, evaluate the iterated integrals. gf / reer) ib ff ‘ ates rr 
dxi- 2 pl : eee i a8 
q 5 5 ; ou ' 
vf fe id ROS x<3,0<y<4 ROS 3S405y<2. 
4 J cake a Zz . sald 3 
/ | i xcos y dy dx 
i/o 
Use an appropriate volume formula to evaluate the double integral 
" given in Problems 3-8. 
yf [faa DK |fse 
we . R : R 
R:0<x<2,0<y<4 ; 
’ ee a ae 


R : 
"ROS *S60sys4 


Use iterated integration to compute the double integrals in Even though the conclusion ofeFubini’s 


Problems 9-12 over the specified rectangle. ; theorem was known for a long time and 
-* successfully applied in various 
¥ [[ Praa R:l<x<2,0<y<l ; instances, it was not satisfactorily 
R proved in a general setting until 1907. 
any dA His most important work was in differ- 
iy Ie ao ig RUCK <LI Ry <3 ential projective geometry. In 1938 he ea as 
was forced to leave Italy because of the — GYIDo FUBINI 
Fascist government, and he immigrated 1879-1943 : 
if [foe )dA;R:0<x<2,0<y<F fo the United States. oe - 
@ 20. Let fbe a function with continuous second partial derivatives: 
. i on,a rectangular domain R with vertices (x, Viel Rar Ve), 
uf ff sinxy dA, R:0 <x<a,0<ysl bat (xy, y,), and (x,, y,), Where x, < x, and y, < yy. Use the fun- 
R 


. pa damental theorem of calculus to show that i 
Find the volume of the solid bounded below by the rectangle R in the 


xy-plane and above by the graph of z = f(x, y) in Problems 13-14. Isa nr dA = f(x, y1) — f(a, 91) + f Ga.-92) — f(x, 2) 
' yox 2 

43. flx, y) = 2x + 3y;R0<2<1,0<yK<2 | 

. : k 

ial fer, y=/xy Ri 0sx<1,0<y<4 21. Let be a continuous function defined on the re¢tangleR:a< | 


x< b,c <y< d. Show that 


b pd \ 
[[ #.naaz [ | f(x, y)dydx : 
R a c ; 


Hint: Modify the argument given in the text by faking cross- 
sectional areas perpendicular to the x-axis. 


integration may. be considerably easier than the other. 


8 Compute | | xv1—x2edA, where R is the rectangle 
R 


i: B) In Problems 15-17, evaluate the integral. Note that one order of ye 


Q<x<1O0<y<2. 
< 22. Counterexample Problem Show that the iterated integrals 
Sil Compute (correct to t to the nearest hundrec wt re oa [2 as aU. 4 # i de 
et ] l rx fs : vs 
where R is the rectangle [<x <3, 1<y <2. yup “ i | a . angst i. i od cay 
x e x : : 
17. Evaluate HT] xe dA, where R is the fea 0<x< 1, ; : : 
have different values, Why does this not contradict Fubini’ Ss . 


a “A l<y<K< 2 se . theorem? ~ . 
- cS Exploration Problem You want to evaluate | 
hy. Explain why i (4—x?—y*)dA > 2, where R is the ; 


{ 
4 - 2 I 
rectangular dias in the plane given byO<x< 1,0<y< 1. /| y sin(xy) sin*(y) dA | i 

a . 

19, HISTORICAL QUEST Guido Fubini taught at the Institute a 
for Advanced Study in Princeton. He was nicknamed the over the rectangle D:0<x<m,0<y<} “nich Gaderor 
“Little Giant,” because of his small body but large mind. integration is easier? | 

. ee ¢ 


12. 5) Double Integration over Nonrectangular Regions ce hy 


“IN THIS SECTION double integrals over Type | and Type Il regions, more on area and volume, choosing | | 
the order of integration in a double integral ia Sle 


Let f(x, y) be a function that is continuous on the region D thatcan be contained in a 
rectangle R. (See Figure 12.8.) 
Define the function F(x, y) on R as f(x, y) if (x, y) is in D and 0 otherwise. That 

is, 


F9) ff, y) for @, y) in D’ 

‘ . . x,y= ; : 
Figure 12.8 The region D is y 0 for (x, y).in R, but not in D 
bounded by a rectangle R 
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Then, if F is integrable over R, we say that fis integrable over D, and the double 
integral of f over D is defined as. 


Tl pony da = ff Fea 
D R 


The function F(x, y) may have discontinuities on the boundary of D, but if f(x, y) 
is continuous on D and the boundary of D is fairly “well behaved,” then it can be 


shown that J f F(x, y) dA exists and hence that I f (x, y) dA exists. This procedure 


is valid for the type I and type II regions we here next, although a géneral notion 
of what constitutes a “well- behaved” boundary is a topic for advanced calculus. 


DOUBLE INTEGRALS OVER TYPE FAND TYPE I REGIONS 


A type I, or vertically simple region, D, in the plane is a region that can be described 
by the inequalities 


typel Dya<x<b, g(x) <y < g(x) 


where g,(x) and g,(x) are continuous functions of x on [a, b]. 
. Likewise, a type II, or horizontally simple region, D, is one that can be described 
by the inequalities 


typeIE Dy:c<y<d,- hi(y) <x <ho(y) 


where h,(y) and h,( y) are continuous functions of y on’ [c, d]. Vertically and hori- 
zontally simple regions are illustrated in the following box. 


‘line: segment a0 = < ap: < y= a lies 
~ the. FeBiOn. : 


i 
L 
{ 
i 
T Pate 3 
| F 


xed. x 22a6 


To evaluate a double integral fp, f(, y) dA when D, is a type I region, first note 


that D, is contained in the rectangle R:a < x < b,c Ss y < d. Then, if 


f(,y) for @, y) in Dy 


9) = {; for (x, y) in R, but notin D, 


y wey wunulus 


we have a eee voeae | . 


d g2(x) 
i FG, yay = i fx, y) dy 
& 


“3 1 @) ae = | 


because for each fixed x in the interval [a, b], F(x, y) = 0 if y < g,(x) and also if 
y > g(x) and F(x, y) = f(x, y) for g,(0) < y < g,(x). Therefore, 


ake b pd : 
Jf ronaa= [J Peonaam | | [ Fe. nay| ee 
D j . ‘ ‘ “ 
hey n(x) y | git 7 
=f [ He Naya | er 
8 (x) ys oA 
\ 
| 


Similarly, if D, is a type II region, then Se ea eee 


d b 1 
[[ soonea=[ Fry)dxjdy 
D) c a 4 : i 

es 
eae es | 
h : “ 2 . im 


te d al ns 

foo’ as 4 a ak GO Aa ; 

! Lee Lox. Dy “A Ke we, Be {or Bae aa 2 w * A ‘ol *, 
By DEED ders PK "bf ie sAthe a oe 

These sbaervanois are summarized in the following thesreni. 


THEOREM ‘12.3 Fubini’s theorem for nonrectangular regions f 
If D; is a type I region, then : ~ 
“TYPE | (vertically simple): ies es gate) 
x fixed, y varies (form dy dx) . Los ~ fo f(x, y)dA = i he Fa, y) dy dx | 
. 81 
whenever both — exist. Similarly, for a type II region, D r | 
TYPE II (horizontally simple): ro os 
n ay . 
: y fixed, x aes Come dx dy) oe FO y) dA= [ i f(x, y)dx dy i 
; a: my) ! 
i “a F 
whenever both integrals exist. 
Proof This proof is found in most advanced calculus textbooks. O “od 
EXAMPLE 1 Evaluation of a double integral ; ce 


1 pve 
Evaluate | [ 160xy? dy dx, 
0 vx 


Figure 12.9 - For each fixed x (0 < 


x < 1), y varies from y = 0 toy = 2x. . 


Figure 12.10 For each fixed y (0 < 


y & 2), * varies from y/2 to 1 
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Salution 


pk pale 22 4 1 , _ fk 
/ . 160xy? dy dx = | [ 40x‘ io | dx Since x is treated 
0 Jx? 0) 


cds : as a constant 


! 
2 | [40x (/x)° — 40x(x?)"]dx 
0 
1 
7 i [40x ~ 40x°] dx 
0 


= [owt 4% 
= =6 a 


"When using Fubini’s tieotem for nonirectangular regions, it helps to sketch the 
region of integration D and to find equations: for all boundary curves of D. Such a sketch 
often provides the information needed to determine whether D is a type I or type fl 
region (or neither, or both)-and to set up the limits of integration of an iterated integral. 


EXAMPLE 2 Double integral over a triangular region 
Let T be the triangular region enclosed by the lines y = 0, y = 2x,-and x = 1. Evaluate 


the double integral 
i | (x+y)dA 
é 
using an iterated integral with . 
‘a. y-integration first © ~=——«*@b,-x-integration first 


Solution 


a. To set up the limits of integration in the iterated integral, we draw the graph as 
shown in Figure 12.9 and note that for fixed x, the variable y varies from-y = 0 (the 
x-axis) to the line y = 2x. These are the limits of integration for the inner integral 
(with respect to y first). The outer limits of integration are the numerical limits of 
integration for x; that.is, x varies between x = 0 and x = 1. 


2x ; 
ee [| at ydyar= fi [xy + gy"TIhco dx 
: 


1 
= i [x(2x) + $(2x)° — (4(0) +4(0))] dx 


2 4 3)4=1. ; ; fs G 
=| d= 3 x"| y= 4 . 
0 ! 
b. Reversing the order of integration, we see from Figure 12.10 that for each fixed y, 


the variable x varies (left to right) from the line x = y/2 to the vertical line x = 1. 
The outer limits of integration are for y as y varies from y = 0 to y = 2. 


|fie+naa- ee (x + y)dx dy 
2 1 j= 2 1 y? y? 
-| fa +] = ra a2 


x=y/2 
2 39 2=2 
Vi No, OF 5(8) 4 
an (fee hy ge eee ee Oe as (Ofa | 
, [3+3 Flo [1+ | l= 3 


640 Calculus” % " 
| MORE ON AREA AND VOLUME | 


Even though we can find the area between curves with single integrals, it is often easier 
to compute area using a double integral. If f(x. y) > 0 over a region D in the xy- plane, 


then ff f(x, y) dA gives the volume of the solid bounded above by the surface z = 
‘ Ge 


f(x, y) and below by the region D. In the special case where f(x, y) = 1, we have 
{{1dA = AREA OF D. 
D 


Tk he. Double Integral as Area and Volume 


E The area of the region Din the xy- plane i is given 


oe, , ade e ac fos dA 


If fis continuous and % y). > 0 on the region D, the volume of the solid under 


‘the surface z = f(x, y) above the region'D is given by . 


ee een ae ee 


= | f(x,y)dA 
D : 


EXAMPLE 3 Area of a region in the xy-plane using a double integral 


Find the area of the region D between y = cosx and y = sinx over’ the interval 
O<x < Fusing > © 7 


a. single integral , b. a double integral 


Solution | | . Hee ; 
a. The graph is shown in Figure 12.11. We find that 


m/4 
| (cosx — sinx)dx = sina + cosa" =V2-1 
0 


ean n/4 pcosx a/4 | =c0s x ; f 
D. oo) | dA= e / ldydx = | yy dx / 
sinx 0 yoesin x : Dane 


_c [cosx — sinx]dx = f2-= 1 
0 


Figure 12.1) The area of the region 
between y = cos x and y = sin x 


ee 
The area /2 — 1 © 0.41 square unit. | | 


In comparing the single and double integral solutions for area in Example 3, 
you might ask, “Why bother with the double integral, because it reduces to the single | 
integral case after one step?” The answer is that it is often easier to begin with the 

* double integral ’ 


ae fe ! : 


and then let the evaluation lead to the proper form. 


le 3, 
ingle 
1 the 


t 
\ 
| 
i 
t 
: 


Figure 12.12 The quarter disk 
Y+y<l,x>0,y>0 
a 


a. D as a type I region; y 
varies from 1 to e* 


b. D asa type II region; x 
varies from.In y to 2 


Figure 12.13 The region of 
integration for Example 5 
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EXAMPLE 4 Volume using a double integral 
Find the volume of the solid bounded above by the plane z = y and below in the 
xy-plane by the part of the disk x* + y’ < 1 in the first quadrant. 


Solution © 
The projection in the xy-plane is shown in Higare 12.12. We can regard D as eithera - 


type I or type II region, and because we worked with a type I (vertical) region in 
Example 3, we will use a type II (horizontal) region for this example. Accordingly, 
note that for each fixed number y between 0 and_1, x varies between x = 0 on the left 


and x = /1— y* on the right. Thus, : ; 


= f(x, y)dA 
-[ eg fe dy f(x, y) = y is given; dA = dx dy. 
=foll” | 


dy 
= [ yV1— y2dy Letu=1-— y to integrate. 
0 


= 


=0 


The volume is ; cubic unit. 


CHOOSING THE ORDER OF INTEGRATION IN A DOUBLE INTEGRAL 


Often a region D is both vertically and horizontally simple, and to evaluate an integral 


f nf (x, y) dA you have a choice between 1 performing x-integration before y- integration, 
or vice versa. In the following example, you are given one order of integration and are 
asked to reverse the order of integration. 


¢ 
EXAMPLE 5 Reversing order of integration in a double integral 
Reverse the order of integration in the iterated integral 


2 pe 
| i fC, Navas 
0 1 


Solution - F 


Draw the region D by (oobi at the limits of integration for both x and y in the double 
integral. For this example, we see that the y-integration is done first, so D is a type I 
region. The inner limits are 


y=e (topcurve) and y=1 (bottom curve) 
These are shown in Figure 12.13a. Next, draw the appropriate limits of integration for x: 


x=0 (left point) and. x=2 (right point) 


- The vertical lines x = 0 and x = 2 are also drawn in Figure 12.13a. 


To reverse the order of integration, we need to regard D as a type II region 
(Figure 12.13b). Note that the region varies from y = 1 toy = e” (corresponding to 
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eee sees eee 


where y = e* intersects x = 0 and x = 2, respectively). For each fixed y between 1 
and e’, the region extends from the curve x = In y (that is, y = e*) on the left to the 
line x = 2 on the right. Thus, TeVCESING the order of integration, we find that the Ben 
integral becomes 


. e 2 
| Nasaed 
1 


Iny 
. 1 
The two different ways of representing the integral in this example may be summarized 


as follows: 
Type I: x fixed (vertically simple) wane Il: y fixed (horizontally dinipley | 
y-integration first; x-integration first; 
varies from y = 1 to y = e* varies fromx=Inytox=2 
: 2 e J ee e 
i i f(x, y) dy dx = ff FG, a 

0 JI 1 Jiny 

t t a 
X varies from 0 to 2 y varies from 1 to e 


EXAMPLE 6 Choosing the order of integration _ , 

The region D bounded by the parabola y = x? — 2 and the line y = x is both verti- 
cally and horizontally simple. To find the area of D, would you prefer to use a type I 
or a type II description? \" 


. Solution 
ie ’ The parabola and the line intersect where 
x -~2=x 
: v-x-2= 0 
(x —2)(x + 1) =0 
x=2,-l 


Thus, they intersect at (2, 2) and (—1, —1). The graph of D is shown in Figure 12.14. 
As a type I region, D-can'‘be described as the set of all points (x, y) such that for 
. each. fixed x in [—1, 2], y varies. from x? — 2 tox (see Figure 12.14). The area, A, of 


’ Dis given by 
2 px °° i 
A =| | dy dx oR 
1 Jx2-2 E 


2 ' : 
=| [x — (x? —2)]} dx 
-1 


x? a 


Q: 
Z 


If, however, D is regarded as a type II region, it is necessary to split up the description 
into two parts (see Figure 12.14b): 

Figure 12.14 The region between the . . The set of all (x, y) such that for each fixed y between —1 and 2,|x varies om 
parabola y = x? — 2 and the line y =x. the line x = y to the right branch of the parabola x=JSyt2; 


b. Type II description 


aa 
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mil | and 
e ; set 
The set of all (x, y) such that for each fixed y between —2 and —1, x varies from 
a, : | the left branclrof the parabola x = —/y + 2 to the right branch x = Vy + 2: 
Thus, the area of D is given by the sum of the integrals 
- . Se ae 2 plyFD 
bog a= | ; axdy + | | dx dy 
ized 2 J-JyF2 iid 
) Clearly, it is preferable to use the type I representation, although both methods give 
the same result (you might wish to verify this fact). - . | 
' As illustrated in Example 6, the shape of the region of integration D may determine 
which, order of integration is more suitable for a given integral. However, our final 
vA example of this section shows that the integrand also plays a role in determining 
which order of integration is preferable. aa 
EXAMPLE 7 Evaluating a double integral by reversing the order 
1 pt : 
a - Evaluate / / e” dydx 
: 0 vx 
. Solution 
erti- We cannot evaluate the integral in the given order (y-integration first) because the 
‘pe I integrand e”” has no elementary antiderivative. We will evaluate the integral by 
reversing’ the order of integration. The region of integration is sketched in Figure 
i . 12.15a. Note that for any fixed x between 0 and 1, y varies from x to 1. 
e To reverse the order of integration, observe that for each fixed y between 0 and 1, 
_x varies from 0 to y, as shown in Figure 12.15b. 
Lp, lL py 
| i e dydx= i e dx dy 
0 vx 0 70 7 
l es I 
2|2=) 5 
=i} xe ay= | ye’ dy = Letu= 
b. x-integration. first 0 . = 0 
Poy, Lio 1 
14, Figure 12.15 The region of = Fa | = ~(e! e°) = -(e-1) a 
t for integration for Example 7 0 5 
4, of : 


12.2 PROBLEM ser (® 82-F) = 


i 
0 Sketch the region of integration in Problems 1-4, and compute the VW 1 px/4 
Sb | | secx dx dy 
0 Jian y 


double integral (either in the order of integration given or with the 

--* ° | order reversed). 

A wi pafae ‘Kee aes Evaluate the double integral given in Problems 7-9 for the specified 
Gan Ve i | dx dy’ 4 | | (x + y*) dy dx region of integration D. 

0 yd 0 x3 : ; ‘ 
val (x + y) dA; Dis the triangle with vertices (0, 0), (0,1), 


i a 1 x . n/2  psine s 
af | | (Gxt2y)dydx ff | i i hetedyity F 
-td-1 : 0 ) (i,1). 


Evaluate the double integrals in Problems 5-6 
Al (2y —x)dA; Dis the region bounded by y = x* and ‘ 
" 


: : : 
S| | e*!” dx dy 
0. v0 . y = 2x. 


ape as arapoloid z= 6 — 2x* — 3yf 

- f | >>) vise mangle bounded by x= 2y, y = —x, and ii tees meio feat 

Vv J yt) 6 : sl wa and below by the plane z = 0 
D ; 


-9 ; ek x2 y? ? 
oa 6. The solid bounded by the ellipsoid Sait pe se el 
Sketch the region of integration in Problems 10-] l,and then com- ; 0 e 
pute the integral in two ways: yf The solid bounded above by the plane z = 2 — 3x — 5y and) 


below by the region shown in Fi 12.16, 
a. with the given order of integration, and ‘ . Suen a S 


b. with the order of integration reversed. 


4 p4-x 1 p2x 
ig | | xy dy dx al | e* dy dx 
v/ do Jo 0 dx 


Sketch the region of integration in Problems 12-13, and write an 
equivalent integral with the order of integration reversed. 


1 “nay 4 ply ; 
aided / eee 
if ff fenases JEL [) tenasay 


Q Se up a double integral for the volume of the solid region 
described in Problems 14-17. 


vi The tetrahedron that lies in the first octant and is bounded by 
the coordinate planes and the plane z = 7 — 3x — 2y Figure 12.16 Region for Problem \7 


Date ptt) 
12.3 Double Integrals in Polar Coordinates (big, cles ony) os 
IN THIS SECTION change of variables to polar form, area and volume in polar form “ | 


In general, changing variables in a double integral is more complicated than in a single 


eR integral. In this section, we focus attention on using polar coordinates in a double | 

“Ny : . a : oe og : ; 

SSN aay integral, and in Section 12.6, we examine changing ‘variables from a more general | 
standpoint. ; 


CHANGE OF VARIABLES TO POLAR FORM ; 


Polar coordinates are used in double integrals primarily when the integrand or the 


- Figure 12.17 a hoof the surface .-—»-T@g!0n.of integration (or both) have relatively simple polar descriptions. As a preview } 
fo. y) a pu ck 1 along with the of the ideas we plan to explore, consider Figure 12.17 and let us examine the double | 
region R shown in the xy-plane integral 


| (+y+1)dA 
f ail ~~ 


Interpreting R as a vertically simple region (type I), we see that for each fixed x |” 
between —2 and 2, y varies from the lower boundary semicircle with equation 
y = —V4— x? to the upper semicircle y = /4 — x2, as shown in Figure 12.18a. 
Using the type I description, we have . 


Where R is the region (disk) in the xy-plane bounded by the circle x2 + y? =4 


| single 
double 


veneral § 


‘ixed x 
uation 
2.18a. 
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W+y+4+1dA= ee Gtaye ndyds 


The iterated integral on the right is difficult to evaluate, but both the integrand and the 
domain of integration can be represented quite simply in terms of polar coordinates. 
Specifically, using the polar conversion formulas 


SOS 


ESOS S 


SPITE aT 


Re RA CRATER 


x =rcosé ye=rsing » r=vVx2+y2 tang =~ 


we find that the integrand f(x, y) = x + y* + 1 can be rewritten 
fir cos, rsind) =(reosd 2 +(rsn 6) +1=r?41 
and the region of integration R is just the interior of the circle r = 2. Thus, R can be 


described as the set of all points (r, 6) so that for each fixed ‘angle 6 between 0 and 
2n, r varies from the origin (r = 0) to the circle r = 2, as shown in Figure 12.18b. 


a. Type I description: b. Polar description: 


For fixed x between -2 and 2 For fixed 6 between 0 and 22, 
y varies from y = -\4 _ x r varies from 0 to 2. 
to y=V4—x? 


Figure 12.18 Two interpretations of a region R 


J 


/ 
But what is the differential of integration dA in polar coordinates? Can we sim- 
ply substitute “dr dO” for dA and perform the integration with respect to r and 67The 
answer is no, and the correct formula for expressing a given double integral in polar 
form is given in the following theorem. 


Lf 


gil 


yw on Sener 12.4 Double integral in polar coordinates 


If f is continuous in the polar region D described by r,(8) < r < r,(@) (7,(@) = 0, 
r(8) > 0),a <6 <6 (Os B-a < 2m), then 


[[ remaa= ee f(r, @)rdr dé 


A i 
= What This Says The procedure for changing from a Cartesian integral _ 


|| fo.naa 7 oo 
R . - 


into a polar integral requires two steps. First, substitute x = r cos@ and y =r |b ‘i 
sin@, dxdy = rdrd@ into the Cartesian integral. Then convert the region of : 
~ a. A partition of a région into integration R to polar form D. Thus, 


polar coordinates 
[fre yy}dA= I f(r cos, r sin) r dr d6 
R D 


ah og ea es 

DA rte a | 
nee : | Proof A polar region described by r,(@) < r< r,(@). © jon be subdi- b 
b. A typical polar rectangle vided into polar rectangles. A typical polar rectangle is hoe in nFie re12.19. | 
in the partition We begin by subdividing the region of integration into polar rectangles. Next we } 


pick an arbitrary polar-form point (77, @;) in each polar rectangle i in the-partition and | 


" Figure 12.19 A polar rectangie 
, a F - then take the limit of an ae Riemann sum 


j ; 
| : | Sse apaa 


where AA, is the area of the kth polar rectangle. 
To find the area of a typical polar rectangle, let-(7;, 9) be the center of the polar 
- rectangle-—that is, the point midway between the arcs and rays that form the polar 
rectangle, as shown in Figure 12.19b. If the circular arcs that bound the polar’ rectangle 
are Ar apart, then the arcs are given-by 


° 


SR Pe 


ip=h, = S Ary and m=ret t Arg 


~—has area 5776 (see the Student Mathematics Handbook for details). Thus, a typical 
“” polar-rectangle has area. 


See Section 1.2 of the 


| | ? | 
| In Chapter 6 we used the fact that a circular section of radius r and central angle 6 
} 

Student Mathematics Handbook. 


Add = [Sp + 4Ara)? — 30 — par)? ]A6 = rer. A 
——— Sere arene 


Radius of outside arc Radius of inside arc 


#3 
Sob og 


Finally, we compute the.given double integral in polar form by taking the limit 
, N N° 
; ee * O* ae * AN 
i | f(7,@)dA = ae FOR ODDAL = Hues frp arf Ar, A% 
D 


B pr) ae 
\ =A | _ f(r,0)rdr dé | .Q 
\ a Jry(6) - : | ; i 
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| «gp sin) ag SOL ; 
cos = rsiné : 


= =reos Ot rs Oar. 


sin? ~ rcosé. 


“This yields the result of Theorem 12:4: 


Nee ae ie 


If you carefully compare the result in the preview box with the result of 
Theorem 12.4, you will see that they are not exactly the same. The region D in 
Theorem 12.4 already is in polar coordinates. The more common situation is that we 
are given f and a region R in rectangular coordinates that we need to change to polar 

- coordinates. : 


AREA AND VOLUME IN POLAR FORM 


} 


CMH Sise Ch 5 of the Stud You will need to be familiar with the graphs of many polar-form curves. These can be 
ee Chapter 5 of the Student found in Table 6.2, and also in the Student Mathematics Handbook. We now present 


Mathematics Handbook. the example we promised in the Introduction. 


ms. EXAMPLE 1 Double integral in polar form | 


Evaluate | i (x? + y’ + 1)dA, where D is the region inside the circle w+y=4, 
F 


Solution e414 we | 
In this example, the region R is given in-rectangular form. We will describe this as a . 
polar region D. Earlier, we observed that in D, for each fixed angle 6 between 0 and | 


L bk 7 tee waneaey. LUUS, 


; 2x . p2 : ' 

‘ 2 2 2 : i 

xe +yaa= [ i r°+1) rdrdé 
Ro f(x,y) f(rcosé,rsing) dA 


2x p2 : Qn r4 r2 
= (r traras =| a5] 
l / re 


2 Qn | | % 
do= | 6a9= 60 Lior w 
0 0 : 
| | 


EXAMPLE 2 Computing area in polar form using a double fel 
Compute the area of the region D bounded above by the iine y = x and below by the . 
circle x* + y? — 2y = Q, : Se 

Solution 


The circle x? + y? — 2y = 0 and the line y = x are shown in Figure 12.20. The polar 
form for the line y =xXis 0 = 7/4 and for the circle is 


x? + y? = Dy : 
r? = 2r sing — a: 4 
r=2sin 


Figure 12.20 The region D 


Thus, the region D is determined as r varies from 0 (the pole) to 2 sin@ (the-circle) 
for 6 between 0 and x /4. The area is given by the integral ' 


#/4 p2sine - 
aff aa=f / rdrd@ | i 
0 Jo a 
D ; 
r=2 sin @ i a 


m/4 1 
| : = Ea . dO 
bh, 0 L2 ir=0 


1/4 
=| = (4 sin? 9) de 
0 62 


sin20]"* 9 
=|o-——]/ 274 au 
Carel eos 


EXAMPLE 3. Volume in polar form 


Use a polar double integral to show that a sphere of radius a-has volume mer 


Solution 


We will compute the required volume by doubling the volume of the solid hemi- 
sphere x? + y? + 2? < @?, with z> 0. This hemisphere (see Figure 12.21) may be 
regarded as a solid bounded below by the circular disk x? + y? < q? and above by the 
spherical surface. 


Figure 12.21 The solid hemisphere We need to change the equation of the hemisphere to polar form: 
iS Ya? —x?— y? ig bounded above 7 ee 

by the sphere and below by the disk ‘Inrectangularform: z= ./g2_2— y? 

P+y< a, | 


In polar form: z= va? —/? Because r? = x? + y? 


_the 


lar 


Figure 12.22 The disk D: for 6 
between 0 and 27, r varies 
from 0 toa 


Figure 12.23 Region D 


‘Thus, 
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Describing the disk D in polar terms, we see that for each fixed 0 between O.and 21,7 
varies from the origin to the circle x? + y? = q?, which has the polar equation.r = a, 
as shown in Figure 12.22. Thus, the volume is given by the integral 


vaaffcda 


Z . 
dn pa . , — - 
= 2f | va’ —r? rdr dé [Let w= a —Pydu.x ~2p dr 
0 Jo ; 


7 = Ee 7 8] r=a 
do 3 


de 
2 2 23/2 2 3/2 
= 5 u [(a* — ary" — (a* — 0)" do 


Rectangular form 


r=0 


EXAMPLE 4 Region of integration between two polar curves 


Evaluate | | ~— dA; where D is the region that lies inside the circle r = 3 cos@ and 


D 
outside the cardioid r= 1 + cos@. 


Solution 


Begin by sketching the given curves, as shown in Figure 12.23. Next, find the points 
of intersection: 
3cos@ =1+cosé 


2cos@ = 1 

i « 

cos6 = 5 
6=-Z 2 


373 
Notice that D-is the region such that, for each fixed angle 9 between — /3 and 2/3, 
r varies from 1 + cos@ (the cardioid) to 3 gos? (the circle). This gives us the limits 
of integration, and in polar form, the integrand becomes % 


1 aod 
x ~ Fcosé 
od —— 


_ Rectangular form Polar form 


nee 1 | 
|fsas=ff -r dr d@ , 
x rcoséd - oe j 
D D ° 

m/3 p3cosé 1 
=| / —— dr dé 

—1/3 J1+c0s@ COS O 

n/3 r r=3 cos @ 

= 2 

i eal 


dQ . By symmetry 
r/3 | 1 : , 
= 2 —— [3cos@ — (1+ cos@)] dé . 
0  cosé 


r=]+cos@ 


m/3 
= af (2 — sec @) dé 
e 0 


= 2(26 —In|secd + tangi]i2" 


acd 
= S -2In2+V3) | F 


EXAMPLE 5 Converting an integral to polar form 


, 2 prf2x—x? . 
Evaluate | | yy x2 + y* dy dx by converting to polar coordinates. 
0 0 : 


Solution 
The region of integration D is the set of all points (x, y) such that for each point x in’. | 


the interval {0, 2], y varies from y = 0 to y = V2x — x”. Note that 


a ere 


, y a0 = x? 
a, x? Ix +y’?=0 
Figure 12.24 Region of integration in (x—-+y2=1 
Example 5 oe 
This is the equation of a circle of radius | centered at (1, 0). Thus, y = V2x — x? is 


the semicircle shown in Figure 12.24. The top boundary of this region is the semicircle 


y = V2x — x? 


al 
y? = 2x —x* 


x+y =2r. 


which has the polar form 


In polar coordinates, D is the region in which r varies from 0 to 2 cess for 0 penn 
0 and 3. Thus, the integral is 


2 paf2x—x? = 
| [ y eectie 


n/2 2088 ; 
=| | (r-sinO)r (7 cw sind E al 
4 
5 


2 on, 


ime /2 


ae ies ” | 
= if 16cos* 6 sin@ dé =4 | —=cos°’6 
4 Jo i ; 


, 006 Fat 
12.3 PROBLEM SET (* i \b 
A) In Problems 1-2, sketch'the region D and then evaluate the double 
integral {f f(r, @) dr dé. 
D 


a/2 
wf [re " dr dé 
a Cmieg 
0 v0 


Use a double integral to find the area of the shaded ree in rae f 
Problems 3-12. ease 


e 
= 
mE 


SERPENT EEN GANS EL aS a LY BO EE FE Pe IE 


& 
LEEDS E ATENEO 


19r = 1 and r = 1 + cos 


r= Land r= 2sin0 
Hint: Consider 0 < 6 < % 


and = 8 < 5 separately. 


Je y= 


15 fx, y) = en +4) 


Use polar coordinates in Problems 16-17 to evaluate the given 
double integral. 


a9] f yaa, where D is the disk x7 + y? < 4 
ode ha 
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od [é xy! dA, where D is the region inside the circle 


x 24 ying 


In Problems 1 8—20, evaluate the given integral by converting to 
polar coordinates. 


aA [OP saya 
poly 


ii Use polar coordinates to evaluate J { xydA, where D is the 


dx dy 


1 
Vltx?+ - f 


S55 dy 


intersection of the circular disks r : 4cos@ andr < 4 sind. 
Sketch the region of integration) 


eo. Exploration Problem If we evaluate. the integral J fr? dr dé, 


o -/ where Ris the region in the xy-plane bonded ig r= 2cos6, 
we obtain 


2cos@ X r3 
ee [ r drag = | = 
3 0 


8 . 3 n 
rs j “cos! odo = 5 [sine ~ =| 


2cosd 


dé 


Alternatively, we can set up the integral as 


. m/2 p2cosé. 
[[rarao= | | r* dr d@ 
0 0 
R 
2cosé . 
+f fos ~aryd0 = = 
n/2 


(if either) is correct and why? 


28: HISTORICAL QUEST Newton and 
eHleibniz have been credited with the 
discovery of calculus, but much of its 
EYlevelopment was due to the mathe- 
maticians Pierre-Simon _ Laplace, 
Lagrange (Historical Quest 55, Section 
11.8), and Gauss (Historical Quest 1, 


Supplementary Problems to Chapter 


PIERRE-SIMON 
5). These three great mathematicians LAPLACE 
of calculus were contrasted by W.W. 1749-1827 


Rouse Ball: Me 


The great masters of modern analysis are Lagrange, Laplace, 
and Gauss, who were contemporaries. It is interesting to note 
the marked contrast in their styles. Lagrange is perfect both in 
form and matter, he is careful to explain his procedure, and 
though his arguments are general they are easy to follow. 
Laplace on the other hand explains nothing, is indifferent to 
style, and, if satisfied that his results are correct, is content 
to leave them either with no proof or with a faulty one. 


Both of these answers cannot be correct. Which PRoCeeNts “ 


~ 
' | 
major contributor to probability, taking it from gambling fo a | Triole 
true branch of mathematics. He was one of:the eles to eval P 


| 
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Gauss is exact and elegant as Lagrange, but even more 
difficult to follow than Laplace, for he removes every trace © 


of the analysis By which he reached his results, and strives vate the improper integral | 
to give a proof which while rigorous will be as concise and ms at 
synthetical as possible.* . Te | arr ne 
= . 
Pierre-Simon Laplace has been called the Newton of asa as ie ee 
France. He taught Napoleon Bonaparte, was appointed for a wate mpoucny sored e1 eory of proba AlN . ° 
time as Minister of Interior, and was at times granted favors ary | Show that J = Ji. Hint: Note that . 
from his powerful friend. Today, Laplace is best known as the <0) f oo 
: Q) : —x? d ont d = ~(x oe @ ° 
aw eh) tp ke GA y= x dy 
Les : 
*A Short Account of the History of Mathematics, as quoted in ts ; ; 
Mathematical Circles Adieu, by Howard Eves (Boston: Prindle, Weber & where the integral on the right is over the entire xy-plane, | 
Schmidt, Inc., 1977). ‘ described in polar terms by 0 < r < co and0 < 6 < 2x. 


12. 4 Triple Integrals 


definition of the triple integral, iterated integration, volume by triple integrals 


ea 
Ay IN THIS SECTION 
ape | 
ka DEFINITION OF THE TRIPLE INTEGRAL 
a A double integral f 'f f(x, y) dA is evaluated over a closed, bounded region in the 


plane, and in éSssearially the same way, a triple integral [ Is f f(x,y, z)dVis evaluated 


: 3 f{ 
over a closed, bounded solid region D in Ls Suppose ; S y, Z) 1s defined on a closed 
region D, which in turn is contained in a “box” B in space. Partition B into a finite 


} ‘* number of smaller boxes using planes parallel to the coordinate planes, as shown in 
| Figure 12.25, \ Fi 


_ (hs Yio 2) 


} 
| 
j 
i 
i : 
B | te. « Volume 
a AV, 


Figure 12.25 The box B contains D and is subdivided into smaller boxes. 


We exclude from consideration any boxes with points’ outside § Let AV,, 
AV,, ..., AV, denote the volumes of the boxes tht remain, and define the norm \|PI| 
of the partition to be the length of the longest diagonal of any box in the partition. 
Next, choose a representative point (xj, yg, Z;) from each box in the partition and 


form the Riemann sum 


Sfp. yh ZA Ve 
k=l 


If we repeat the process with more subdivisions, so that the norm approaches zero, 
we are led to the following definition. 


Jane, 


rthe 


tated 


‘ osed 


inite 
Mn in. 


¥ 


Wi 3 
Triple Integral 


Figure 12.26 Dividing the solid D 
into two solid subregions 
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- If fis a function defined over a closed bounded solid region D, thensthe triple 


» integral off over D is defined tobe the limit. 


a 


ous on D and the surface of Dis p iecewise smooth, It can also be shown that triple 
pase Rok 2eSgem accent neaconambAistonessntaas 


grals listed in Theorem 12.1. In each case, gggume the indicated integrals exist. 


\ 


Linearity rule —_ For constants a and b 


// laf (x, y,z) + bg(x, y, z)]dV 
D : 


=a ff fey dav +b fff ga.r.0av 
_ dD D 


Dominance rule If f(x, y, z) => g(x, y, z) on D, then 


7 ll fony.av> [ff ec.y,0av' 
D D 


Subdivision rule If the solid region of integration D can be subdivided into two 
solid subregions D, and D, (see Figure 12.26), then 


[ff texoav= fff tosoav+ fff re,0av 
D Dy Do 


ITERATED INTEGRATION 


As with double integrals, we evaluate triple integrals by iterated integration. However, 


- Setting up the limits of integration in an iterated triple integral is often difficult, especially 


if the solid region of integration, D, is hard to visualize. The relatively simple case 
where B is a rectangular solid (box) may be handled by applying the following theorem. 


THEOREM 12.5 Fubini’s theorem over a parallelepiped in space 


If f(, y, z) is continuous over a rectangular box Bia<x<b,c<y<dr<z<s, 
then the triple integral may be evaluated by the iterated integral 


: s pd pb 
// fe yaav = | | | f(y, z) dx dy dz 
. r de da 


=k 
aU IC ESS ee 
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Figure 12.27 Region B 


Figure 12.28 


\_ Upper boundary 
SX. surface z =v (x, y) 


ha, 


a Lower a 


*" Projected region A 
in the xy-plane 


A z-simple solid D 


. EXAMPLE 1 Evaluating a triple integral using Fubini’s theorem 


~integration—for example, dz dy dx. ; a 


type I of type IL Such a solid is shown in Figure 12.28." 
_ ne 


respect to z) u(x, y) and u(x, y). We summarize in the following theorem. 


The iterated integration can be perfor med in any eiee with appropriate Se 
to the limits of integration: 


dx dy dz dx dzdy dzdx dy 
dydx dz dy dz dx dzdy dx 


Proof The proof, which is similar to the two- dimensional case, can be found in an 
advanced calculus course. Oo 


Evaluate | i; | zye* dV, where B is the box given by - 


This box is shown in Figure 12.27. 


Solution 


We will evaluate the integral in the order dx dy dz. 


1 p2 pt 
// Feanodv= fff evetds aya 
[Jaret JO 
B 


Treat y and Z as constants. | 


-f,f eet =) dydz = =f. [een 
—_—_|~ 


Treat zasa ea 
} y? y=2 
=(e-1)f 2 HB 

2 -1 2 


A : 
Li dz= one ‘ee | 2 


As an exercise, verify that the same result is obtained by using any other order of 


Next, we will see how triple integrals can be evaluated over solid regions that are 
not rectangular boxes. We will assume the solid region of integration D is z-simple in - 


the sense that it has a lower b ing surface z = u(x, y) and an upper bo bounding sur- / 
face z = v(x, y), and that it projects onto a region A in the xy-plane ¢ that i is of eithe either, 


The region D can be described as the set of all points (x, y, z) such that u (x, y) S = 
z < u(x, y) for all (x, y) in A. Then the triple integral of f(x, y, z) over the solid region 
D can be expressed as an iterated integral with inner limits of integration (with 


THEOREM 12.6 Triple integral over a z-simple solid region 


le a A RE EFT 


Suppose D is a solid region bounded below by the surface z = u(x, y) and above. by 
z = v(x, y) that projects onto the region A in the xy-plane. If A is of either typelor = | 
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type II, then the integral of the continuous function f(x, y, z) over D is 


v(x,y) 
|| {y0dV = A ‘ Fs, y2)dz) dA 
u(x,y) 


: Proof Even though a proof is beyond the scope of this text, we note that if A is 
vertically simple (type I), then for each fixed x in an interval [a, b], y varies from 
g(x) to g,(x), and the triple integral of f(x, y, - over D can be expressed as 


82(2) u(x,y) } ; 
df fi.y adv = ak, L f(x, y,2z)dzdy dx 
ae u(x,y) 


t aie if A is horizontally simple (type II), then for each fixed y in an interval 
[c, d], x varies from h,(y) to h,(y), and 


ho(y) pv(x.y) , 
II f(x,y, 2dV = Py han f(x, y, z)dzdx dy QO 
Ay(y) Jut,y) 


We illustrate this procedure in the following example. 


EXAMPLE 2 Evaluating a triple integral over a general region 
Upper boundary 


unk plane z= 4-2y 
Cylinder fh WAN 
we yrad th 


Evaluate | | / x dV, where D is the solid in the first octant bounded by the cylinder 


x?+ yo 4 and the plane 2y + z= 4. 


Solution 

The solid is shewn in Figure 12.29. The upper boundary surface of D is the plane 
z = 4 — 2y, and the lower boundary surface is the xy-plane, z = 0. The projection A 
of the solid on the xy-plane is the quarter disk x° + y? < 4 with x > 0, y > 0 (because 
| 7 D lies in the first octant). This projection may be described in type I form as the set 
'a.ThesolidD  - . of all (x, y) such that for each fixed x between 0 and 2, y varies from 0 to V4 ~ x?. 

; Thus, we have 


pa~2y 2 pafd—x2 p4-2y 

(eee, a, i ot xdzdy dx I f 

0 0 Jo 0 

D 
af4—x2 —x? 
=f a x{(4 —2y) -— 0] dy dx -=[ i (4x ~ 2xy) dy dx 
= [ [4xy — xy aa fits ra “larva —x2-—x(4- | dx 
0 

: LAr a l 32 20 
b.The region A = [-$4— 99-8? + a =|o-s+44+ 240-0] = 
= by : Figure 12.29 The solid D and its . 


projection A in the xy-plane 


0 


2. 


0 


Just as a double integral can be interpreted as the area of the region of integration, a 


triple integral may be interpreted as the volume of a solid. That is, if Vis the volume 
of the solid region D, then mers . = 


EXAMPLE 3. Volume of a tetrahedron 7 | 1 - 
Find the volume of the tetrahedron T bounded by the plane 2x + y + 3z = 6 and the 

. coordinate planes x = 0, y = 0, and z= 0. to Dott 
Solution . 


The tetrahedron T is shown in Figure 12.30a. The upper surface of T is the plane 
l= 16 — 2x — y) and its lower surface is.z = 0. Note that T projects onto a triangle, A, 
in the xy-plane, as shown in Figure 12.30b. Described in type I form, the triangle A is 
the set of all (x, y) such that for each fixed x between 0) and 3, y varies from 0 to6 — 2x. | 
Thus, fe, A 


£(6-2x-y) . 
ya fffar= ff Pr” aca 
T A : 

3 p6-2x i (6-2x—y) 
-[ | | dzdy dx 
0 JO 0 ; 


i oe 3 p6-2x : 
: . =i [4(6 — 2x — y) —Q| dy dx 


2 2 1.279 =6-2x ‘ 
=/ [2y — gxy — ay ile dx , 


3 
_ = | [26 — 2x) - £x(6 ~2x)- +(6 =x)" 2 0 dx 
i 


3 
i, 1136 — 24x + 4x*]dx =6 
0 


a. The tetrahedron bounded by the plane b. The region projected onto 
2x + y + 3z = 6 and the positive coordinate planes. the xy-plane is a triangle. 


Figure 12.30 Volume of a tetrahedron 


fa The volume of the tetrahedron is 6 cubic units. 
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Sometimes it is easier to evaluate a triple integral by integrating first with respect 
to x or y instead of z. For instance, if the solid region of integration D is bounded by 
x= x,(y, Zandx = x,( ys z), and the boundary surfaces project onto a region A in the 
yz-plane, as shown in Figure 12.31a, then 


[[ftexaav= ff [ ro...0a0d 
D. ae 


“| y= Y¥4,z) 


FAs 


{ 
: 


2 


{]] f(x,y, 2) dy dA 


AY 


{]f f(x, y,z) dx dA 


A xy 


a. A solid D with “front” surface — b. A solid D with “side” surfaces ~ 
X = Xp (y, z) and “back” surface y =yo (x, 2) and y = y, (x, 2) 
x =X, (y,2) 


Figure 12.31 Iterated integration with respect to x or y first 


On the other hand, if the solid region of integration D is bounded by the surfaces 
y= y, , z) and y = y,(x, 2), and the boundary surfaces project onto a region A in the 
xz-plane as shown in Figure 12.31b, then 


y 
II fla, y.2)dv = ff FG Dayda 
es D . eed, 


As an illustration, we will now rework Example 3 by projecting the tetrahedron 
T onto the yz-plane. ; 


a 
EXAMPLE 4 Volume of a tetrahedron by changing the order of integration 
Find the volume of the tetrahedron T bounded by the coordinate planes and the plane 
2x + y + 3z = 6 in the first octant by projecting onto the yz-plane. 
Solution —_ 
Note that T is bounded by the yz-plane and the plane 2x + y + 3z = 6, which we 


express as X = 4(6 — y — 3z). (See Figure 12.32a.) The volume is given by 


4 (6~y-32) 
v=ff{fav=ff | dxdA 
0 


WHCLG D 1d WE PLUJCCUUL I WC Y<-Plae. LUIS PLUJECUON 1s Lng Wlangie pounded by |: 


the lines z= 0, y = 0, and z = (6 — y), as shown in Figure 12.32b, 


a. The tetrahedron bounded by the plane © b. The region projected onto 
2x + y + 3z = 6 and the positive coordinate the yz-plane is a triangle. fi 
planes, | Igy 


Figure 12.32 Volume of a tetrahedron; alternative projection 


. 
ers 


Thus, for each fixed y between 0 and 6, z varies from 0 to 16 — y), and we have 


6 5(6-y) 4(6-y-3z) 6 4(6-y) a 
v= i ‘l dsdedy = | | $(6 — y — 32) dzdy 
0 40 0 0 JO : 
6 - 


ee: — 
-| [3z — 4yz- rl |e se dy | ; 

. | 

| 


6 
= [ (6-y - fy6-y)- }6-»? - Ody =6 


This is the same result we obtained in Example 3 by projecting onto the xy-plane. 

EXAMPLE 5 Setting up a triple integral to find a volume a 
Set up (but do not evaluate) a triple integral for the volume of the solid’ D that is ; 
bounded above by the sphere x? + y* + z* = 4 and below by the plane y + z= 2. The 
projection on the xy-plane is shown as a shadow in Figure 12.33. 


Hemisphere 


Projection on : 
xy-plane : - iB 


Figure 12.33 Region bounded above by a sphere and below by a plane” | 


SEROUS 
Bes Tease Pant SATU 
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r” . Solution = 
First, note that the intersection of the plane and the sphere occurs above the xy-plane 
(where z > 0), so the sphere can be represented by the equation 


z = 4/4 — x2 — y? 
(the upper hemisphere). To find the limits of integration for x and y we consider the 
projection of D onto the xy-plane. To this end, consider the intersection of the hemi- 
sphere and the plane z= 2 — y: 
Jhagey =2-y 
g-atoyPad—ay ty? 
x2 4+2y? —4y =0 
xv 4+2Q=1) =2 


Although this intersection occurs in R°, itsequation does not contain z. Therefore, the 

a he equation serves as a projection on the xy-plane, where z = 0. This is an ellipse cen- 
Figure 12.34 The projection of Donto tered at (0, 1), as shown in Figure 12.34. 

~ the xy-plane . We consider this as a type II region, which means we will integrate first with 


respect to x, then with respect to y. Because x2 + 2(y — 1)? = 2 we see that for fixed 


y between 0 and 2, x varies from —,/2-2y - 1)? = -v4y- 2y? to y4y — 2y?, 
However, using symmetry, we see the required volume V is twice the integral as x 
varies from 0 to /4y — 2y”. This leads us to evaluate V by the following triple integral. 


2 pa/4y—2y? af 4—x2—y2 7 
V= 2/ | I dzdx dy | 
0 40 2-y 


EXAMPLE 6 Choosing cin order of integration to compute volume 


Find the volume of the solid D bounded below by the paraboloid z = x? + y? and 
above by the plane 2x + z = 3. 


mw f+} Solution : 
The graph of the solid D is shown in Figure 12.35a. The projection of the solid onto 
the xy-plane is the graph of the equation 


iS jo xv+y'=3-2x Substitute the second equation into the first. 


o ee, ra (x+1P+y=4 _ Complete the square for x. 


a. The solid D bounded by z = vey b. The projection of D on the xy-plane c. The projection of D on the xz-plane 
- and2x+z=3 


Figure 12.35 The solid D bounded by z= 2? + y° and 2x +2= 3 and projections on two coordinate planes 


www WHILUIVS * 


This is a circle of radius 2 centered at (~ 1, 0), as shown in Figure 12.35b. Proceeding | —— 
as in Example 5, we find that the volume is given by the integral UG ] 2.4 


i .W 
1 /3-2x—x2  pd—2x : ‘ 0 t acc 
va2/ i / dzdy dx iar? 
-3J0 x2py2 sues 
, A 
| | 


‘which is not especially easy to integrate (try it!), ct 

However, if we project the solid D onto the xz-plane, the projection A is-the : Z ‘ 
region bounded by the line 2x + z = 3 and the parabola z = x? (take y = 0 in the equa- J 
tion z = x? + y), which intersect at the points (1, 1).and (—3, 9), as shown in 
Figure 12.35c. The solid D is symmetric with respect to the xz-plane, so we can inte- | so. ff 
grate with respect to y from y = 0 to y = ¥z—x? and double the result, We can 4 
then describe A as the following type I region. 


A: set of all (x , z) such that for each fixed x in the interval wee 
~3.<x< 1,2 varies from z = x? to z= 3, — 2x, \ 

v 

6. 


The volume of D is given by the integral a? : 


! By 1 3—2x af 2—x?2 ; 
V=2 i / : dy dzdx 
| —3 J x2 0 


8. 
: af 
: 1 p3—-2x ~ 
=2f | vz -—x?dzdx . | 
~3 J x2 , y 
7 Lyte | oe. 
aaa =2 =(z — x) dx ‘eS Ev | 
| =a 3 2 
} 


4 f} . 7 re 
=5/ (3 — 2x — x??? dy: 
-3 


1 
= s [3 —(x+1)PPPdx ° Complete the square. 
Let x1 2 sin 6; dx =2cosdo| 


_ 4 n/2 ; 
a al 8.cos’ 6(2 cos 6 d6) 
: 3 Jon 
128: 7%? | 
= — | cos’ 6 dé Symmetry 
3 Jo i 
2 128 3x Formula 320 | I 
- 3 \16 . . 
| e — 8x ; tT 


Sree cek pete a ee 


12.4 PROBLEM SET (°° - © 


Q 1. WHAT DOES THIS SAY? State Fubini’s theorem for a 
continuous function over a parallelepiped in R. 


| Compute the iterated triple integrals in Problems 2-9. 


yy ph pd ps 
al | [ dxayac 
MMe 4 2 
2 iH 2 
x | i | 8x7 yz? dx dy dz 
vy v1 dO i=l 
bales ace ; 
| | | xyzdzdy dx 
.» Jo Jo Jo . 
, 2 pk p4 
iB yzcosxy dz dx dy 
cane | 
of T ! 1 
«| | [ styeossvedeayas 
- 0 Jo JO 
: gpl py athd i 
y| i i et dzdx dy 
‘“ Jo Jo Jo 
4 pre pv3x 
y x—y 
dy dx dz 
A Ll aoe 


1 r y ; 
x] | (x + y)dzdy dx : 
0 vx-ldax 7 


Evaluate the triple integrals in Problems 10-14. 


wf {for + y?z) dV, where Dis the box 1<x <3,-I<y<], 
; 


. £5e54 
ue {ff oo + 2yz) dV, where Dis the box2<x<4,1< ys 3, 
= SpE 404 
-2<z<4 
4 | | | xyz dV, where D is the tetrahedron with vertices (0, 0, 0), 
1,0, 0), (0, 1, 0), and (0, 0, 1) 


Z aw [ff xyz dV. where D is the region given by x’ + y* + 2? <1, 
Dd 


y> 0,220 


O<x<l1,0<y<x,and0<zsxty 


yl | | | e* dV, where D is the region described by the inequalities 
4 
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Find the volume V of the solids bounded by the graphs of the 
equations given in Problems 15-22 by using triple integration. 


15. x+y +z= 1 and the coordinate planes 
iv ; t 
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; 


ps x? + 3y? = zand the cylinder y? += 4 
' | 


Pi 
ac 


Ne 
ay 


Ly 


a 


= 


So etl eer 


Mc 


y 


} 


) 
UA 


TRON 
LORS 
oe? 


K 
te 


a The solid bounded above by the paraboloid z = 6 — x? - y? 
.» .¥ fcand below by z = 2x’ + y’ 


{ . 
{ 
| 


Ke jp The solid region common to the cylinders x2 + z2 = I and 
NE e+ysa] 


| 
| ' For each given iterated integral there are five other equivalent . 
} iterated integrals. Find the one with the requested order in 


Problems 23-25. 


f I x 
: # ff [rexodas 
} 0 0 J0 


. change the order to dz dx dy. 


| =e axle ee ee eee 
7 ey OE oz) de dy a 
0 0 0 


change the order to dx dy dz. 


A 


1/2 pimdx? pl—dx opi ( 
fl, y, 2) de dy de, AQ 1, 
DOs 
0 Jo 0 Age 
change the order dy dx dz. ; 


J 
A, 


ign hack hy Sele Ne ae 
B ) ep. Find the volume of the ellipsoid - + 9 F iss 
427. A wedge is cut from a right-circular cylinder of radius R by a 
\ ,\(plane perpendicular to the axis of the cylinder and a second 
plane that meets the first on the axis at an angle of @ degrees, 


as shown in. Figure 12.36. 


iu 


Figure 12.36 Cutting a wedge from a cylinder 


Set up and evaluate a triple integral for the volume ft the wedge. 


i 2B. Find the volume of the solid region in the first octant that is 
42 bounded by the planes z= 8 + 2x + y and y =3 — 2x. - 


wy. Use triple integration to find the volume of a sphere. 


. Use triple integration to find the volume of a right pyramid 


ae ; with height H and a square base of side S. 


- Use triple integration to find the volume of the ellipsoid 
i 2 2 2 | 
RO Ok eh 
at ptaa! 


(assume a > 0,b > 0,c > 0). 


32. Counterexample Problem Let B be the box defined bya<x< 
- besysdr<z<s.Isittre that , 


| | | FOe)ely)h(e) dV 
B 


: | ro ax| [80 ‘| [0 ) 


iff, g, and h are continuous? Either show that this equation is- 
generally true or find a counterexample. ° ‘ 


33. One of the following integrals has the value 0, Which is it and 
why? ott 


/4—x2 -y? 


2 paf4-y? _ 
A. / / (xt 2*)dzdxd 
=) J = /4—y? ay /4—x2_y?2 y 


: 1 p2-x? 73 
B. | | | 2° sinxz dz dy dx 
0 vx 3 , 


Higher-dimensional multiple integrals can be defined and evaluated 


in essentially the same way as double integrals and triple integrals: « 


Evaluate the given multiple integrals in Problem 34. 


34, | / / / e424 dy dz dy dx, 
: H 


where H is the four-dimensional region bounded by the hyper- 
plane x + y + z+ w = 4 and the coordinate spaces x = 0, 
y= 0,z=0, and w = 0 in the first hyperoctant (where x > 0, 
y20,2>0,w> 0) . 


| 


t 


feck 
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12.5 Cylindrical and Spherical Coordinates 


IN THIS SECTION | cylindrical coordinates, integration with cylindrical coordinates, spherical coordinates, 
integration with spherical coordinates 


Gini CYLINDRICAL COORDINATES 


~y(r8.2) Cylindrical coordinates area generalization of polar coordinates to surfaces in R”.__ 

; ~ Recall that the point P with rectangular coordinates (x, y, 2) is located z units 
above the point Q(x, y, U) in t ie xy-plane (below if z < 0). In cylindrical coordi- - 
fates, we measure the point in the xy-plane in polar coordinates, with the same 
z-coordinate as in the Cartesian coordinate system. These relationships are shown 
in Figure 12.37. ° ee . 


eo OL CR 
‘iS 


Figure 12.37 The cylindrigal coordinate 
system - 


are shown in Figure 12.38. 
We have the following conversion formulas, which follow directly from the 


rectangular-polar conversions. 


iid 


| 


J 


CON ~ : 


% 


t a. Cylinder ¢. Paraboloid d. Hyperboloid 
Rectangular equation: =x? + y?=a? x? + y? = az veya. 
Cylindrical equation: r=a r2=az reazeth 


1is ne 
; Figure 12.38 Surfaces with convenient cylindrical coordinates 
ind ; 


- Conversion Formulas for Rectangula Cylindrical Coordinate 


der- 
: 0, ; . 
: EXAMPLE 1 Rectangular-form equation converted to cylindrical-form 
equation : 
a Find an equation in cylindrical coordinates for the elliptic paraboloid z = x + 3y’, 


a 
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Solution 
We use the conversion formulas x = rcos@ andy =rsin@, 


z= x? + 3y? = (rcos6)? + 3(r sing)” 
= r?(cos? 6 + 3 sin’ 6) 
=r7[(1 — sin?) + 3 sin? 6] . 
=r?(1+2sin? 6) | 


INTEGRATION WITH CYLINDRICAL COORDINATES 
A triple integral ff f(x, y, z) dV can often be evaluated by transforming to cylin- 
Up ; 


drical coordinates if the region of integration D is z-simple and the Solestion of D 
onto the xy-plane is a region A that can be described more aturally in terms of polar 


coordinates than rectangular coordinates, Suppose f(x, y, z) is continuous over the 
D= {(x,y,2z) suchthat u(x, y) <z< u(x, y) for all (, y) in A} 


Then 


v(x,y) 
[ff sex0a=]f]f fee, y,2)43 dA 
‘Ld u(x,y) 
R R 


u(r cos @,r sing) 2 A 
Sip f(r cos6,r sin@, z)r dzdr do 
D u 


(r cos 6,r sin 6) 


since in polar coordinates x = r cosé, y =r sin@, and dA = rdrdé (recall 


Figure 12.39 Vol 1 ti Be Gee ; 
indeed és ae ae Theorem 12.4 and see Figure 12.39). Thus, in cylindrical coordinates dV = rdr dé dz. 


Finally, the projected region is A, where 


A={(r,8) suchthat g(6)<r<g(0) for «<6 <} 


“ Tratisforming the given integral to cylindrical coordinates yields the form shown in 
; the following box. 


Triple Integral in Cylindrical 
Coordinates 
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Figure 12.40 illustrates how the region of integration D can be determined by 
using cylindrical coordinates. 


a. Integrate with respect to z. b. Integrate with respect tor. c. Integrate with respect to 6. 


| ; 3 Figure 12.40 - Determining regions of integration in cylindrical coordinates 


| EXAMPLE 2 Finding volume in cylindrical coordinates 
Find the volume of the solid in the first octant that is bounded by the cylinder 
x? + y* = 2y, the half-cone z = \/x* + y?, and the xy- mae 


Solution 


Let S be the region occupied by the solid as shown in Figure 12.41. This surface is 
most ‘easily described in cylindrical coordinates. 


Cylinder: Cone: : 


x+y? =2y =x? 4y2 


y? = 2r sind Zar 


Figure 12.41 The solid bounded by 


xt ty? = 2y,2= yx? +7, and the ; r =2sin0 
xy-plane . 


Since the region S lies in the first octant, we have 0 < 8 < 3, so S may be described 
by 


all 
iz. 


O<z<r Osrs<2sin@ Osos5 


v(r,6) m/2 sin@ 
a) dV= II rdzdrdd = [ i is rdzdr dé 
{) 0 0 0 
n/2 p2sind n/2 wel r=2sin@ 
ai ! r dr dé = [3 = 


=2/" (1 — cos” 6) sin @ dé 
0 


3 

8 9 + 089 HS 46 - 
= — |—cos = — 

3 | ee ee | 


ge 
dé = - | sin Od@ 
r=0 3 0 i 


\ 


EXAMPLE 3 Centroid in cylindrical coordinates 
7 A homogeneous solid S with constant denaity 6 is bounded below by the xy-plane, on 
mn the sides by the cylinder x? + y’ = a?(a > 0), and above by the surface z = x” + y’. 
Find the centroid of the solid. 


(3950, 263°, 57°) 


Figure 12.42 The solid bounded by 
YP +ypae@andz=xr+y 


“ss. P(x, y, 2) or 
A P(p, 8, 0) 


Figure 12.43 The spherical coordinate 
system 


Dallas-Fort Worth 
33°N latitude, 
9T W longitude; 
spherical 
coordinates 


> N 


“ ? “0 
Sos 

XN cs 

aN / \Latitude sas 


™ north : 
2 a 2 fs 
oat Longitude east og 


p = 3950 mi 


Figure 12.44 Spherical coordinates on 
the earth’s surface 


Solution 


The solid S is shown in Figure 12.42. Because the solid is bounded - a ee wel 


will carry out the integranon in cylindrical coordinates. 


| 


Cylinder: Paraboloid: 
P+y=a? z=xt+y? 
ae NA oe 
r=a (a>0) * | 


Let (X,Y, Z) denote the centroid. Using symmetry and the fact that the ddosild function | 
is constant, we have x = y = 0. Let m denote the mass of S. Since the projected | 


| 
: 


region is r= a for 0 < @ < 2z, we find that 


i 
' 


[feos an 
fA reer ae eae ae 2. 


~My | Ge ico 
ar 2n ~ Ea 3 
[fre | f i‘ rdedrd@ 
. a 
Verify the details of the integration. The centroid is (0. 0, =) : i 
: ) 
SPHERICAL COORDINATES 


| 


In spherical coordinates we label a point P by a triple (p, 0, ¢), where p, 0, and 1) 


are numbers determined as follows (refer to Figure 12.43): 


= the distance from the origin to the point P; we require p > 0. 


6 = the polar angle (as in polar coordinates); we require 0 < Q< a 


@ = the angle measured down from the positive z-axis to the ray from 
the origin through P; we requireO < $ < z. 


‘You might recognize that spherical coordinates are related to the longitude and 
latitude coordinates used in navigation. To be more specific, consider a rectangular 
coordinate system with the origin at the center of the earth, with the positive z-axis 
passing through the north pole and the xz-plane passing through the prime meridian. 
Then, a particular location on the surface is denoted by (p, 8, @), where p is the 
distance from the center of the earth, 6 is the longitude, and 5 — ¢ is the latitude 
(since latitude is the angle up from the equator). For example, Da las-Fort Worth 
has coordinates (p, 9, ¢) = (3950, 263°, 57°), as shown in Figure 12.44, , 

_ Spherical coordinates are desirable when representing spheres, cones, or certain 
planes. Some examples are shown in Figure 12.45. 

We use the relationships in Figure 12.45 to obtain the remaining conversion 
formulas. All of these formulas can be derived by considering the sciallOUsHiDs 
among the variables as shown in Figure 12.46. 
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Figure 12.46 Relations among 
coordinate systems 
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a. Sphere, p = a (a > 0) b. Half-cone, =a (0<a< a c. Vertical half-plane, § = a 


Figure 12.45 Surfaces with convenient spherical coordinates 


EXAMPLE 4 Converting rectangular-form equations to spherical-form 


Rewrite each of the given equations in spherical form. . 
a. the sphere’? ++y>+2=a’ (a> 0) b. the paraboloid z= x’ + y’ 


Solution : ; : 
a. Because P = Vx? + y?> +27 weseex?+y +2 = p”, so we can write 
=a ; 
p=a Because p > 0. 
b. zaxrty? 


pcos@ = (psin # cos 6)? + (posing sin9)? 
pcos = p* sin’ $ cos 6 + p* sin’ ¢ sin” 8 
= p*sin* ¢(cos? 6 + sin’ 6) 


BIST 


Se RR OT EN RO ed 


INTEGRATION WITH SPHERICAL COORDINATES 


For a solid S in spherical coordinates, the fundamental element of volume i is a spherical 
“wedge” bounded in such a way that + 
i 


MspsptAp Oo <O< G+ A4, 6, <6 <6, +A0 


This “wedge” is shown in Figure 12.47 and has volume p? sing Ap Ad Ag. r 


Figure 1247 A spherical wedge 


In Section 12.6 we show that the element of volume in spherical coordinates is 


dV =p’ sing dp dg do 


Using this formula, we can form partitions and take a limit of a Riemann sum as the 
partitions are refined to obtain the integral form shown in the following box. 


Triple Integral in Spherical 
' Coordinates 


EXAMPLE 5 Volume of a sphere 


In geometry, it is shown that a sphere of radius R has vol V= 5 $0 R3 . Verify this 
formula using integration. 


Solution 


It seems clear that we should work in spherical coordinates with the origin of the 
coordinate system at the center of the sphere, because the equation of the sphere is 
p=Rfor0<@ < 2m and0<¢ <n. 


aot yet ze ad 


Figure 12.48 -The solid D and the 
projected region in the xy-plane 
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2x pu R i | 

-|{/ av = [ | / p’ sing dp dodo : 
0 by tp 

2n : 
“ ie Fang] 


2x 
= Nee cos) f do = =f 2d6é 
0 3 


2n 
rv doae=® | [ sn9aoas 


5 


3 3 ‘ . 
=F ing =X en = pre a 


EXAMPLE 6 _ Deciding which coordinate system to apply to an integral 
Evaluate the integral od 


iat J2-x2-y2 
= ie zdzdy dx 


using the given rectangular form, or by transforming to either cylindrical or spherical 
coordinates. 


Solution 
The region of’integration is D, where 


= {(2,9.2) such that x? + y? <z</2-—x2—y? for 
geet e ern 


Geometrically, Di is the region bounded above by the sphere x? + y? + z* = 2 and 
below by the paraboloid z = x’ + y*. The bounding surfaces intersect where 


z=xrty? and xP +y?+72=2 


ztz?>=2 Substitute the first into the second. 


(z-1)(z+2) =0 
z=1  Rejectz = —2, since z > 0. oy 


It follows that the projected region in the xy-plane is the disk x? + y < 1 (see 


Figure 12.48). 
It may seem that transforming to spherical coordinates: may result in a less com- 


plicated integration, since the upper boundary of D has the simple form p = /2; but 
the lower boundary z = x? + y’ has the form 


Zz =x? + y? = 
“pcos¢ = (psing)? 


pz = = cotdcscg ; 
sin” o 


* 670 Calculus 


| 
Moreover, for 0 < ¢ < # wehave0 < p < V2, but 0 < p aii 
i 


7 << 5, which means we need two integrals to evaluate the integral 


| 


celine | 


dn pf4 pv 
i= | i | (pcos $)p” sind dp.dd dé 
0 0. 0° . 


2x pr/[2 pcotdcscd . : 
+f / ; i (p cos ¢)p” sind dp do do 
0 m/4 JO . 


However, if we use aes coordinates, the integral has the relatively simple form 


far? Qn 
ef Lf erdcdrda= ff r| [427] 2" ar a0 


2m 
aff pr[o—r)—r4] dra =} fr — 43 — 179] a9 


0 A 


2x i . yy 
(3) [a= fon =% a 


12.5 PROBLEM SET (G38) 


0 J. WHAT DOES THIS SAY? Compare and constrast the rectan- wa RE PORN Pe 
gular, cylindrical, and spherical coordinate systems. . [ [ i p sin@ dp do dé 


2. Exploration Problem Suppose you need to evaluate a particular 
triple integral. Discuss some criteria for choosing a coordinate Ow TDS Robes Hes onan ellipsoid tt 


system. L x =aRsin@cosé 
In Problems 3-4, convert from rectangular coordinates to ge) y = bRsing sing 
a. cylindrical —_b, spherical z= cReosd 
0,4, v3 gf tee sees aes Se 
J (0,4, 3) (1, 2,3) for a constant R. Find an equation for this ellipsoid in rectan- 
In Problems 5-6, convert from cylindrical coordinates to gular coordinates. : 
n clangular b. spherical : [S. Use cylindrical coordinates to compute the integral 


“4, £,-2) Jf (2, 35) ae [ [| vaxayac ie “ae a 
R 


In Problems 7-8, convert from spherical coordinates to 


a. dacs Lond b. cylindrical 
Wie (2, # ; (x, x, 7) where R is the cylindrical solid x* + y* < 1 withO<z< 1. 
’ 6 ’ oe & an 


Evaluate each iterated integral in Problems 9-13. 


Ja 
van a) r sind dz dr dO 


ff ig i, cos $ sind do dé db : 

: m/2 px[4 poosd 2 oA Use cylindrical coordinates to compute the integral 
ag, i; | p’ sing do dé dé “ 
0 Jo 


I (x4 ee. hax dye 


[ sind p4cosé ‘ 
ie i rdzdrdo | sh. e 
-n/4 0. : where R is the cylindrical solid x? + y? < a? withO<z< 


pe 
ae 


sc @ for ; 
spherical 


se pe a rene 
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z ae a Find the average value of the function f(x, y, 2) =x + yz 
zaxt+2ry ty oyer the sphere x’? + +2 =4. 


é Evaluate ll /x? + y? + 22 dx dy dz where Ris defined by 
R 


ety42<2. 


¥. Evaluate | | | z’ dx dy dz where D is the solid hemisphere 
D 


ce Use cylindrical coordinates to compute the integral 
Y+y+2si220. 


z(x? + y?)7'? dx dy dz / . eo 
| | i of Evaluate I | Iz SRL where D is the solid sphere 


Vxity+2 


x? + yr. as <3., 
Find the volume of the solid D given in Problems 23-25 by using 
integration in-any convenient system of coordinates. 


24,23. D is bounded by the paraboloid z=1- 4(x? + y’) and the 
xplane, MME WA Hor vs Leek 99) 


yY D.-is the intersection of the solid sphere x’ + y+z2 <9 and 
the solid cylinder x? + y’ < 1. ; . 

; 25. D is the region that remains in the ical solid p < <4 after 

f Find the centroid of the solid bounded by the surface ay oe ues < ¢ has ee Remy , 

Tos fon ae ey: . How much volume remains from a spherical ball of radius a. 

a yeh” andehe plane c= 9. “+ when a cylindrical hole of radius b (0 < b < a) is bored out 

é f f,. of its center? (See Figure 12.49.) 


" where D is the solid bounded above by the plate z= 2 and 
below by the surface 2z = ey, : 


wy 


The average value of a function f(x, y, z) over a solid region D is 
given by 


i 
- AVERAGE VALUE = ———————— ,y,zdV 
VOLUME OF D ill Pe ys) 
D 


Use'this definition in. Problem 19. 


Figure 12.49 Boring a hole in a spherical ball 


pos 


eZ 6 Jacobians: Change of Variables 
IN THIS SECTION | change of variables in a double integral, enn of variables in a triple fiend 


CHANGE OF VARIABLES IN A DOUBLE INTEGRAL 


When the change of variable x = g(u) is made in the single integral, we know 


b : d 
i eae | Fle(u))e'u) du 


where the limits of integration c and d satisfy a = g(c) and b = g(d). By changing 
variables in a double integral ff f(x, y)dA, we want to transform the integrand 
A 


| Acalss 


- transformation of 7, and is denoted by T~!. This terminology is illustrated in E 


; ; | : 
_THEOREM 12.7 Change of variables in a double integral | 


function in D*. Then 


f(x, y) and the region of integration D so that the modified integral is easier to evaluate 
than the original. In general, this process involves introducing a:“mapping factor” | 
analogous to the term g‘(u) in the single-variable case. This factor is called a Jacobian | 
in honor of the German mathematician Karl Gustav Jacobi (1804-1851; see} 
Historical Quest Problem 31), who made the first systematic study of change of vari- # 
ables in multiple integrals in the middle of the nineteenth century. 

~ Suppose we want to evaluate the double integral ff f(x, y) dy dx by converting } 


D 
it to an equivalent integral involving the variables u and v. This conversion is deter- § 
mined by a transformation (function) T that maps the wv-plane cnto the xy-plane. q 
If T(u, v) = (, y), then (x, y) is the image of (u, v) under T, and if no two points in § 
the uv-plane map into the same point (x, y) in the xy-plane, then T is one-to-one. In } 
this case, it may be possible to, solve the equations x = x(u, v) and y = y(u, v) for u | 
and v in terms of x and y to obtain the equations u = u(x, y) and v = v(x, y), which } 
defines a transformation from the xy-plane. back to the wv-plane, called the inverse | 


Figure 12.50. The basic result we will use for changing variables in a double integral 
is stated in the following theorem. 


RESPITE 


Figure 12.50 A one-to-one transformation T and its inverse T~! 


Let f be a continuous function on a region D in the xy-plane, and let T a one-to-one 
transformation that maps the region D* in the uv-plane onto D under the change of. 
variables x = g(u, v), y = h(u, v), for functions g and h continuously differentiable 


where 


ox Ox 


du av} ox dy dy x 
J(u, v) = cree een 
dy dy du dv du dv 


au av 


is nonzero and does not change sign on D*. The mapping factor J(u, v) is called the “4 
a(x, y) . i 
(u,v) | Po 
Proof A formal proof is 4 matter for advanced calculus, but-a geometric argument | 
for this theorem is presented in Appendix B. _Q 


Jacobian and is also denoted by 
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factor” 
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Multiple Integration 673. 


EXAMPLE 1 Finding a Jacobian 
Find the Jacobian for the change of variables from rectangular to polar coordinates, 


namely, x = rcos@ and y=rsing. 

Solution 

The Jacobian of the change of variables is 
dx dx 


a(x, or 90 —r si ; 

@ y) of = wad Fone =rcos’@+rsin?6 =r a 

a(r, 8) ay day sinO rcosé 
ar 36 ; 


This result justifies the formula we have previously used: 


i f(x, y)dy a= -f (r cos, 7 sin 8)r dr dé 
D _ D* pet 


where D" is the region in the (r, 6) plane that is m into the region D in the 
(x, y) plane by the polar transformation x = rcosé ,y = rsin@ , as illustrated in 
igure 12.51. 


i 
g 
{ 
H 


Figure 12.51 Transformation of a region D" by T: x = rcosO, y =rsin@ | 


¢ 


Sometimes it is easier to express u and v in terms of x and y, and to compute the 


oD). The Jacobian (x, Y) 
(x, y) d(u, v) 


J [ f(x, y) dy dx can then be computed by the formula 


a(x, y) Ou, v) 
3(u, v) v) a(x, y) y) 


(see Problem 32). This procedure is illustrated by the following example. 


Jacobian needed for converting the integral 


! 
Searle 2. Finding the Jacobian when u = u(x, y) and v = v(x, y) are: igiven 
d(x, y) . 


u,v 


If u = xy and v=x° — y’, express the Jacobian ——— in terms of wu and v. 


Solution 


It is not easy to express x and y in terms of w and v. However, 


du ou 
(u,v) jax dy y x : ; si 
= = = —2 = 2. = —? 
A(x,y) Jdv dav} jax —2y is x+y’) | 
| dx dy 


674 Calculus 
Since 
(x? se s) Ee 4x? y? ae (x? ue yy? 
vi +4u? = (x? +")? Substitute y= i? — yiand u? = xy 
x2 y? = V4u2 + v2 Note: x? + y* is nonnegative. 


a 
Therefore, since oy) ew) = I, we have 
a(u,v) a(x, y) 
Gy) 1 1 el 
0(u, v) ~ O(u, v) v) —2(x2 + yy?) 2S du2 + v2 7” 
a(x, y) . 
i ) 
EXAMPLE 3 Calculating a double integral by changing variables 
‘ . ot 
Xx _ l: Ps 
Compute | i (=) dy dx, where D is the triangular region hounded by the line | 
x+y y : 1 
D 
x + y = 1 and the coordinate axes. 
Solution | 
This is a rather difficult computation if no substitution is made. The form of the integral 


suggests we make the substitution 


| Solving for x and y, we obtain 

r=hutv),  y=3v-u) 

: | and the Jacobian is . 

. da fut *) a (* +v 

a(x,y) |eu\ 2 du \ 2 
Ou,v) | a v-u\ 9 fu-u 

du\ 2 dv \ 2 . 
To find the i image D* of D in the uv-plane, note that the bouncer ne and © 


_y.= 0 for D map into the lines u = —v and u =v, respectively, while x + y= 1 maps _ 
Fad a 
into v = 1. Therefore, the transformed region of integration D* is the “triangular region. 


Shown in Figure 12.52b, with vertices (0, 0), (1, 1), and (— 1, 1). 


a. The region of integration D b. The transformed region D* 


i Figure 12.52 Transformation of D to D 


ine 


and © 
“ADS | 


‘ion 


= Multiple Integration 67 5 
We now evaluate the given integral: 
I ‘yd = ff dudv = if fiw ‘udv=l 
x= = 4y~4 dudv = — 
x = y 10 


In Example 3, the change of variables was chosen to simplify the integrand, but 
sometimes it is useful to introduce a change of variables that simplifies the region of 
integration. 


EXAMPLE 4 Change of variables to simplify a-region 
5 


x 
Find ae area of the region E bounded by the SDSS + 5 = 1, 


Rolton = 


az ff ayax : 


E 


The area is given by the integral 


where E is the region shown in Figure 12.53a. Because E.can be represented by 


a, The elliptical region E b. The transformed region Cis a 
circular disk. 


Figure 12.53 Transformation of the ellipse E to the circle C 


; oan x Deaihe ode ons Re 
we consider the substitution u = ie and v = B which will map the elliptical region E 
onto the circular disk ae 


Ciu2+v? <1 
as shown in Figure 12.53b. Then x = au and y = bo, and the Jacobian is 


eee 1 ) Me a 
ace,y) _|au av | 4) -| 0 
ae) Bs i are 
Ou 


NUILUIUD 


Because ab > 0, we have |ab| = ab, and the area of E is given by 


i dydx = ff abdudv 
E iG . 
=ab ff dudv 
c 
. | =ab [fia 
c 


=ab [7(1)7] : Because Cis a circle of radius | 


= mab - - a 


EXAMPLE 5 Using a change of variables to find a centroid 


Find the centroid of the region D* in the xy-plane that is bounded by the lines y = 7 
and y = 2x and the hyperbolas xy = 1 and xy = 5. 


Solution 
’ Tf A is the area of D*, the centroid is (x, y), where 


| 
ormed region 


We wish to find.a transformation that simplifies the boundary curves ‘ the region of 


integration, so we let u = ” andy = xy and the boundaries of the trans 
x 


D become | 


Figure 12.54 The regions D’ and D 


ae 


iy 


a 
vi 
vs 


aes 


az 
1295 


mot 


gion 


4 ? 
yas ff vaa _ i Juv “laws ee 
D* 
Thus, the centroid is at approximately (2.0154, 1.5933) in the xy-plane. | 


- CHANGE OF VARIABLES IN A TRIPLE INTEGRAL 


- The change of variables formula for triple integrals is similar to the one given for 


Moltiple Integration 677 


Solving the equations u = aoe and v = xy for x and y, we, obtain x = Ju/u and 
y = ./uv, so the Jacobian is 


ox Ox 11 /v I 1 
d(x,y) du dv Quyu 2 fuv} -1 1 -!l 


(u,v) Jay ay) Lfo ifw ~ Gu 4u Ou 
du dv Wu Wo» 


The area of the region D” is 


te fare. 
mh (rz : 


To find the centroid (x,y), we compute 


5/2 
du dv © 2.0154 


r=3 ff =44= ain 


double integrals. Let T be a change of variables that maps a region R’ in uvwispace 
onto a region R in xyz-space, where 


Tix = x(u, v, w) y=ylu,v,w) z = 2(u, v, w) 


Then the Jacobian of T is the determinant 


A(x,¥,2) _ jay ay -dy 
d(u,v,w) lau dv dw 


and the change of variable yields 


ff f(x, y, 2dxdydz 


= // f[xt, v, w), yy, v, ip: z(u,v, w)] ate ya) 
R* 


O(u, v »w)| 


du dvdw 


4 


EXAMPLE 6 Formula for integrating with spherical coordinates 


Obtain the formula for converting a triple integral in rectangular coordinates to one | 


in spherical coordinates. 


Solution 


The conversion formulas from rectangular coordinates to spherical coordinates are 
x = psingcosé y= psingsing Z=pcosd 
The Jacobian of this transformation is 


3 a. : 
ape ag oP sing cos) gle sing cs6) 


(x,y,z) | Oo . : oO : : <_ ears 
(0.8.6) ~ aca ag 0 sing sin 9) ge 


oT) 
singcos@ ~—psingsind pcosdcosé 


~ |sing sind p sing cos @ pcos @ sind 


: ; soe has 
yp? cos ¢) 99° cos @) a, (pcos ¢) 


i cos d 0 - —psing 

| : =—p’ sing See Problem 91 of Problem Set 2 

cae of the Student Mathematics Handbook. - 

Hoey, eo . Since 0 < ¢ < 7, we have sing > 0, so are i 
a(x, y, Z) 


= =|—)? sin ¢| =p’ sing 


d(p, 8, b) 


i fix, y, z)dzdx dy 


=|] f(psin@cos6, psing sind, pcos d)p” sind dp dd dd 
R* 


12. 6 “PROBLEM SET 22 
| an BED gp 8H = é 
© Find the Jacobian oe Fe or au, @. i in Problems 1-8. wi x= ee, Se e+e 


eee aes we =wvi,y=uv—u 
o/s 


exe yoer = e" sinv, y = e" cosu 


2 : Hea w4+0 why = Ie — Vw Se 4 ew 


, X= UCOSU, y =u Sin», z = we” | 


one 


ire 


‘9k. 


Qyx Evaluate 


ee ; 


v w 
plate en 
u w “uo 
‘Find the Jacobian ~ ; in Problems 9-1 ] either by solving the 
u,v 
given equations for x and y or by first computing (u,v). Express 
" your answeys in terms of u and v. a(x, y) ; 
MG usye*vse 
y ) 
an Cee >0,y>0 
x 
ae 
oe = ae 
: wyy +y> x? +y? 
A region Riis given in Problems 12-15. Sketch the corresponding 


- region R’ in the uv-plane using the g ve gyyen transformations. 
nf i 


u=x?, yo 


x+y 


u=x?—y*,v 5 2xy 


16. Suppose the uv-plane is inapped onto the xy-plane: by the 
equations x = u(1 — v), y = uv. Epes dx dy in terms of 
du dv. 


’ 17, Suppose the ay pated is mapped onto the xy-plane by the equa- 


tions x = v2 — v*, y = 2uv. Express dx dy in terms of dudv. 


Use a suitable change of variables to find the area of the region 
spe ecified i in Problems 18-19. 
. The region R bounded by the hyperbolas xy = | and xy = 4, 
and-the lines y = x and y = 4x 
v e region R bounded by the parabolas y = y= Ay, 
= Jx,and y = 5./x 
Let D be the region in the xy- plane that i is bounded by the coordinate 


axes and the line x + y = 1. Use the change of variables u =x — y, 
v=x-+yto compute the integrals given in Problems 20-22. 


al |f (3) ayes ub [fo-v (x+y) dydx 


gf, fo = yer” dy dx Q3 ave wind) 
D 


II e PY It28) g A 
R 


az 
x, Evaluate 
J 


@ 31. 
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where R is the trapezoid. with vertices (0, 2), (1, 0), be 0), and 
(0, 8). 

‘ Let R be the region in the ia that is bounded by the 
parallelogram with vertices (0, 0), (1, 1), (2, 1) and (1, 0). 
Use the linear transformation x = u + v, y = v to compute 


ff (2x — y) dy dx, 
R 


. Use a suitable linear transformation u = ax + by, v= rx + sy 
to evaluate the integral 


2 
ye) emee 
cs 


where R is the region inside the square with vertices (0, 0), 
(1, 1), , (0, 2), and (—1, 1). 
26. Use the change‘ Of variable x = ar cos@ , y= br sind to evaluate 


[Jon(-$-2) 0 


where D* is the region bounded i the quarter ellipse 
2 2 


=a 5 =1, in the first quadrant . 


* fhe 2 
[fe (45) GA 
D 


2 2 


i 
where D’ is the elliptical disk => + a Sle. 


28/ Use the change of variables x = au, y = bv, z = cw to find the 
volume of the ellipsoid 


‘ 


x 


29. Evaluate 


IfGa 


where R is the triangular region with vertices (1, 0), (4, ~3), 
and (4, 1). 


>) ays 


rs Find the Jacobian of the cylindrical coordinate transformation 


»x=rceosé, y=rsnd, z=2Z 
HISTORICAL, QUEST Karl G. 
jacobi was a gifted teacher and one of 
Germany's most distinguished mathe- 
maticians during the first half of the _ 
nineteenth century. He made major 
contributions fo the theory of elliptic 
functions, but his work with functional 
determinants is what secured his place 
in history. In 1841 he published a long 
memoir called “De determinantibus 


KARL G. JACOBI 
1804-1851 


functionalibus,” devoted.to what we today call the Jacobian . 


and pointing out that this determinant is in many ways the 
multivariable analogue to the differential of a single variable. 
The memoir was published in what is usually known as 


x 


680 Coleulus 


Crelle’s Journal, one of the first Journals devoted to serious Use the multiplicative property of determinants, along with 
mathematics. It was begun in 1826 by August Crelle _ the chain rule, to show that 

(1780-1855) with the title Journal fiir die reine und ange- 
wandte Mathematik. a 


For this Quest, set up an integral for the circumference of 


A(x, y) 8M, v) _ 10 
a(u, v) A(x, y) | 


32. Let T: x = x(u, v), y = y(u, v) be a one-to-one transformation 
on a set D so that T~! has the form u = u(x, y), v = u(x, y). Handbook. 


the ellipse 
x ; You may assume that all the necessary Partial derivatives 
2 ap ao 1 exist. : 
This is an example of an &:“ptic integral. Properties of determinants are found in os 
Section 2.8 of the Student Mathematics [| WU 


cy 


CHAPTER 12 REVIEW 


Dis the shaded portion shown’ in. 


; 
< 
5 
Ke 
i 
s 


wy 


, Supplementary Problems 
with z.> > - 
Evalue the integrals. given in Problems me 8 


are ifs dA, where Dis te shaded portion shown in igure 2.55. laa a +y? cd 


oP Ey ES, with > 0 


, where His the solid hemisphere s 


Figure 125 5. Proble ; face 2 = x + YP: and the plane i= yes 


at 


L 2 iad the Tacobian 


Ou, vy 
AG aoe 


egion enclosed by the rose. y= cos $30 for 0 Z @ x 


2 


15. Suppose = 30° + y) and v= 4 


— with x > 0 
ete ; : 


a(u, v) 
a. Find the J acobian 
A(x,.y) 


- Ab Solve for x and y in terms of wand , and fad the Jacobian 


tee 


: 2 ; Sox f@P ax nan [FO] Pax 
Ipxf@ydx ~ ne fxd 


19. Putnam Examination Problem Show that the integral equation 


Group Research Project" 


Space-Capsule Design Ss Ee 


This project is to be done in groups of three or four students. Each group will submit 
a single written report. 


uppose you were part of a team of engineers designing the Apollo pu capsule. 
The capsule is composed of two parts: 


1. A cone with a height of 4 meters and a base of radius 3 meters. ; 
2. A reentry shield in the shape of a parabola revolved about the axis of the cone, 
' which is attached to the cone along the edge of the base of the cone. Its vertex is a 

distance D below the base of the cone. Find values of the design parameters D and’ 
5 so that the capsule will float with the vertex of the cone pointing up and with the 
waterline 2m below the top of the cone, in order to keep the exit port 1/ 3 m above 
water. 
You may make the following assumptions: 


a. The capsule has uniform density 6. 


b. The center of mass of the capsule should be below the center of mass of the dis- . 
placed water because this will give the capsule better stability in heavy seas. 


c. A body floats in a fluid at the level at which the weight of the displaced fluid 
equals the. weight of the body (Archimedes’ principle). — 


THE SCIENCE OF MATHEMATICS has grown _—- Your paper is not limited to the following questions but should include these congerns: 
| to such vast proportion that probably no Show the project director that the task is impossible; that is, there are no values of D 
| living mathematician can claim to have and § that satisfy the design specifications. However, you can solve this. dilemma by 
| achieved its mastery as a whole. incorporating a flotation collar in the shape of a torus.-The collar will be made by taking~ 
epee. " Witteliead hollow plastic tubing with a circular cross section of radius 1m and wrapping it:in a 
"An Introduction to Mehematics’ + utar ring about the capsule, so that it fits snugly. The collar is designed to float 
Pee eee just submerged with its top tangent to the surface of the water. Show that this flota- 
tion collar makes the capsule plus collar assembly satisfy the design specifications. 
Find the density 6 needed to make the capsule float at the 2 meter mark. Assume that 
the ‘weight of the tubing is negligible compared to the weight of the capsule, that the 
design parameter D is equal to 1 meter, and the density of the water is 1. 
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’ Divergence 
| 


nd Z 
Lie integrals of vector fields In'this chapter, we combine what We-have learned about differentiation, integration, 
ee of line integrals: mass and vectors to study the calculus of vector functions defined on a set of points in R? 
pitahes or R3. We introduce line integrals and surface integrals to study such things as fluid 
. Tho Fundamental Theorem and Path flow and then obtain a result called Green’s theorem that enables line integrals to be 
" Independence computed in terms of ordinary double integrals. This résult is extended into R? to 
Fundamental theorem for line obtain Stokes’ theorem and the divergence theorem, which have extensive 
ategrals applications in areas such as fluid dynamics and electromagnetic theory. 
Conservative vector fields rat 
Independence of path . 
Green’s Theorem 3 
Green’s theorem ; PERSPECTIVE 
Area as aline integral How much work is done by a variable force acting along a given curve in space? How 
Green’s theorem for multiply- ; pomemanre: 
can the amount of heat flowing across a particular surface in unit time be measured, 


(2) Gawx’s th. aad 
H@ Stoke > no pron 


Divergence and Curl 
Definition of a vector field 
Curl 

Line Integrals 


Definition of a line integral 


1 integrals with respect to x, y, PREVIEW 


ee dis th t similar to measuring the flow of water or electricity? We will 
‘aoonative tans of Gears and is e measuremen similar to measuring e flow of water or electricity * We Wi 
use line integrals and surface integrals to answer these and other questions from 


theorem ; 
Normal derivatives physics and engineering mathematics. 


Surface Integrals 

Surface integration 

Flpx integrals 

saetale over parametrically : 

- defined surfaces 

Stokes’ Theorem 

Stokes’ theorem 

Theoretical applications of Stokes’ 
theorem 

Physical interpretation of Stokes’ 
theorem , 


The Divergence Theorem 

The divergence theorem 

Applications of the divergence 
theorem 

Physical interpretation of divergence 


Chapter 13 Review 
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13.1 Properties of a Vector Field: Divergence and Curl 
IN THIS SECTION | definition of a vector field, divergence, curl 


DEFINITION OF A VECTOR FIELD 


The satellite photograph in Figure 13.1 shows wind measurements over the Atlantic 
Ocean. Wind direction is indicated by directed line segments. This is an example of -_ 
a vector field, in which every point in a given region of the plane or space is assigned 


a vector. Here is the definition of a vector field in R°. 


Vector Field . “A vector field in R° is a function F that assigns a vector to each point in its. 
domain. A vector field-with domain D in R? has the form poet eh go 


MG.» D+ NG. DIF POS. 


e the scalar functions M,N; andP are called the components of F. A con- 
tinuous vector field F is one whose components:M,.N, and P are continuous. |, 


For example, 
at 


F =2x’yit+e?j+ (tan 5) k 


Figure 13.1 A wind-veiocity map of 
the Atlantic Ocean 


yz 


% 
is a vector field with i-component 2x’ y, j-component e”, and k-component tan a 


A vector field in R? can be thought of as a specia here are no 
~ z-coordinafes and no k-components. Thatis;a vector field in R? has the form " 
ee pie eect ar = 


—_— 


F(x, y) = M(x, yhit+ Nix, yj 


To visualize a particular vector field F(x, y,.z), it often helps to select a number 
of points in the domain of F and then draw an arrow emanating from each point Pla, b, Cc) - 


with the directi nd length representing the magni LD, c) ||. We 
aA will refer to such a representation as the graph of F. Here is an example involving 


the graph of a vector field in R?. 


EXAMPLE 1 Graph of a vector field 
Sketch the graph of the vector field F(x, y) = yi — 3j. 


Solution 
C12 ae (3.-2] ‘We will evaluate F at various points. For example, 
ca aged aT te Ss Sis . ee oe : ; "7 
eee ee Beta FG, 4) = 4i — 3j and F(-1, 2) = 2i- (-Dj = 2i+-j 


We can generate as many such vector values of F as we wish. Several are shown in 


- Figure 13.2 The graph of the vector Figure 13.2. bs 


field F(x, y) = yi — xj 


The graph of a vector field often yields useful information about the properties 


of the field. For instance, suppose F(x. e velocity of a compressible: 
fluid (like a-gas) at a point (x,y) in the plane, Then F assigns a velocity vectorto each ° 
point i lane, and the graph of F provides a picture of the fluid flow. hus, the 


flow in Figure 13.4a is a constant, whereas Figure 13.4b suggests a circularflow. 


Vy CT 


-___TECHNOLOGY.NOTE._ 


The examples in Figure 13.3 show 
some vector fields obtained using 


computer software. 


Figure 13.3 Computer generated 


vector fields 


t 


a. A central faree fleld 
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T 
i 


b. A circular flow 


Figure 134° Flow diagrams 
\ 


Gravitational, electrical, and magnetic vector fields play an important role in 
physical applications. We will discuss gravitational fields now, and electrical and 
magnetic fields later in this section. Accordingly, we begin with. Newton’s law of 
ravitation, which says that a point mass ( article)-m_ at the origin exerts on a unit 


point mass located at the point P(x, y, z) a force F(x, y, z) given by 


F(x, y,2) = 7 U(x, y, Z) 


Gm 
ae i 
where G is a const he universal gravitational constant) and wis the unit vector. 


extending ¢ point P toward the origin. The vector field F(x, y, z) is called the 
: . iS ‘s ee ae — 
gravitational field of the point mass m. Because 


=I pad 
U(x, Y, 2) = ee (x + Yj zk) 
Very ee 
it follows that ; ; 

—Gm AW py” i 
FQ, 2) = maa aa E+ yd + 2k) LO WBN daa | 
(x? + y? +27) ie Oe 
Note that the_gravitational field F i origin and Has‘they # 


same magni or any point m located r = x? + y? + 2? units from the origin. 
Such a vector field is called a central force field. This force field is shown in 
Figure 13.5a. Other physical vector fields are shown in Figures 13.5b and 13.5c. 


b. Air flow vector field 


{ 
i 
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Divergence 


WARNING, The divergence of a eee 


field is a scalar function. 


Fluid flows from a source point. 
be arnenee 
divD <0 


SA 


some @ eGonen 


JOS, 
=o 
Fluid flows toward a sink point. 


“divD=0 


Fluid is incompressible. 


Figure 13.6 Flow of a fluid across 
a plane region, D 


DIVERGENCE 


' Divergence and curl are two operations on vector fields that originated in connection 
with the study of fluid flow. Divergence may be defined as follows. 


i 


4 


EXAMPLE 2 Divergence of a vector field 
Find the divergence of each of the following vector fields. 


a. FQ, y) = x*yi+xj 
b GG, y,2 =xit+y2jtxk 


Solution 


a a) 
a. div F = —(x’y) + — (xy?) = xy + 3xy? 
ox dy ~ 


, 9 a - . 
be div G = —(x) + —(y°2’) + — (x23) = 1 3y*2? 4 3x2? g 
. Ox dy 0z . 


Suppose the vector field 
V(x, y,z) = u(x, y, i+ vr, y, Dj+ ws, y, Dk 


represents the velocity of a fluid with density 5 (x, y, z) at a point (x ina certain 


tegion R in R’. Then the vector field 5V is called the flux density and is denoted byD. 
We can think of D = 5V as measuring the “mass flow” of the liquid. ae 


Assuming there are no external processes acting on the fluid that would. tend to. 
create or destroy fluid, it can be shown that div D gives the negative of the time.rate 


— 


change of the density, that is, 


This is often-referred to as-the continuity equation of fluid dynamics. (A derivation 


is given in Section 13.7.) When div D = 0; D is said to be incompressible. If div . 


D > 0 at a point (x, Yo» 2), the point is called a source; if div D < 0, the point is- 
called a sink (see Figure 13.6). The terms sink, source, and incompressible apply to 
any vector field F and are not reserved C id- applications. as 
_ A useful way to think of the divergence div V is in terms of the del Operator’ 
defined by a 3 | 
2 0; a a 
V=—i+—j+-—k | 
on aye az . 
Recall (from Section 11.6) that applying the del operator to the differentiable 
function f(x, y, z) produces the gradient field | 
. of. of. , af | 
Vf = >i+—j+—k 
. f Ox By” Oz 
Similarly, by taking the dot product of the operator V with the vector field V = 
u(x, y, i+ u(x, y, 2) J + wO, y, 2) k, we obtain the divergence 


Curl | 


WASHING, Notice that div V is a 


scalar, and curl V is a vector. 
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a a a 
V={—i+ —jt+ —k}]-(wit+vj+ wk) 
ox doy dz 


) ) ) 
= a5! Be ay) a ag 


du, av, dw 
“ax ay az 
= divV 


CURL 


The del operator may also be used to describe another derivative operation for vector 


fields, called the curl. yas 


cut = (2S i- (GP-S) i+ av uy 
. dy dz Ox dz J dx dy 


joéi«& <- Standard basis vectors 
ee Coy oy <vV 
ax day az 
u vw <vVvV 


=Vxv 


2 
The determinant form of curl V is aerial device for remembering the defini- 
tion and is helpful in organizing computations. 


Del. Operator Forms. for Divergence and Curl 


EXAMPLE 3 Curl of a vector field 
Find the curl of each of the following vector fields: 


F = x¢yzi+ xy*zj+xye2k and G=(xcosy)i+ xy?j. 


|. WARNING 


Solution 


ij k 
curl F = Oe. a @ 
ox dy az 
xyz xyz xyz? \ 
: | 
= on ee abies LA era an | 
iy a” ee aye | 
dy d 4 . 
—xy'z- — xyz} k 
+ (gate 5a) 
= (x2 xy i+ (?y — y+ Pe-2’Dk 
oe ct 
curlG = 2: a a 
Ox dy az 


xcosy xy- 0 


0 d ae ak Deine) j+ ar a )ik 
=|0-—x —|0-—(x —xy" — —(x co 
"az : 0z nals ax dy 


=(y’+xsiny)k a 
EXAMPLE 4 A constant vector field has divergence and curl zero’ 
Let F be a constant vector field. Show. that div F = 0 and curl F = 0. 


Solution 
Let F = ai + bj + ck for constants a, b, and c. Then 


— Example 4 shows that the 


divergence and curl of a constant i Es Re aa o- 
vector fleld are zero, but this does not saa 8x (a) + ay clo dg (c) a 


mean that if div F = 0 and cuil F = 0, 


then F must be a constant. For — i ; j k 
- instance, the nonconstant vecter field a 9 9 = 
Or oye | culF=|— — —!/=0i-0j+0k=0 | 
F(x, y, 2) = ai + yj — 2ek dx dy dz 
has both div F = 0 and curl F = 0. a ae @ ft 
TECHNOLOGY NOTE 


Derive, Maple, MatLab, and Mathematica will carry out most vector operations. For + 


Example 2, we define G(x, y, z) = xi + y’ 2j + xz*k, and use one of these programs: 


Div[x, y 27,x Zz] simplifiesto 3xz* + 3y’z? + 1 
You may need to enter a zero, as with F(x, y) = x*yi + xy3j, as shown here: 


- Div[x’ y, xy’, 0] simplifies to x(3y* + 2y) 


Finally, consider the vector field F from Example 3, F = x’yzi + xy*zj + xy’k. 
We can find the curl: 


Curl[x? yz, xy*z, xyz] simplifies to [x(z? — y), y@? — ay 22 — x] 


oar 


‘ The Laplacian Operator 


? The Laplacian is named for the French 


t mathematicidn Pierre Laplace 


“A (1749-1827).-See the Historical 
| Quest, Section 12.3, Problem 22. 


sul 


| 
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Combinations of the gradient, divergence, and curl appear in a variety of 
applications. In particular, note that if fis a differentiable scalar function, its gradient 
V fis a vector field, and we can compute 
SO eee 

Dg clas acd Of... Of. Of 
= {—i+—j+—k]-|—i+—j+—k 
(= ay) dz ) (i+ ay) az 
a? a? a? 

fee ees 


dy? O22 


‘ 


In the following box, we introduce some special notation and terminology for this 
operation. 


* 


~ EXAMPLE 5 Showing a function is harmonic 


Show that f(x, y) = e* cos y is harmonic. 


Solution fclx, y)=et cosy and frx(x, y) = e* cos y 


fy(x,y) =—e* siny and . fyy(x, y) = —e* cos y 


The Laplacian of fis given by 


V7 f(x,y) = fex(Xe¥) + Soy, ¥) fe =0 
=e cosy—e' cosy =0 


Thus, f is harmonic. | 


TECHNOLOGY NOTE . 


Derive, Maple, MATLAB, and Mathematica will find the Laplacian of a giyen 
function. For Example 5, we obtain : 


LAPLACIAN (e* cos(y), [x, y]) which gives 0 
If you have access to this technology, verify that. 
LAPLACIAN (x2 y3z, [x, v, zl) yields 6x?yz + 2y%z 


Inmany ways, the study of electricity and magnetism is analogous to that of fluid 
dynamics, and the curl and divergence play an important role in this study. In electro- - 


- magnetic theory, it is often convenient to regard interaction between electrical charges ¢ 


as forces somewhat like the gravitational force between masses and then to seek 
quantitative measure of these forces. 

One of the great scientific achievements of the nineteenth century was the 
discovery of the laws of electromagnetism by the English scientist James Clerk 
Maxwell (see Historical Quest, Section 13.7, Problem 32), These laws have an 


: mee ak 
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& elegant expression in terms of the divergence and curl. It is known e pirically. that 5 
e "the force acting on a charge due to an electromagnetic field depends op! the position, f 
% velocity, and amount of the particular charge, and not on the number # ther charges f _ 
that may be present or how those other charges are moving. Suppose a charge is } 
located at the point (x, y, z) at time ¢, and consider the electric intensity field E(a, y, z, £) 
-and the magnetic intensity field H(x, y, z, 4). Then the behavior of the resulting 
electromagnetic field is determined by 


Q 


divE = — div(uH) = 0 
€ 


c?(curl B) = a aa J 


a 
curl E = = (4H) 


where Q is the electric charge density (charge per unit volume), J is the electric 
current density (rate at which the charge flows through a unit area per second), Bis | 
the magnetic flux density, c is the speed of light, and y and € are constants called the 4 
permeability and permittivity, respectively. Working with these equations and terms § 
| is beyond the scope of this course, but if you are interested there are many references | 
you can consult. One of the best (despite being almost 40 years old) is the classic 
Feynman Lectures in Physics (Reading, Mass.: Addison-Wesley, 1963), 2 Nobel § 


or a 


Esa! laureate Richard Feynman, Robert Leighton, and Matthew Sands. — 


31 PROBLEM SET (2,6, 4,4, 


© 1. Exploration Problem Discuss the del operator and its use in 
computing the divergence and curl. 


2. Exploration Problem Discuss the difference between a vector 
valued function and a vector field. 


In Problems 3-6, find div F and curl F for the given vector function. 
GH xrityj+e7k 4. Fay) =i+ @+y)j 
FQ, y, 2) = 2yj 6. F(x,y,z) = ai — j + 2yk 
“In Prablemi 7—12, find div F and curl F for each vector is F at 
the given point. 
» FQ, he =i+j+kat (2, -1, 3) 
8. F(x, y, 2) = xd + y’gj + x2k at (1, -1, 2) 


Way, y, 2) = xyai + yj + xk at (1, 2, 3) 
10. F(, y, 2) = (cos y)i + (sin y)j + k at (3, 7, 0) 
~ FQ, y, 2) =e t+ ej + eK at (3,2, 0)-~ 2. 
12. F(x, y, 2) = (e* sin y)i + (e* cos y)j + k at (1, 3, —2). 
. Find div F and curl F for each vector field F given in Problems 13-28. 
A. F = (sin x)i + (cos y)j 14, F = (~cos x)i + (sin y)j 
~ Fax yj 16. F = —xi + yj 


x : y * 
yy. F= + 
yh Tety [Saye 


4 Yb 


26. F = (Inz)i+e”j+ tan”! (=) k 
z 


27. F = (ei + (3 In. Dj + (xe)K 

xi+ y}+ zk 

Determine whether each scalar function in Problems 29-32 is 
harmonic. 

29. u(x, y, Z) = e* (cosy — siny) 


28, F= 


30. v(x, y, Dae +yt27)'? 
31. w(xy, =P +yt 212 — 
32. r(x, y, Z) = xy2 , { 
, Show that the vector field B = y’zi + xz3j + yuk is 
incompressible (that is, div B = 0). ae | 


_ 34, Find div F, given that F = Vf, where f(x, y, 2) = 92 


35, Find div F, given that F = Vf, where f(x, y, z) = x*yz’. i 

36. If F(a, y, z) = 2i + 2xj + 3yk and GG, y, 2) =i ~ yj + zk, Ff 

_ find curl(F x G). ) 

37. If FG, y, 2 = xyi + yj + 27k and. GG, y, 2) = xi + yj - he 
find curl(F x G). — 

38. If F(, y, 2) = 2i + 2xj + 3yk and G(, y, z) = 
find div(F x G). 


ee 


18. F=xi— yj RS 39. If F(x, y, 2) = xvi + ye + 2k and G(, y, 2) = xi + yj — zk, 
19°F = axi + byj + ck for constants a, b, and c Sy. find div(F x G). j 
20. F = (e* siny)i + (e* cosy)j +k > 0, rR . . ane vector and let R = xi + yj + zk. Show that | 
21. F = vi +y'j +k | i) CS 1. /Let A bea a vector and let R = xi ot yi+ + 2k. Show that \ 
22. F = yi+ 2j + xk . curl(A x R) = 

23, F = xyi + yej + xzk 42./If F(x, y) = u(x, a + v(x, y)j, show that curl F = 0 if and only 
24, F = 2xzi + 2yz’j — k pou du 

dy ax 


25. Fa=ndt+ ry ejty ok 
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y that 43. Consider a rigid body that is rotating about the Z-axis (SO. curl (fF) = = f curl F + (Vf x F) a 

ition, (counterclockwise from above) with constant angular velocity Bl, div (FF) = f div F+(Vf-F) \\ 

<aiges o = ai + bj + ck. If P is a point in the body located at a curl (V f+ curl F) = curl (Vf) a (earl F) wre (ww 
ge is R =xi-+t+ yj + zk, the velocity at P is given by the vector field 53 div (Vg) =fdiv Vet VF-Ve B yn CW 

; V=oxR. v e 

’, 2,0) b4<-The curl of the gradient of a function is always 0. That is, 


a. Express V in terms of the vectors i, j, and k. 
: ) Vx (V)=0. flo UN 


ff b. Find div Vand curl V. 
44. Exploration Problem If F = (f, g, 2) is an arbitrary vector field = pee of the curl pf a vector field is 0. That is, div 


whose components are twice differentiable, ‘what can be said 
about curl (curl F)? @ In Problems 56-60, R = (x, y, 2), and 


1.45, Which (if any) of the following is the same as div : x G) for r= (Ri = yx? + y +2? a each case, ri the pen ee 


all vector fields F and G? or answer the question. dur ® Bs 
? I. (div F) (div G) _- 6 Rs Bh * =f what is di ? — mt 
ectric I. (curlF) -G —-F- (curl G) XY “Wyo pif a : 3k 
, Bis Ill. F(divG) + (divF)G Bel an — iN on (5 1 fe oi. Lowe ew,” a 
cdthe 4 IV. (Curl F)-G+F- (curlG) ae Q et a ) 
terms 4 Th Problems 46-55 prove the given property for the vector fields F ma , 
ences | and G, scalar c, and scalar functions f and g. Assume that all’ ai pa pe ee div(Vr y= =p. ak 
Bae g Wi portal eh ue and are continuous. 61.’ Exploration Problem ie and prove an acti for div(V(fz)), 
ODE. gee (cF) =c div F »' \\\ cAN where f and g afé differentiable scalar functions of x, y, and z. 
“§- 47. div (F + G) = div F + divG ) 62. Counterexample Problem Let F =.(x’y, yz’, zy’). Hither find a 
a 4 url(F -+ G) = curl F + curl es i) \y , vector field G such that F = curl G, or show that no such G 
" ae (c F) =c curl F exists. 
a 4) da = epg $e 


nm (8 a 
5 wEAY: 


e J ' ru 
= ye Se 


ne ae 
3 (Boras “fone 66)) 


13.2 Line ener 2, eas Shima nie e 
. 0 


yee a 
IN THIS SECTION definition of a line integral; line integrals with respect to x, y, “ond z; line negra 
of vector fields; applications of line integrals: mass and work 


_ 


‘232 is 
: A line integral is an integral whose integrand is evaluated at points along a curve in 
R? or in R°. We will introduce line integrals in this section and show how they can be 


used for a variety of purposes in mathematics and physics. 


DEFINITION OF A L. L 
j Savi ayo 


bo viet C bea oan curve, with parametric equations x = x(t), y = y(), 2 = z(t) for 
Wa<t<b, that lies within the domain of a functi 

ibe direction along the curve For increasing f. 

To define a line integral, we begin by partitioning C into n subarcs, the h of 


which has length As,. Let (xf, yg, 2) be a point chosen arbitrarily from the kth 
subarc (see Figure 13.7). Form the Riemann sum 


kis i 


(x4. Vis Zh) 


n 
So Fs Hes BAS 
k=1 


Figure 13.7. The curve C partitioned 
into subarcs 


> 2k, 


yw that and let || As|| denote the largest subarc length in the partition. Then, if the limit 


md setab DAs 


yw that | 
Pony 


BS QEZ 


id only 
exists, we call this limit the line integral of f over C and denote it by i, i, y,z) ds 
x ; : c ; 
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Line Integral over a Smooth 
Curve 


un 


Figure 13.8 Piecewise smooth curve 


6 Mgt eg ee 7 
@3 [ teoroas= f 90, 20) VOR + OORT OPat] 
b 


: TG, Vs 2 isc defined on the smooth curve C with parametric ecations. i pas 


ys “y@).2 ZS 20) then: the line integral of over Cis given es 


Hono, lim: 2! Fost dee DAs 


las S| 8. 


functions x(t), y(t), and z(¢) will all be continuou ble. Thus, we have 


ds = J (NP + OP +e OP at 


so the line integral can be written entirely in terms off: | \ 


EXAMPLE 1 Evaluating a line integral in three variables 


Evaluate the line integral | xz ds, where C is the helix x = cos LV=2h2= sine 
C | 

for0<t<xz. - | 

y : | 


Solution ‘ | 
Since x’(t) = —sin t, y'(f) = 2, z(t) = cos t, the line integral is | 


[ Peas = [ woroV@ OFF ORs OR 
Cc : 0 : 


oo 


= [os +*¢ein t)/(— Sint)? + (2)2 + (cost)? dt 
40 
= [ V5 cos’ t sint dt 
0 


Ses wes: 


ur 


5: 
= cos? t 


= fi 
The definition of a line integral can be extended to curves that are piecewise 


smooth in the sense that they are the n of a finite number of smogth curves swith: 
Si ase as shown in Figure 13.8. 


n particular, if C is comprised of a number of smooth subarcs C a OER C. , then 


[terad=[ ferodst [ fey,od404 Fes. y.2q 
€ . Cc. C2 ; Cy : 


This definition of line integration is illustrated in the following example. 


It can be shown that the limit that defines the line integral i f ls always exis ts 
if fis continuous at each point of C. Also, since the curve C is smooth, the component: 
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EXAMPLE 2 Evaluating a line integral over a union of curves 
Evaluate the line integral | xy ds, where C consists of the line segment C, from (—3, 3) 
JC 


to (0, 0), followed by the portion of the curve C,: l6y = 4 between (0, 0) and (2, 1). 


’ Solution 
[it 1 The curve C is shown in Figure 13.9. The segment C;, is part of the line y = —x and 
| [ PI el teal can be parameterized by the equations x = t, y = —f over the interval -3 < t < 0. 
a 


On this curve, we have 


x(@)=1, y@=-1,. so ds=VJ(1)? + (-1)? dt = V2dt » 
and the line integral of f(x,y) = xy over C, is . 


0 . 
| xyds=} ((-)v2at 
C = 


0 
=| ~J20 dt 
‘ 3 
=i? 


The curve C,, l6y = x*, can be parameterized by the equations x = 22, 
y= bxt = £0214 = 14 for0 <t < 1. We find that . 


x(t) =2, y=4P, so ds=V/(2)?+ 48) de 
and the line integral over C, is 
7 ai 
ye | xyds = i (2t)(t*)V/4 + 1616 dt 
er Cy 0: 


; fs | 
| = all Lape? 


0 
: 3 i 
{ | = v5 =1) 


Thus, the line integral over C is given by the sum 


1 
| [ vas =) nyds + | xyds = 20/2 4 (5/5 = 1) 
c C C2 Os 


tne 13.1 | Properties of line integrals 


Let f be a given scalar function defined on a piecewise smooth, orientable curve C. 
. > Then, for any constant &, : 


/ 


' Constant multiple rule: | kfds=k i fds 
Cc C 


Sum rule: [uit tase | nase fods 
C ig C 


where f, and f, are scalar functions defined on C. 


ry 


Opposite direction rule: | | fds=- | fds 
|} J-C JC 


Gewise 

S with where —C denotes the curve C traversed in the opposite direction. 

‘o then Subdivision rule: | fds= | fds+ / fdst+---+ ] fds 
ae : C Cy Co Ch ow 
de where C is the union of smooth orientable subares C= C, UC,U ++. UC, with 

ee only endpoints in common. . 
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Proof The proof follows directly from the properties of limits and the definition of i 


line integral. a Line Int 


LINE INTEGRALS WITH RESPECT TO x, y, AND z 
If As is replaced by Ax in the discussion leading to the definition of the line integral}. 


/ f(, y, 2) ds, we obtain a definition for the line integral | f(, y, 2) dx. Sincek 
c a : 


x = x(2) is differentiable, we have dx = x’(r) dt and the line integral of f with mspect| 
to x can be evaluated as follows: . , 


fia 


~ | 
be | faa odes i fle. y0), Ok" Oat 
: Cc a ; 


Similarly, if g and / are continuous on C, then 


b ‘ 
[ea= | gix(t), yt), 2(A)]y() dt 
Cc a 


b 
[race | h[x(t), y(t), 2(t)]z'(t) dt 
Cc a . 


By combining the line integrals with respect to the coordinate variables x, y, and z, ; 
e obtain ali . i= 


ow integral of the form 


[ure y, 2) dx + B(x, y,z)dy+ A(x, y, 2) dz] 


EXAMPLE 3 Evaluating a line integral with respect to coordihate variables | 
Evaluate the line integral 


[tvar-cay +4 
é 


where C is the curve with parametric equations x = ??, y = e~', z= e' for 0 <t< 1. 


Solution 
wo» Since x'(f) = 21, y'() = —e™', and z'(t) = e’, we have 


: I. ; 
[v dx —zdy+xdz]= i e'(2t dt) — e'(—e' dt) + t*(e' dt)] 
Cc ~~ Jo 
1d 
=f (2te' + 1+ te'J dt 
0 


= [-2e"(@+ D+tr+e? — 2+ 1, 
= [-4e"! + 1+ e(1-2+2)] -[-24+042] 


seeded a 


LINE INTEGRALS OF VECTOR FIELDS 


{ 
| We will now discuss what it means to compute the line integral of a vector field. 
i 
| 


il 
‘ t 


Line integral ef a Vector Field 


Figure 13.10 Graph of the 
semicircle C 
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. EXAMPLE 4 Evaluating a line integral of a vector field 


Evaluate i F - dR, where F = ( — 2)i + Qyoj- xk and C is the curve defined 
é ; 


parametrically by x =, y = 2t, and z = tforO<t<1. 


Solution 
Rewrite F using the parameter f: 5 
F = [002 (+ DONO - UCP Ik = 371+ 475 - AK, 


Because R(t) = t?i + 2tj + tk, we have dR = (2t dt)i + (2dt)j + dtk, so 
| F-dR = (312)(2t dt) + (41?)(2.dt) + (—t*)(dt) 
= (619 + 81? — t*) dt . 
Thus, 
1 119 
> 30 


: or ae 
[r-ar= | (6t? + 80? — t*) dt = fia Ser, 
c 0 2 3 5 


A line integral over a curve C does not depend on the parameterization used for 
C. This property of line integrals is illustrated in the following example. 


EXAMPLE 5 The value of a line integral is independent of parameterization 


Let F = yi + xj and let C be the top half of the circle x + y* = 4 traversed counter- 
clockwise from (2, 0) to (—2, 0), as shown in Figure 13.10. Evaluate the line integral 


i F - dR for each of the following paramieterizations of the curve C. 
c 


a;x=2cosé,y=2siné,0O<0 <7 
b x= —t,y=v4—-0,-251<52 


Solution . . - 
a. With the parameterization x = 2 cos 0, y = 2 sin®, we find that x'(@) = —2 sin 6, 
y'(@) = 2 cos@ 


[Far= [oe +x dy} 
Cc 6 


= i "ie sin9)(—2sin9) + (2.c0s0)(2.cos 4)] 46 
0 


nt 
| 4(cos’ 6 — sin’ 6) dé 
ae 


=/ 4cos20d0 © 
0 


=0 
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b. For the parameterization x = -t, y=V4—12?, we have x (f) = — 


d = -~ — -(= ———T a 
— [vartaan= [ [Ve=Ben+ 0-0 (Tem) a 


2 _A44 72 
ater dt 
a 


y= We find that 


[eal 
=0 


This is:the same result that was obtained using the parameterization in part a. 


EXAMPLE 6 Evaluating line integrals along different paths 


Let F = xy’i + x°yj-and evaluate the line integral i F . dR between the points (0, 0) | 
and (2, 4) along the following paths: . e \ - 


a. the line segment connecting the points 
. . . { 
b. the parabolic arc y = x* connecting the points 


Solution 
The two paths we are considering are shown in Figure 13.11. 


by setting x = f, y = 2t for 0 < ¢ < 2. Thus, 
R(t) =ti+2tj so that dR = dti+2dtj 


| 
a. The line joining the given points has equation y = 2x, which Bey b¢ parameterized 
| oe 
| 
| 


“In terms of t, we find F = 4fi + 2Pj and 
F-dR =4¢ dt +4r dt = 8 dt 


2 . : . 
[rar=| 8° dt = [214][)=32 ties 
Cc ° 


b. The parabola y = x? can be parameterized by settingx =t, y=? sor . 722. 
se R(t) = t+ 5 so that dR = dti+ 2tdtj 
oa | In terms of #, 
OT Raat yi= OCF OMI = Fi 15 


and 


b. The parabolic path 


FedR=Odt+Wdt=3dt eats s 


Figure 13.11 A line integral along * 9 


; : : 1 
different paths [F dR | 3p dt = fa 
C 0 2 


In Example 6 we see that the value of the line integral is the same for both paths. 
Indeed, it can be shown that for the vector field F = xy’ i + xy j, the line integral 


=a a 


0 


Note: The “line” integral should be ethos aaah AG 
thought of as the “curve” integral. The F - dR along any path C joining (0, 0) to (2, 4) has the same value. This is-not true 


: Cc 
equation|s} of a curve are needed so for every F (see Problem 58) but when it is true, the line integral is said _to be 


that the integral can-be di 
ust : * a el yr ao ” independent of path or path independent. Path independence is an important, | 
feature of certain vector fields and will be discussed in detail in the next section. : 
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APPLICATIONS OF LINE INTEGRALS: MASS AND WORK 


{Line integrals were developed in the nineteenth century, primarily to deal with 
ae problems in physics involving force, fluid flow, electricity, and magnetism. We will 
. - t show how line integration can be used to compute the mass of a thin wire and the 
work performed by an object moving along a curve in a force field. Additional 
applications are examined in the problem set and in Sections 13.3 and 13.4, 
~~ Consider a thin wire with the shape of a curve C and let ce 
(mass per unit length) at each point P(x, y,.z) on the wire. Suppose the curve is 
described by parametric equations x.= x(t), y= y(t), 2= af) fora<t <b, and 
subdivide the-parameter interval [a, ‘}] into n equal paris- This induces a partition of 
‘The portion ‘of the curve covered by the v wire into n subarcs. Let As, be the length of 
_ the kth subarc, and let Pk (xg. yz, zf) be a point chosen arbitrarily from this subare. 
Then, the mass of the subarc is approximately. 


Amy = S(xg5 Yes BASE 
n 
and the sum s Am, approximates the total mass of the\wire. We improve the 


k=1 : ‘ 
approximation by taking more and more subdivision points, and the actual mass of 
pn eens 


the wire 1s-given by the limiting value 


lm= lin") (p> Yes Ze) AS = i (x, y, z)ds a 
M i | n> kel C , 
7 eeu coe neeenneneememmnennenmmmmamasneiindieaaaneinmmmiat 


The center of mass of the wire is then the point (x, y, Z), where 


——$—$—$$—$—$—$———— rc 

1 _ Jj ; _ 4 ™ 
z=— | s8,9,2ds y= ~| y5(x, y,z) ds z= x [ ste y.ods 
mJc MJC mJc 


EXAMPLE 7 Computing the mass of a thin wire using line integration 
A wire has the shape of the curve - 


x=v2sint y=cost z=cost for0<tsz 
If the wire has density 5(x, y, z) = xyz at each point (x, y, z), what is its mass? 


- Solution 
We note that x’(t) = ./2 cos t, y'() =z) = —sint. The mass is given by the line integral 


| m= f ate y.2)dx 
Cc 


= | xyz [OP + b'OF + eat 


Cc 
= | V2 sint cos’ lw cost)? + (—sint)? + (— sin t)? dt 
Cc 


=) v2 sint cos” ty/ 2(cos? t + sin? t) dt 
0 


718 
. . =2| cos’ t sint dt 
tobe { 0 
ortant, 4 
a 3 


_ Jaths. 
tegral 


it true 


" object moves in a force field F 
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In Problem 49, you are asked to determine the center of mass of this wire. Note that j 
the center of 1 mass may not lie on the curve, or wire, itself. it 


~ One of the most important physical applications of line integration is in computing 
work. Recall from Section 9.2, that if an object moves along a line with displacement 
D in a constant force field F, the work done is W = F -D. We now consider the case } 
where F is a variable force field and the object moves along an orientable curve C. | 
Assume that C is parameterized by R(t) and ‘that the object moves in the direction of f 
increasing t. Partition C with subdivision points P,, P,, ---, P,, as shown i in Figure 13.12. f 

For k = 1,2,...,n, let Qe(xj, yes Ze) bea point chosen arbitrarily from the Ath 


subarc C, (the one with endpoints P,_, and P,), and let Fy = F (xf, Yes Zp: If the | 
a. An object moving along a curve -length AS, of the subarc C, is small, the force will be approximately constant and we } 
Cin a force field F assume it has the constant alte F, on the subare. Also, the direction of motion will | 


one of T,As,. Therefore, we can approximate the oil Lesa over the | 
kth subarc by 


W, © F, - T, As; 


\ 
° \ 


By adding the contributions along all n subarcs, we obtain the sum > Fy TAs; as | 


k=l" e 
an approximation to the total work performed as the object moves ‘atong C in the 
force field F. As the length of the largest subarc || As]| tends to 0, this’ approximating 


sum approaches the value of the line integral F - T ds; that is, 

b. The work performed as the c 
object moves along the kth subarc 
is W,= = F, : T, As, 


‘ aoa iam tel 
— W= lim ye TAK = = [ F-tas 
, | JAs|04 7 
Figure 13.12 Work performed as an pee 


ra 

po ecannew, wot 

seats etm Na a 
ls ee esis s LeesLeay Here 


along a curve C These observations lead us to consider were as a si integral. 


dR 
Recall that T= ae. where R is the position vector of the object moving on C. 


Thus, the work can also be given by the line integral 
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: that i git 
i EXAMPLE 8 Work asa line integral 
; An object moves in the force field F = y*i+ 2(x4+ L)yj. How much work is performed 
uting as the object moves from the point (2, 0) counterclockwise along the elliptical path. 
“ment x + 4y = 4 to (0, 1), then back to:(2, 0) along the line segment joining the two 
“case points, as shown in Figure 13.13. 
De . _ Solution : 
on 0 : F : . ; 
447 If Cis the trajectory of the moving object, the work performed is W = ¢ F . dR. Let 
ve kth C, be the top (elliptical) part of C, and let C, be the bottom (lin- 
If the ear) part. . 
id we The curve C, can be parameterized by the equations : 
1 will Fi oe a? es 
ea igure 1 The curve C . x = 2cost y =sint for0<t< z 
‘ f * mm ss 


(since x* + 4y* = 4), so the position vector for C, is R, = (2 cos #, sin t). Thus, we 
have Ri = (—2 sin t, cos t) and the work performed as the object moves along C, is 


\ 8 


: n/2 

Wi = F-dR, = i FIR, (0) RC) at 
As, as * ° | 
; : n/2 
in the 4 =| [(sin” t)(—2sint) + 2(2 oot + 1) sint(cost)] dt 
jating n/2 
, =| (—2 sin’ t +4 cost sint + 2 sint cos?) dt 

0 

n/2 : 

=| (—2 sin? ¢ + 4cos*t + 2 cost) sint di 

0 ; 


am [2 
= i (6 cos’ t + 2cost — 2) sint dt 
0 


0 
--| (6u” + 2u — 2) du 
, ' 
=1 oe 


For the line segment C,, a parameterization is 


ee Dt yel=t 0<t<l 


The position vector is R, = (24, 1 - 1), so R) = (2, - 1) and the work performed as 
the object moves along C, is | 


. pl 
W= | FedRi= [ mocor- Ryne : 
Co . 0 : | 
1 : 
= | (a — 172) +2028 + DU-H(-Dlat 
0 2 
a af ; 1 ; i ‘ 
a = | [6t* — 6t]dt 
0 
=-l 
Thus, the total work performed as the object moves along the curve C = C, UC, is 
wagrean=[ Part | F-dR=14+(-l)=0_ a 
C Ci C2 


a 


path in the force in Example 8 will always be 0. When.this occurs, the force is said to 
rvative., We will discuss conservative forse fields in Sections 13.3 and 13.4. 


13.2 PROBLEMSET 91-48 


pene 
A] 1. WHAT DOES THIS SAY? Explain the difference between 
7 UNE IN 0 
fdsand | fdx, ue: 
. c +b y 9.6 
—UNCNE af baw 
2. WHAT DOES THIS SAY? Discuss the evaluation of the line 


integral, F-dR. =I ax + Foly € hp) 
Ss 


In Problems 3-12, evaluate the given line integral over the curve 
C with the prescribed parameterization. 


J lis 


foes t<n lb 
iP 


i 


Po 
ds for C: x= 28", y = 31,0<t<1 we ob 


of J [ve +a for C: y? = x from (1, 1) to (9, 3) 4, 
0 


SH | ceay- ydx) for C: 2x — dy =1,4<x<8 % 


Ale 


(UY Bvaluate : [x + y)? dx — (x — y)* dy], where Cis the curve 
2b 


| re Evaluate ft [(y —x)dx-+x?ydy], where C is the curve 
| defined by y? = x? from (1, —1) to (1, 1). 

| 

| 


defined by y = [2x] from (—1, 2) to (, 2). 


)) 4 Evaluate [to - x) dx —x dy], where Cis the quarter-circle - 


x + y= 4 from (0, 2) to (2, 0). ieee o ei 


“ Evaluate | (x? + y*) dx + 2xy dy] for these ch choices of the 
Jc 


curve C: my 
eC is the quarter circle x” + y’ = I from (1, 0) to (0, 1). & 
wo Cis is the straight line y = 1 — x from (1, 0) to (0, 1). a, 


yf Evaluate [ [x’ydx +(x’ ~ y’) dy for these choices of the 


curve C: 
| je Cis the are of the parabola y = x2 from (0, 0) to (2,4). 
Pg . Cis the segment of the line y = 2x for0 <x <2. 7% 
/19, Evaluate the integral in Problem 14 for the path C that consists 


of the horizontal line segment (0, 0) to (2, Bs followed by the 
vertical segment from (2, 0) to (2, 4). 


19. Evaluate [ (—xy’ dx +x” dy), where Cis the path shown in 


Fi 13.14. 
igure Mey 


Jf (-y dx +x dy) for C: y = 4x? from (—4, 4) to (0, 0) y 
te ap 


Figure 13. is 


ye 


: 


Figure 13.15 Path of C for Problem 17 


(yx Bratt ple? ~y)dx+xdy], where C is the circular 
vide Crake 


path given by x = 2 cos6, y = 2 sin@, 0 < 6< 2r. lav, 


; pb Evaluate f (x’y dx — xy dy), where C is the path that begins 


at (0, 0), goes to (1, 1) along the parabola y = x?, and then 
- returns to (0, 0) along the line y = x, “ (2 


o +y)i + xj 
ang C is the specified curve. i 
ot Cis the straight line segment from (0, 0) to (2, 1), Rae 
. Cis the curve given by R(f) = 28+ sf for0<1< 1. 
2}. C is the vertical line from (0, 0) to (0, 1), followed by the 
horizontal line from (0, 1) to (2,1). \4 


Evaluate the line integrals in Problems 23-38. 


23. [Fak where F = and cist the 
ca ay aa 


quarter circle path x? + y* = =a’, traversed from (a,'0) to fed a 


a 


In Problems 20-22, evaluate | F- dR, Phere F= 


SY Cl (y dx — x dy + dz), where C is the helical path given by 


Ack = 3 sint, y = 3 cost,z=tfor0<t< 5 Stu eH 


Wx =asint, y =a cost, z=t for constant a and 0 <1 5 


xe 
a 


é. | dx + ydy + zdz), where,C is the following path: 


sae the helix defined by x = cost, y = sint, z=t for 0.< 
y° 
% 


./the straight line segment from (1, 0, 0) to (0.1, z) 


26 | (—y dx +x dy +xzdz), where C is the following path: 
c 
avthe helix defined by x = cost, y = sint, z = ¢ for 
Q<t<2n ; 
thie unit circle x+y? = 1,z=0, traversed once counter- 
clockwise as viewed from above mM 


of, [ (Sxy dx + l0yzdy + zdz), where C is the following path: 
6 


whe parabolic arc x = y’ from (0, 0, 0) to (1, 1, 0) followed, 


by the line segment given byx = 1,y=1,0<z< 1 
b/ the straight line segment from (0, 0, 0) to (1, 1,1) wy 


| 


28/’ iF -dR, where F = (y — 22)i + xj - Qxyk and Cis the path 
given by R() =A+?j—kforl<+t<2 | A 


x/ f F - dR, where F = a + xj + x?yzk, and C is the elliptical 
c 


path given by x? + Ay? — 8y+3=0 in the xy-plane, traversed 
once counterclockwise as viewed from above AY 


whl raat etod+ e+e where C is the 
“ iC: 


circle of radius 1 centered on the z-axis in the plane z = 2, 


i, 4 traversed once counterclockwise as viewed from above 


At ea 2 ford<t<1 ve 
om N ‘ 


I: ye? ds, where C is the line segment from (0, 0 y! to (2, 1,3) 
(1) 


(Vv 
wr dR, where F = yi + xj — (e+ dk and C is the 
boundary of the triangle with vertices (0, 0, 0), (1, 0, 0), (1, 1, 0), 


tr, hehe once clockwise, as viewed from above ats 
An By Ww) . ZO 
“3A/ | F-Tds, where F = —3yi + 3xj + 3xk and C is the 
Cc ena 


_ .” straight line segment from (0,0, 1) to(,1,1) “0 
9/4 F - Tds, where F = —xi + 2j, and C is the boundary of 
Ff ; 
the trapezoid with vertices (0, 0), (1, 0), (2, 1), (Os 1), 


traversed once: clockwise as viewed from above D 


36 | yds, where C is the one given by R() = ti + 20j 
c 
i (se? oa)) 


<t<2 

(x + y) ds, Bes Cis S given byR @= 
K 

“Yy 


Wf? thayty? 
roel ae ds, where C is the path given by _ 
a W 


; s RW = (cos fi--. (int)} j- k for 0 <t<2n 
i oy. Bvatoaip the line integral 


| pave gh 


ci x+y? 


(cos? ti + (sin?j, 


va 


where C is the unit circle. x + y 


= | traversed once 
counterclockwise. 


sax 


EPO i SG GO eee 
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‘ § dx + Y where Cis the square |x} + |y| = 1, traversed once. 
c ll +ly) ° 


a counterclockwise. v 
1 


. How much work is done by a constant force F = ai + j when 
a particle moves along the line y = ax from x = a to x = 0?° 

. A force field in the plane is given by F= (x? — y’)i + 2xyj. 
Find the total work done by this force in moving a point mass 
counterclockwise around the square with vertices (0, 0), 

2.0); (2,2), 0; 2). 

‘ Find the work done by the force field F = (x? + y’)i + 
(x + y)j as an object moves counterclockwise along the circle 
x+y? = 1 from (1, 0) to (—1, 0), and then back to (1, 0) 
along the x-axis. h- 

. A force acting on a point mass located at (x, y) is given by 
F = yi + 2%j:-Finid the work done by this force as the point 
mass moves along a straight line from (1, 0) to (0, 1). Vl Qe 
Find the work done by the force F(x, y, z) on an object moving 
along the curve C in Problems 45-48, 
F = (y* — 2)i + 2yzj — 2x°k, and C is the path given by 
xO)=t yt) =P, 2) =f, ford0<t< 1. i , 


46. F = 2xyi + (x? + 2)j + yk, and C is the’ line segment from 


(1, 0,2) to (3,4, 1). BARU 
4]/¥ = xi + yj + (xz — y)k, arid C is the line segment from 


0, 0, 0) to (2, 1, 2) ly 
48. F = xi + yj + (xz — y)k, and C is the path given by R() = 


_— A+MW+4PkforO<r<1. Sle 


49. A wire has the shape of the curve C: x = V2, y = cost, 7 = 
cos t for 0 < t < 7, and the density at the point (x, y, z) on the 


curve is d(x, y, z) = xyz. The mass of this wire was computed 
in Example 7. Find the center of mass. 


50. Find the center of mass of a wire in the shape of the helix x = 


3 sin t, y = 3 cost, z = 2t for 0 < ¢< m and the following — - 


choices of density 5(x, y, z): 
a. S(x,y, 2 =2Z b. 5%, y, 2) =x 
51. Find the centroid of a thin wire in the shape of the curve . 


rodyet, | aR, forO <1 2. 


52. Find the centroid of the arch of the cycloid 
C:x=t-— sint, y= 1 — cost for 0 < t < 2m. Note: The 
centroid may be thought of as the center of mass of a wire of 
constant density. 

53. A 180-lb laborer carries a bag of sand weighing 40 lb up a 
circular helical staircase (Figure 13.16) on the outside of a 
tower 50 ft high and 20 ft in diameter. How much work is ‘ done 
as the laborer climbs to the top.in exactly five revolutions? 


eRe ay 


wy 
in 


eat 
Ey 


gag. 


Figure 13.16 A circular helical staircase 
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54, Repeat Problem 53, assuming that the bag leaks 1 Ib of sand 
for every 10 ft of ascent. How much work is done during the 


laborer’s climb to the top? 


. 55. A 5,000-Ib satellite orbits the earth ina ene orbit 5,000 mi 


from the center of the earth: How much work is done as the 
satellite moves through one complete revolution? 


Cc) 56. Suppose a particle with charge Q and mass m moves with 


velocity V under the influence of an electric field E and a 
magnetic field B. Then the total force on the particle is 


F = Q(E + V x B), called the Lorentz force. Use Newton’s. 


‘ second law of motion, F = mA, to show that 


dV dR 
m—:-V= 
arr QE. oP 


and then evaluate the line integral I E- dR, where iC is the 
; C 


trajectory of a particle traveling with constant speed. 


57. Counterexample Problem If [ FG, y, z) ds =O, is it true that: 


fl, y, 2) = 0 on C? Either prove that it is, or r find a counter- 
example. 


58. Counterexample Problem This problem shows that not all line 


integrals are path independent. Let F = (y, —x), and let C, and 
C, be the following two paths joining (0, 0) to (J, 1). - 


Ci:y=xford<x<1 and Cy y=x' for0<x<1 


Show that 


C2 


[Fae FedR 
on ‘ 


13. 3 The pinduineail Theorem and Path Independence | | 
IN THIS SECTION fundamental theorem for line integrals, conservative vector fields, independence 
of path ) 


In general, the value of the line integrat |. F cF . dR depends on the path of integration 
C, but in certain cases, the integral will be the same for all paths in a given region D 
with the same initial point P and terminal point Q. In this case, we say the line inte- 


oe. OD ee Bn a ETT paved 
gral is independent of path in D (see Figure 13.17). In this section,|we will study 
path independence and characterize the kind of vector field F for which it occurs. 


“ 


FUNDAMENTAL THEOREM FOR LINE INTEGRALS 


The fi tal theorem of calculus (Section 5.4) says that if the function f is 
continuous on [d, 5], then “# 
. ; . 


where Fi is any_antiderivative of f; that 1 is, F'(x) = f(x). For a function of two or three 
variables, the analogue of the derivative is the gradient, and the corresponding ee 


of the fundamental theorem is the following theorem. on 


Figure'13.17 A Jine integral 
fF -dR is independent of path in 


D if its value is the same forall 
curves joining any two points in D. 


THEOREM 13.2 Fundamental theorem for line integrals | 

Let C be a piecewise smooth cyrve that is parameterized by the vector function sl t) 
fora < t < b, and let F be a vector field that is continuous on C. : fis a scalar 
then 


| 


function such tha' 


F-dR= f(Q)— f(P) 


=“ 


where Q = R(b) and P = R(@) are the endpoints of C. 
sh er oe aa ae eee 


~ 
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Proof We will prove this theorem for the case where f(.x, y, z) is a function of three 
variables, such that F = V f(x, y, z). Suppose R(t) = (x(), y@), z(f)) and let G be the 
composite function G(t) = fix, yO, 2]. Then, according to the chain rule 


dG af dx af dy , af de 


dt ax dt. dy dt dzdt 


and.we have 
[r-an= | vfae - 3 
co C my cone a ‘ 
- [ [Lars Lays Far] 
C. 


Lox dy 92 
=| af dx , afdy, faz), 
ax at 


ay dt dzdt 
. nb dG . . \ 
: —— — dt Substitution 
q at 
= G(b) — G(a) Fundamental theorem of calculus 


= f[x(b), y@), 2(b)1— fLz@), y(@), 2(@)] Substitution 
= f[R()]— f[R@] Substitution 


= f(Q)- f(P) | a 


EXAMPLE 1 Using the fundamental theorem to evaluate a line integral 
Evaluate the line integral [ F - dR, where | 

F = V(e* sin y— i — 2y) 
and C is the path described by R(t) = [2? sin $1] i— [Z cos (Ft + £)|jforO<t <1. 


Solution 
First, note that the hypotheses of the fundamental theorem for line integrals are satisfied 


since . 
“si f(x,y) =e siny — xy — 2y 
has continuous partial derivatives on the smooth curve C. At the endpoints of C, we-find 


left endpoint (t=0); RO= (0, 0) 
f(, 0) =e°sin0 -0-0=0 
right endpoint (t=1); RGU)= (ly z\ 
f (1.5) =elsing —$-2(§) =e- F 


Thus, according to the fundamental theorem for line integrals, we have 


[Pe aR= FQ) FP) = £5) 0.9 
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704 Calculus 


CONSERVATIVE VECTOR FIELDS 
A key requirement for evaluating the line integral /. F-dR-by-the fundam an theorem 


of line integrals is that F be the gradient of some scalar function f, that is, F = Vv fee 
Our next goal is to Nene hon o Gets wie avereee, field Fcan be 


expressed as a gradient field, and we begin by introducing some terminology. 


Conservative Vector Field “A-vector field F is said to be conservative in aregion Dif F = \ me scalar . 


EXAMPLE 2 Verifying that a vector field is conservative 
Verify that the vector field F = 2xyi + xj is conservative, with scalar potential 


f=xy. 


Solution . 
V f = 2xyi + xj and this is the same as F, so F is conservative: -i 


a. A region that is simply It is one thing to verify that a vector field is conservative as we did i in Example 7% 


connected (no holes) but it is more common to be given a vector field F and then be asked to determine 
wo whether it is conservative without knowing the answer in advance. We will establish 
ey a simple criterion for F to be conservative on any set _D in the plane that s these 
properties: 
———— 
«) 1. Any two points P and Q in D can be joined by a piecewise- smooth curve entirely 


within D. ts 
oY 2. Every closed curve in D encloses only points that are also in D. 


b. A connected region that is Vil A region D with property(1) is connected, and a connected region with property (2). 
not simply connected is simply connected. Roughly speaking, a simply connected region is one with no 
_ “holes,” as shown in Figure 13.18. 
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r | THEOREM 13.3  Cross-partials test for a conservative vector field in the plane 


-’ Consider the vector field F(x, y) = u(x, y)i + v(x, y) j, where u and _v have continuous 
e/ ; - ie 
irst artials in the open, sumply connected Tegion Din the plane. Then F(x, y) is. 


c. A region that is not 
connected . 
Proof We outline the proof in Problem Set 13.4 after our discussion of .Green’s 


Figure 13.18 Regions that are theorem. . Q 
connected and not connected ae: 


EXAMPLE 3 Finding a scalar potential function 


Show that the vector field F = (e* sin y — y)i + (€* cos y — x —:2)j is conservative’ 
and then find a scalar potential function f for F. 


«1 be 


tial 
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Solution : : 
First note that the component functions u(x, y) = e* siny — y and v(x, y) = e cosy — 
x —2 have continuous partial derivatives. Then 


u- dv 
—=e*cosy—1 and ae 
1 . x ‘ 


Since au = oe 


dy ax 


_ it follows that F is conservative. To find a scalar potential function 


. fsuch that V f= F, we note that fmust satisfy u(x, y) = f(y) and vQ, y) = i (x, y). 


fay= ie y)dx = fe sin y — y) dx 
i : . onan el 
This is the “partial integral” in the sense 
that y is held constant while the integration 
is performed with respect to x alone. 


\ 
\ 


=e*siny —xy +k(y) 
Note that k(y) is a function of y alone—a 
“constant” as far as x-integration is concerned. 


Because f must also satisfy e (x, y) = v(x, y), we compute the partial derivative of 
this f with respect to y: . 


. Ors, on dk 
fy. y) = le’ siny — xy + k(y)] = e cosy -—x + — 
dy : dy 


: dk 
Set this equal to v = e* cosy — x — 2 and solve for rr 
x 5 k x 
e*cosy —x+— =e cosy —x—2 
dy 
dk 
dy 
k(y) = —2y+C 


2 


Thus, any function f(x, y) = & sin y — xy a 2y + C. Any such function is a scalar 
. . oe . é SS oor 
potential of F and, for simplicity, we pick €=0: 


ew | a 


In Example 3, we began by using the fact that u = f.. In general, the issue of 
whether to start with u = f,orv=f, is often determined by which equation leads to 
the simpler integration. Ee? 


EXAMPLE 4 Testing for a conservative vector field in the plane 


Determine whether the vector field F = ye?i + (xe” + xj is-conservative; if it is, 
find a scalar potential. 


Solution 


We have u(x, y) = ye? and u(x, y) = xe? + x. 


pes = xye + et ae xye™ et +1 
oy ax 


fvo 


Calculus: 
ae AF 


i j k 
BEES es culF=| — a a 2 lj 
rd ax dy Oz 


dv 
so — = # = —, and F is not conservative. a 
. Ox’ ; ; 
In R3, the féllowing generalization of the cross-partials test may be used as a 
criterion for determining whether a given vector field is conservative. 


THEOREM 13.4 The curl criterion for a conservative vector field in R° * 


Suppose the vector field F and curl F are both continuous in the simply connected 
region D of R’. Then F is conservative in D if and only if curl F = 0. 


Proof As in R’, a simply connected region in R? can be described informally as one 
ith no “holes.” A proof using Stokes’ theorem is given in Section 13.6 QO 


Note that a vector field F = (u(x, y), u(x, y)) in RX can be regarded as the vector 
field G = (ue, y, 0), vr y, 0), 0) in R3. Since 


i j k 
curlG = 2 = am: 
ax dy > az 


u(x,y,0) v(x,y,0) 0 


d Sate 

we have curl G = 0 if and only if . = >. Thus, Theorem 13.4 becomes the . | 
x 7 : 

cross-partials test if F is in R?. 


ES a 


EXAMPLE 5 Determining a sector potential for a conservative vector 
field in R3 


Show that the vector field 
F = (20x3z + 2y?, 4xy, 5x* + 327) 


is conservative in IR? and find a scalar potential function for F. 

Solution : :; | 

To show that F is conservative in R°,‘note that the components of F are. continuous ; 
with continuous partial derivatives and that 


20x3z+2y* Axy Sx4+3z* 
= (0.— 0)i— (20x37 — 20x3)f+ (4y —4y)k oy 
=0 


Rieccies according to Theorem 13.4, the vector field F is conservative. . 
To determine a scalar potential function for F, we proceed as in Example 3, 
except that now we have three component equations, each involving three variables: 


a 0. 
af = 20x77 + 2y? of = 4xy ue = 5x4 + 32" 
ax oy dz 


Integrating the first equation with respect to x (holding y and z constant), we obtain 


fe, yz) = 5x'¢ + Day’ + 20,9 


{OUus © 
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where. g(y, z) is a constant with mabe to x-integration. Taking the partial derivative 


"of this expression. with respect to y, and then comparing the result to the teauie 


0 
equation = 4xy, we see that 


ae, 
Axy + a = Axy 
“Oy 


Thus, 


dg 
eh and. gy, 2) > h(z) 
oy 


é 


where h(z) is a constant with peel to x- and Ps integration, so 
Fay: z)= = 5x4 Zz ie + h(z). 


Finally, we compute the partial derivative of f with respect to z from this equation, 


) 
and compare it to the required equation z = = 5x" 432’: 


5x¢ + h'(2) = 5x4 +327. 
h'(2).= 32° 
A(Z=or+e 


¢ 


Therefore, any function of the form 
flx,y,2) = Sez t2ry +7 +C 


is a scalar potential for the vector field F. a 


INDEPENDENCE OF PATH : 


We now have the tools to discuss path independence for a line integral. Here are the 
definition and notation we will use. 


from Pp. to Q fad the same value. 


The following theorem provides three equivalent ways of co mae a 
given line integral is path independent. 


THEOREM 13.5 Equivalent conditions for path independence 


If F is a continuous vector field on the open connected set D, then the following three 
conditions are either all true or all false 


j. F is conservative on D; that is, F = V f for some function f defined on D. 


ii. f F. dR = 0 for every piecewise smooth closed curve CinD. 


iii. | F . dR is independent of path within D. 
c 


ee 4g 


Proof To prove this theoyem, it is enough to prove that (i) ‘implies (ii), Hi (ii) implies 
(iii), and that (iii) implies. (i). Then, if any one is true, all are true. 

(i) implies (ii) Assume that F is conservative, and let C be a closed curve in D, as 
shown in Figure 13.19a. Then any point P on C can serve as both the initial point and 
the terminal point of the curve, and according to the fundamental thegrem of line 
integrals, we have ‘ 


pF dR= f()— f(P)=0 
Cc 


a. (i) iraplie (it) 


where f is a scalar potential for F. 


(ii) implies (iii) Let C, and C, be two curves in D with the same initial point P and 
_ terminal point Q. Then the curve C formed by C, followed by —C, (the reverse of 
C,) is a closed curve beginning and ending at P. According to condition (ii), the line 
integral around this closed curve must be 0, so we have 


o=Pr-aR= f F-ar+ [ F-dR 
Ce ¢ Cy —-Cy 
Se eee 


ee \ 
Condition (ii). — Additivity of line integrals 


The closed 
curve C=C, U-C, 


b. (ii) implies (iii) 


Figure 13.19 Equivalent conditions 


for path independence and it follows that (see Figure 13.19b) 


‘ i_ [ F-an=- F-aR= | F-dR 
i on —C C2 


Since C, and C, were chosen as any two curves in D with the same endpoints, it 


follows that § F’- dR is independent of path in D. 
"dG . 


(iii) implies (i) For this implication, we assume that $ F’- dR is independent of 
€ 


path in D and construct a scalar function f such that F = Vf in order to show that E 
must be conservative. Details of this implication are outlined in Problem 54. a 


EXAMPLE 6 Work along a closed path in a conservative force field 


Show that no work is performed when an object moves along a closed path in a con- 
nected domain € force field is conservative. . * 


rere 


Solution 
In such a force field F, we have V f = F, where f is a scalar potential of F, and 
7 because the path of motion is closed, it begins and ends at the same point P. Thus, - 


the work is given by 
w= $F-dR= f(P)~ f(P) =0 | 
c 


We now have several ways for evaluating a given line integral f, c F- dR. We can 


1. Parameterize C and use the parameterization to convert the line integral into an 
“ordinary” integral in ¢ over an interval a < t < b. 

2. Check to see whether F is conservative. If it is, find a scalar potential function f 
and then use the fundamental theorem of ‘line integrals. 
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3. If F is conservative, find a convenient path C, with the same endpoints as C and use 
the fact that C; F-dR=f cF- dR since the line integral is independent of path. 


Here is an example that illustrates these options. 


EXAMPLE 7 Strategy for evaluating a line integral 


’ Evaluate the line integral / F - dR, where 
‘ c . 


F = [(2x —x"y)e + tan y]i + | = - He?) : 
“Ly tl 
for each of the following curves! =” 


a. C,; the ellipse 9x° + 4y’ = 36 | 


b. C;: the curve with parametric equations x = ? cos t,y = esinwt,Q<t<1 


: Solution 
7 First, we check to see whether F is conservative using the cross-partials test: 
oe 1 ee ae 
— | —— ~ x36 | = —— + (xy ~ 3x") 
ax Ee | ean" Z 
Co) 
a [(2x — x?y)e? + tan! y] 


Thus, F is conservative and we could answer both questions by finding a potential 
function for F, but it isn’t really necessary. . 


a. Since F is conservative, and the ellipse C, is a closed curve, we must have 


p F-dR=0. 
c 


b. The curve C, has initial point P(O, 0), where t = 0, and terminal point QO(—1, 0), . 


where t = 1. Since F is conservative, the line integral f c F - dR is independent of 
path, so the given line integral has the same value as f Cy F - dR, where C, is the 


line segment from P to Q. A parameterization for C, isx = —t,y = 0. Thus, if 
R = (—t,0), we have R’ = (—1, 0) and | 


1 
[ F-dR= | F-aR= | F[R@)]-R'() dt 
Cy C3 0 


: | 
a0 me ee ee ae Pea ee 
; =] \{(2(-1) — Oe ve 0] ( ns | ( re |} ar. | 


_ 


Oo 


=1 ‘ , a 


In the next section, we will develop another criterion for path independence as 
part of our study of an important result known as Green’s theorem. . 


~~ 13.3° PROBLEM SET GQ 4-19 , 24,24 ,21-36/) 


0 J [otyacseay 
a 


Exploration Problem What is a conservative vector field? 
WHAT DOES THIS SAY? Describe the fundamental theorem 
of line integrals. 

. WHAT DOES THIS SAY? Explain what is meant by inde- 
pendence of path. Describe various equivalent conditions for 
path independence. 


1. 
2. 


Determine whether or not each vector field in Problems 4-9 is 


conservative, and if it is, find a scalar potential. ae 2 
: , CORN ! - om 
ff yi + 20) Reayde YAa. “S- Qry"l + 3y*x4j Fes? “4 


CC (xe” sin y)i + (e* cosxy+y)j her gent 
e*cos yj Na os - . 
A (e** sin y)i + (e* cos yj 


(KK (-y + et sin yi + [+ sv 
Cy P+ (2x + yj oro 


Evaluate the line integrals in Problems 10-13 for each of the given 
paths. » j 


dg. [tc + 2y) dx + (2x +3y) dy] 
Cres 


haus at Oa aes ae a 
A creer | 
: 7 | = im 
: oy =N1+x (0,1) : 
J” COyeerenrt 

i i i. r | (i! 0 ; t . 

ACH) | i toa | In each of Problems 14-19, show that the vector field F is 

= | , conservative and j td a scalar potential f for F. Then evaluate the 


line integral te F-dR, where C is any smooth path connecting 
A(O, 0) to BCL, 1). 


jE (sy) = (& + 2y)i + (2x+y)j 


ib F(x, 9) = yi +27] KEY ag 


goa, 4 mys yD 
‘ Yv , 


WE FG) = 0 - DIF TPS HPO 


ss aan 


CF 9) = Ox i+ OF = 95 ah UK G9 
. F(, y) =e — xePj Sona) aA oe 


ae, 


wh.) 0t03 (y+ Di-xj yin] ¢ a ”? S 


(y +1) 


Show that the given vector field ¥ in Problems 20-25 is conservative 
“and find a scalar potential function f for F. 

20. y2at x2 j + 2xyzk 

21. e yzit+e’xzj+e%k 

22, yo! itag! f—xye?k 

23. (2? + y? # 2*)(xi + yj + 2k) 
24. (y sin z)i + (x sin z + 2y)j + ‘Gy cos 2k 

25. (xy? + yi + @?y + xz + 3y*2)j + Gy + kK 

In Problems 26-29, show that the vector field F is conservative 
and evaluate f-F-dR for any piecewise smooth path joining 
‘A(1, 0, —1) to B(O, -1, 1). 

. (x, y, j= (3x2y2z, 2x3yz, xy? = e72) 

F(x, yz) = (sin z, —z sin y, x cos z + cos y) COL 4 

28. F(x, y,z) = (2x23 — ey sin z, —xe™ sin z, 3x°2 + e~®’ cos z) 


(of rey Z= ; 


§ © 30. Acforce field F (x, y) = (3x2 + Gay?) + (6x2y + 4) acts on 
# =~  anobject moving in the plane. Show that F is conservative, and _ 


find, a scalar potential for F. How much work is done as the 
object moves from (1, 0) to (0, 1) along any path connecting 
' these points? 


Verify that each line integral in Problems 31-36 is independent of 
path and then find its value. 


Uf [txt +284 ydx+ Ory + yay], where C is any 
_ path from (0,0) t0 (1,1) & 


y 


3p. nad cos xy) dy}, where C is any 


- path from (0, 5) to (1, £) “4, 

ee I (oy, x’)dx+(x+y?)dy], where C is any path frem 
pare (0,3) %& 

3. [ [x*y +y) dx + (x* + 2xy) dy], where C is the path 


given parametrically by R@=ti+ ¢ + t—2)jfor0<t<2 


¥# [ [(sin y) dx + (3 + x cos y) dyl, Sie Cis the path given 


parametrically ie me = 2sin (%) cos(rai + (sin-! Dj for . 


2 
0<r<il. SWI 


36, [er cos y) dx + (—e* sin y) dy], where C is the path given 
_ parametrically by R(t) = (cost)i+ (sint)j for 0 <1 < re 


Evaluate the line integrals given in Problems 37-41 using the 
fundamental theorem of line integrals. 


37, | (yi + xj) -dR, where C is any path from (0, 0) to (2, 4) 
Ce . . 

38. ip (xy?i+ x°yj) - dR, where Cis any path from (4, 1) to (0, 0) 
Cc 


39, / (2y ay + 2x dy), where C is the line segment from (0, 0) to 
Cc 
(4, 4) 


Gn lee 


yo ies ee] 4 uy 
feet Z, tan “aa Ge 


v\ 46. Let F(x, y) = 
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40. i (e" sin ydx + e* cosy dy), where C is any smooth curve 
C 
from (0, 0) to (0, 27) 


ae xy 
si [| x read = 


1 x2 
ae +er-y)| ay, 


xe+y 2 


where C is any smooth curve from (1, 1) to (—1, 2) 
42. Find a function g so a@KG, y) is conservative, where 


Fa, fa (x2 +y4xitxyy + 
43. Find a function a so g(x) F(, y) is conservative, where 


~~ Ely) = (x4 + yi - (yj 


44, a, Over what region in the xy-plane will the line integral 
i [yx ta de x7! dy] 
¢ 


be independent of path? 
b. Evaluate the line integral i in part a if Cis defined by 


R(t) = (cos® t)i + (sin 3¢)j 


for0 <t < §. 
45. The gravitational force field F between two particles of 
masses M and m separated by a distance r is modeled by 


K 
F(x, y,z) = aM 


where R = xi + yj + zk and K is the gravitational constant. 


a. Show that F is conservative by finding a scalar potential 
for F. The scalar potential function f is often called the 
Newtonian potential. 

b. Compute the amount of work done against the force field 
F in moving an object from the point P(a,, b,, C,) to 
Q(4,, Dy, C3). 

—yit xj 

x? 4 y?" 


a. Compute the line integral {., F - dR where C, is the upper _ 


semicircle y = V1 —x? traversed counterclockwise. 
What is the value of {,, F dR if Cy is the lotver semicircle 


y = —V1 — x? also traversed counterclockwise?. . 
b. Show that if F = Mi + Nj, then 


) ~y _@ x 
dy (x2 ty?) ax Lats y? 


but F is not conservative on the unit disk x2 + wrree dy 


47. Modeling Problem A person whirls a bucket filled with water in 

a circle of radius 3 ft at the rate of 1 revolution per second. If 

. the bucket and water weigh 30 1b, how much work is done by 
the force that keeps the bucket moving in a circular path? 


In Problems 48 and 49, you are to experiment with the notion of 


computing work along a path, with and without the benefit of 
‘independence of path. Suppose you are to power a boat of some kind 


- O50. show that if the vector field = 


# 


vik SOIcuIUs 


from point A(0, 0) to point B(2, 1), and the primary consideration 
is the force of the wind, which generally opposes you. You are to 
investigate the effect of taking different paths from A to B. 


48. a. Suppose the wind force is F = (—a, —b), for aand b pos- 


itive. Compute the work involved along the straight line 
path between A and B: then along a second path of your 
choice. Does the path matter here? Why or why not? 

b. Due to the effect of the harbor you are entering, suppose 
the wind force is (—a, ~ae~’). Again, compute the work 
along two paths as in part a. Does the path matter here? 
Why or why not? 

c. Repeat part b for (—a, —ae- $20). 

- 49. Exploration Problem An important type of problem in several 
" fields of application is, “Can we find the optimal path to min- 
imize the work?” You are to explore this issue in regard to the 

wind force in Problem 48¢ 


F = (-a, ~ae-~” +419) 


a. You should have the work computed for two different paths 
from the previous problem. By looking at these numbers 
and carefully studying F, you should see that we will be 
rewarded (or punished) by changing the path slightly from 
the straight-line path. What do your observations suggest 
regarding trying to minimize the work? 

“p. Attempt to find an (approximate) optimal path, starting 
with your observations in part a and common sense. For 
example, the path ‘could be described by a parabola 
(or higher-degree polynomial) or by some trigonometric 
function. Find a “good” path for this purpose. 

Explore the following question: “Is there a realistic optimal 
path from A to B?” Consider two conditions: First, there is 
no restriction on the path; second, suppose there is a shore- 
line at y = 1 so that one’s path cannot exceed this limit. 
Hint. One approach might be to consider all parabolic 
paths of the form y = x(b — ax), where a and b are non- 
negative, and y(2) = 1. In this case, you can eliminate b 
and do a one-parameter study, 


ie 


d. Assume the path in part ¢ cannot go above y = 1. You may 
have discovered the optimal path. What is it? If you did the 
parabolic study suggested in part c, there is an optimal path 
in this case, What is it? 


& . rs : 
: 4 = ! 
s . : re 
é 7 § 
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13.4 Green’s Theorem 


IN THIS SECTION Green’s theorem, area as a line integral, Green's theorem for multiply-connected 
regions, alternative forms of Green’s theorem, normal derivatives 


bdF ee 
The fundamental theorem of calculus, i ie dx = F(b) — F(a), can be described 


‘ as saying that when the derivative aF is integrated over the closed interval a <x<b, 
d. “ 


x 
the result is the same as that obtained by evaluating F(x) at the “boundary points” a 
and b.and forming the difference F(b) —.F(a). We obtained the analogous result 


5 


ed, 


52. 


53. 


54, 


~ is conservative, then 


. Let fand g be differentiable functions of one variable. Show 


-a. Show that the work done on the object is 


0M 9P aN aM 


oP 2; ON 
dz Ox * ax dy 


ay Oz 


that the vector field F = (fa) + yi + Eg(y) + x] J is conser- 
vative, and find the corresponding potential function. 


LetR =xi+yj+zkandr= {| R ||. Show that the work done 

in moving an object from a distance r, to a distance r, in the 
central force field F = R/? is given by no 

1 1 

W=—-—- 

ar) 


An object of mass m moves along a trajectory R(f) with veloc- 
ity V(t) in a conservative force field F. Let R(,) = Q, and 
R(t,) = Q, be the initial and terminal points on the trajectory, 


_W = K(t)—K(q), where K() = LmlV()|? ‘is the 
object’s kinetic energy, \ a 
b. Let f be a scalar potential for F. Then P(t) = —f(t) is the 
potential energy of the object. Prove the law of conserva- 
tion of energy—namely, “~ 
P(t) + K (to) = P(t) + K (1) 


Complete the proof of Theorem 13.5 by showing that if 
cF- dR is independent of path in the open connected set D, 
then F is conservative. Do this by completing the following steps: 


a. Let P(a, b) be a fixed. point in D, and let Q(x, y) be any 
point'in D. Define the function f(x, y) by 


Q 
fone f F-dR 
P 


Let Q, (x, y) bea point in D other than Q that lids on the same 
horizontal line as Q. Let C , be any curve in D from P to Or 
and let C, be the horizontal line segment joining Q, to Q. 


of. 
Show that if F = M(x, y) i + N(a, y) j, then age M(x, y), 
b. Using a similar argument (only with vertical line Z| 


me) 
segments), show that - = N(x, y). Conclude that since 


F=V,F must be conservative in D, 


‘Tel Aviv). Courtesy of Eli Maor. 
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[ Vf -dR = f(Q) - f(P) 


in Section 13.3, and our next goal is to obtain a different kind of analogue to the 
fundamental theorem of calculus called Green’s theorem after the English mathe- 
matician George Green (Historical Quest in Problem 39). 


GREEN’S THEOREM 


Green’s theorem relates a line integral around a closed curve to a double integral over 
the region contained by the curve. We begin with some terminology. A Jordan 
curve, named for the French mathematician Camille Jordan (1838-1922), is a closed 
curve C that does not intersect itself (see Figure 13.20). A simply connected region 
D in the plane has the property that it is. connected and the interior of every Jordan 
curve C in D also lies in D, as shown in Figure 13.20. — 


Person is walking in the 
direction of increasing ¢. 


A Jordan curve 


Not a Jordan curve Not a simply connected region; “A positively oriented boundary 


a Jordan curve in D whose interior curve. The region is “on the left” 
contains points not in the region of the curve, 


Figure 13.20 A Jordan curve is a closed curve with no self-intersections. 
A region is simply connected if every Jordan curve has all its interior points in D. 


Picture yourself as a point moving along a curve. If the region D stays on your 
left as you, the point, move along the curve C with increasing f, then C is said to be 
positively oriented (see Figure 13.20). Now we.are ready to state Green’s theorem. 


THEOREM 13.6 Green’s theorem 


et D be a simply connected region that is bounded by the positively oriented piece- 
wh ise smooth Jordan curve C. Then if the vector field F(x, y) = M(x, y)i+ NG, y) j 
Mi continuously differentiable on D, we have 


wy ; pmas + Nay = ff (Z-S) dA j 
Cc Ox oy ie 
D a 


Graffiti on the wall of a high school 
playground in Ramat Gan (a suburb of 


= What This Says This theorem expresses an important relationship 
between a line integral around a simple closed curve (a curve is simple if there 
are no self-intersections and closed if there are no endpoints) in the plane and 
a double integral over the region bounded by the curve. It is one of the most 
important and elegant theorems in calculus. Take special note that D is required 
to be simply connected with a positively oriented boundary C. 


Proof A standard region is one in which-no vertical or horizontal line can intersect 
the boundary curve more than twice (see Figure 13.21). We will prove Green’s theorem 


714 Calculus 


for the special case where D is a standard region, and then we will indicate how to 
extend the proof to more general regions. Suppose D is a standard region with 
boundary curve C. We begin by showing that 


M / | 
[[Fiavay=+ [mae 
F dy c 


_. Because D is a standard region, as shown in Figure 13.21, the boundary curve C 
is.composed of a lower portion C, and an upper portion C,,, which are the graphs of 
functions f(x) and f(x), respectively, on a certain interval a < x < b. Then we can 
evaluate the double integral by iterated integration: 


Figure 13.21 Standard region: No 


vertical or horizontal line intersects . OM; aM phy ph@-aM 
the boundary more than twice. | | ‘ay. dxdy = | ay dx = i i a ‘ay. dy dx 
dD D 
ry b . b % re 
=i Mix, fo(x)] jax fm x, fix yar = | ma ~ | M dx 
a -Cy in 
\ 
=-| mas Mdr| = dua 
Cu 


aN te, 
A similar argument shows that | ro dxdy = f N dy. Thus, | 
x Cc 
5 : ? D . 


I Ge- ay) hart ee ge 


=f vey fecwpacn fac a = 
Ge yg C C 


Figure 13.22, General case: The This completes the proof for a standard region. If D is not a standard region, it 
te ey ‘a eas oe se can be decomposed into a number of standard subregions by using horizontal and 
aa a vertical “cuts,” as shown in Figure 13.22. The proof for the standard region is then 


applied to each of these subregions, and the results are added. The line integrals along — ° | 
the cuts cancel in pairs, and after cancellation, the only rernaining line integral is the 
hee aa one along the outer boundary C. Thus, 


note 


le 


| fords enayy= i] Gae dA a iz 


The case where there is one cut is considered in Problem 40. on 


c\tEXAMPLE 1 Using Green’s theorem 


Show that Green’s theorem is true for the line integral p (—ydx + x dy), where-C 
is the closed path shown in Figure 13.23. . B.S 


Figure 13.23 Path C 


Solution 
_ First, evaluate the line integral directly. The curve C consists of the line segment C;, 
from (— 1, 0) to (1, 0), followed by the semicircular arc C, from (1, 0) back to (—1, 0). 


at 


Figure 13.25 Area of region D 
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We parameterize each of these: 


Che eet, . y=0 -l<t<l 


iat, ‘dy =0 
Cy: x =cosu, yssinu O<u<n 


dx = —sinudu, dy = cos udu 


§ (-ydx +xay) = | (-ydx+xdy)+ | (-ydx+xdy) 
Cc Cc) . 


C2 - 
1 XN 
=| (0dr +1-0)+ | (—sinu(—sinu du) + cosu(cosudu)] 
-] 0 


iu a 
= (sin? u + cos? u) du = | ldu=nx 
0 aa 0 


ae ted 


Next, we use Green’s theorem to evaluate this integral. Note that the boundary C’ . 
is a Jordan curve and M = — y, N =x, so that F(x, y) = — yi + xj is continuously 
differentiable. We now apply Green’s theorem: 


a ydx +xdy) = If lee oi po 


= 2(AREA OF SEMICIRCLE) = apna l= 5 


ORnopre 2 Computing work with Green’s theorem 


A closed path C in the plane is defined by Figure 13.24. Find the work done by an. 
object moving along C in the force field F(x, y) = (« + xy) i+ 2¢¢y — y*siny)j. - 


Solution . 
The work done, W, is given by the line integral ¢ F - dR. Note that F is continuously 


differentiable on the region D enclosed by C, and since D is simply connected with a 
positively oriented boundary (namely, C), the hypotheses of Green’s theorem are 
satisfied. We find that 


W= pr dR= [faery 2y ny) — Feb) | dd 
is 
See 2xy) dA = aff syavar=2 [3 xy pdx 
0 


=[c-da= fee} 


AREA AS A LINE INTEGRAL 


A’ line integral can be used to compute an area of a region in the plane by applying 
the following theorem. 


THEOREM 13.7 Area as a line integral 


Let D be a simply connected region in the plane with piecewise smooth, positively 
oriented closed boundary C, as shown in Figure 13.25. Then the area A of region D 
is given by each of the following line integrals: 


1 
A= g xdy=—4 ydx = 5 o tx dy— yds 
eC ¢ 2Jc 
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} 


Proof We will prove that 


be 
A= tedy—ydr 
2Jc 


WARNING . - and leave the other two area formulas for the reader (see Problem 44). 


This gives us yet another Let F(x, y) = —yi + xj. Then since Fi is continuously differentiable on D, Green’s 8, 
technique for finding the area of a theorem applies. We have 

region, especially when its boundary is 

specified in parametric form. In finding 9 9 

area, the function F = —yi + xj does gi-y dx+xdy)= // Fee — zy] aA= // 2dA=2A 

not change. Do not forget the factor , c ‘ ax dy J é 


one-half after you finish the integration. 


ia . 
so that A = 5p (-yax +xdy). a) 
i ¢ : : 


re 3 Area enclosed by an ellipse 
. yy? \ 
Show that the ellipse — + — = | has area x ab. 
a bt 


Solution 


The elliptical path E is given parametrically by x = a cos 6, y = b sin @ for 0 < 0'< 2M, 
We find dx = —a sin 6 d0, dy = b cos 6d6. If A is the area of this HDS then 


A= 1 f (yds +x dy) 
Cc 
2n ; 
=i | [—(b sin 6)(—a sin 6 d@) + (acos 6)(bcos 6 dé)| 
0 


ae) 


2x 
a i ab(sin? 6 + cos’6) dé 
0 * 


=3 
an : ‘ as 
=f ab dé Lg a ; 
4 4 
= jab(2x — 0) — 
= ab os 


GREEN'S S THEOREM F OR MULTIPLY-CONNECTED REGIONS 


In the statement of Green’s theorem, we. require the region R inside the boundary 
curve C to be simply connected, but the theorem can be extended to multiply- : 


= ered wide ea connected regions, that is, regions with one or more “holes.” A region with a single ; 
curves C, and C,. hole is shown in Figure 13.26a. The boundary of this region consists of an “outer” 


curve C’ and an “inner” curve C,, oriented so that the region R is always on the left « 
as we travel around the boundary, which means that C, is oriented counterclockwise 


and C, clockwise. 

We now make cuts AB and CD through the region to the hole, as, indicated in 
Figure 13.26b. Let R, be the simply connected region contained by the closed curve 
C, that begins at A, extends along the cut to B, and then clockwise along the bottom 
of the curve C, to.C, along the cut to D, and counterclockwise along the bottom of C, 

b. ea ea roa back to A. Sinilarly, let R, be the region contained by the curve C, that begins at D. 
and extends to C along the cut, to B along the top of C,, to A along the second cut, 
Figure 13.26 Multiply-connected and back to D along the top part of C,. Then, if the: ete field F = Mi + Nj is. 
region . continuously differentiable on R, we oan apply as s theorem to show 
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[G-B-E-3) Ga) 


. | . Martnaysg (Mdx + N dy) 
Cz ° 


Cy 
| | But the line integrals from A to B and C to D cancel those from B to A and D to C, 
| ee leaving only the line integrals along the original boundary curves C, and C,. Thus, 
we have : 
aN | wee 
Gs) dA= (Max + Nay) + $ (M dx + N dy) 
dy Cy C2 


tet R be a doubly. coniibtied’ region ‘(one hole) in the plane, with outer bound: 
ary C; oriented counterclockwise. and botindary C, of the hole oriented lock. 
wise. if the boundary curves and F(x, y= = MQ, vi + ee eos al the 

hypotheses of of Green’ 'S theorem, then. Re ao 


Example 4 illustrates one way this result can be used. 


| glo exams 4 Green's theorem for a region containing a singular point — 
ydx+xd 

Show that f aos 

Co ety 


enclosing the origin (0, 0). 


= 27, where C is any piecewise smooth Jordan curve 


. Solution 
; ss ‘ 
Let M(x, y) = ———\ and N = =: Then 
x2 + y? xe + y? 
ON... y= — x? _ OM 
Ox ~ (x2 + ye dy 
at any point (x, y) other than the origin. Next, let C, be a circle centered at the origin 


with radius r so small that the entire circle is contained i in C, and let R be the region 
between the curve C and the circle C,, as shown in Figure 13.27. 


i 
| 
oo 


Figure 13.27 The region R for aN 9M ‘ 
doubly-connected regions We know that — = 7 throughout R (since R does not contain the origin) and 
‘ y 


Green’s theorem for doubly-connected regions tells us that 
—ydx+xd —ydx+xd 
gece SEB) 
Ge ROY CG e+ y dy 


so that 


a --{ ye te _ ~ydx+xdy 
en aye Ch, AES Go ae 
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cies —C, is the circle C, traversed counterclockwise instead of clockwise. In other 
words, we ca find the value of the given line integral about the curve C by finding ° 
the line integral about the circle —C,. To do this, we parameterize —C, by 


x=rcosé@, y=rsin@ for0 <6 <2n 
and find that 


f ~ydx + xdy =f —r sind (—r sin 6 d8) +r cos 0(r cos d6) 
Cy 


x+y? r2cos26 + r2 sin’ 6 


2m +2 (sin? 6 + cos? 0) a obs 
2) ae, tas, 
0 r(sin’ 6+ cos? @) 0 


Thus, | 


ee —yax +xdy —ydx+xdy | 
= ———_____— = 27 | 
e ae gq tty? | 


Note that the line integral in Example 4 is not independent of path in R because 
there are closed paths (like C,) along which the line integral is not 0. “4 


ALTERNATIVE FORMS OF GREEN’S THEOREM 


Green’s theorem can be expressed in two forms that generalize nicely to R°. For the 
first, note that the curl of the vector field F(x, y) = M(, y)i + NG, y)j is given Le 


a 068 


curl F a pone _ 
ox dy az 


_ fan @M 
= 0i+0j+ | — -— 
= E 7 
’ Pt 
_ [oN 0M Because M and N are 
me eee “Oy. *~ functions of only x and y 


so. 


Pf ER ffonrne 


On the other hand, the line integral in Green’s theorem can be expressed as 


dR. 
pR-dR= $F: ds=O F-Tds 
C c as eG -. 


By combining these results, we obtain 


pF F-dR= If (= _ ~) dA Greén's theorem 


frre ff (curlF-k)dA | * 
- 
D 
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When we extend this result to surfaces in R? it will be called Stokes’ theorem. We 
will examine Stokes’ theorem in Section 13.6 and show how it can be interpreted in 
terms of the circulation of a fluid flow. 

We have just seen how Green’s theorem can be written in terms of F .T, the 
tangential component of the vector field F. The following example shows how Green’s 
theorem can also be expressed in terms of F .N, the normal component of F. When this 

result is extended to R? in Section 13.7, it will be called the divergence theorem. 


ter 


EXAMPLE 5 The divergence theorem in the plane 
; Suppose F(x, y) = M(x, y)i + NG, y)j with a piecewise smooth boundary C. Show that 


. f . ps gv -nas= [ff avras 
. C. 


D 


Solution 
Parameterize C with the arc length parameter s, so that R(s) = = x(s)i + y(s)j is the 
position vector on C. A unit tangerit vector T to the curve C is T = R'(s) = x'(s)i + 
y’(s)j, which means that an outward normal vector is N = y'(s) i — x'(s)j (ee 
Figure 13.28). 

We now apply Green’s theorem to find a representation ae div F. 


se 


N 


Figure'13.28 The outward unit 
normal to R(s) = (x(s), y(s)) is f F.Nds = [ (Mi+ Nj) - [y'(s)i-x'()jlds 
: Cc a ‘ : 


N = (y'(s), ~x'(s)) b 
-[ (wg-nt) 
a ds ds 


=f -var+Mdy 


: = (= + on) dx dy Green's theorem 
= | / divFdA _ | " 
D 


We list these alternative forms of Green’s theorem for easy reference. 
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When we extend this result to surfaces in R? it will be called Stokes’ theorem. We 
will examine Stokes’ theorem in Section 13.6 and show how it can be interpreted in 
terms of the circulation of a fluid flow. 

We have just seen how Green’s theorem can be written in terms of F -T, the 
tangential component of the vector field F. The following example shows how Green’s 
theorem can also be expressed in terms of F -N, the normal component of F. When this 
result is extended to R? in Section 13.7, it will be called the divergence theorem. 


er 


EXAMPLE 5 The divergence theorem in the plane 
. Suppose F(, y) = M(x, yi EM (x, y) j with a piecewise smooth boundary C. Show that 


a ae . $¥ Nas = ff aivFaa 
’ Cc 


Gis _D 


1 
i 


Solution 


Parameterize C with the arc length parameter s, so that R(s) = x(s)i + y(s)j is the 
position vector on C. A unit tangent vector T to the curye C is T = R'(s) = x'(s)i + 

y’(s)j, which means that an outward normal vector is N = y) i — x’(s)j (see 
Figure 13.28). 


se 


ot RA " We now apply Green’s theorem to find a representation using div F. 


Figure-13.28 The outward unit b ‘ 
normal to R(s) = (x(s), y(s)) is ¢ F.Nds = | (Mit Nj) - [y'(s)i-x'(s)j] ds 
€ a . ; 


N = (y'(s), —x’(s)) 
a i ae =) d 
— fh oas ae 
= pow dx + Mdy) 


: -}/ (= + ) dx dy Green's theorem 
= / / divFdA - = 
F ; 


We list these alternative forms of Green’s theorem for easy reference. 


RECT FSF OEE 
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NORMAL DERIVATIVES 


In physics, some important applications of Green’s theorem involve the normal 
derivative of a scalar function f, which is defined as the directional derivative of fi in 
the direction of the Suwon normal vector N to some curve or surface. 


q 1 3.. ; 
() In Pr. 
p — integi 
%  aniw 


Normal Derivative 


here Nis the outward unit normal vector. ae 


The following example illustrates how Green’s theorem can be used in connection 
with the normal derivative. Additional examples are found in the problem set, 


K EXAMPLE 6 Green’s formula for the integral of the Laplacian 


Suppose fis a scalar function with continuous first and second partial derivatives inthe | 
simply connected region D. If the piecewise smooth closed curve C bounds D, show that 


| [feria fee 


) 
where V? f= A +f,, is the Laplacian of f and af = Vf - Nis the normal derivative vector. 


Solution 
f) 
Letu = eu and vy = of Then we have 
dy ax 
dv ou 
Qe Path ie 
Via fut hy =a Ty 
Yas I (3-5) dxdy . . Y 
= $tu dx + vdy) Green's theorem 
Cc 
2 dx dy 
= —+u—]d 
: —— fC) : 
7 of ( afds , afd | | 
=f 02 oe ds rae 
} “JSc\ dy ds dx ds . 


4 dy, d 
= VF -Nds Where N = i — “jig the 
fa ds ds 


outward unit normal vectertoC — 


Vector Analysis 72) 


13.4 PROBLEMSET 1-21 CO” 


’ A) In Problems 1-6, use Green’s theorem to evaluate the given line Po 2 
4 . ® (xsinxdx —e” dy) 
¢ 


integral around the indicated closed curve C. Then check your 
answer by parameterizing C. 


| . We ora +x? dy) Ap idr-xa) , 
ap 3 c 4 


y 
‘pease 
Ce 

1 \ 
TTY tdho 
010 : 1 me 


j Hf 
oY a Ee ($ (02x? + 3y) dx ~ 39° dy) Lg (dx + 32y° dy) 
: 2 c . cn Cc DG 


; In Problems 7-14, use Green’s theorem to evaluate the given line 
4 . integral around the indicated closed curve C. 


_ x fe ee al “Ab 9x tan- ya 2G a4 


| een 
Pym a qa yo 

tt RFeaRe 3 
KL eee 

aC PReennaeee , 
; oo | ooo eo 
: <n COMBRRSEEE 
Eee EE 
. SuEnSs aa 
eee beta Hee 


Calculus 


5. Use Green’s theorem to find the work done by the force field 
F(x, y) = Gy — 4x)it+ Gx — yj 
when an abit moves once CONNIE TEIOCE Wise around the 
ellipse 4x? + y’ = 4. 


1@ Find the work done when an object moves in the force field 
F(x, y= = y'i + x°j counterclockwise some the circular path 


vr +y=2. 4) 
Use Theorem 13.7 to find the area enclosed by the regions 
described in Problems 17-20, and then check oy using an appro- 


prigte formula. 
oa ha 

triangle with vertices (0, 0), (1, 1), and (0, y¥ 
a trapezoid with vertices (0, 0), (4, 0), (1, 3), and (0, ae 


ay semicircle y = /4 — x? aA\ ‘ 
B ] 13 brava the line integral §¢ (xy dx — yx dy), where C is 
c 


the ipa of the region between the x-axis and the semicircle 
y = Va? — x?, traversed dt Genepetclork wie (including the 


| X-axis). 
22. Evaluate the line integral 4 


$09 dx — 2x dy) 
c 


where C is the cardioid r = 1 + sin@, traversed counterclock- 
wise. 
- 23. Show that 


xc —xy- y?) dx — (2xy ~ x’) dy] =3x 
c 


where C is the square 0 < x < 1,0 < y < 1 traversed 
counterclockwise and ¥ is the x-coordinate of the centroid of 
the square. 

24, Find the work done by the force field FQ, y) = (x + 2y”)j as 
an object moves once counterclockwise about the circle 
(x—- 2)? +y=1. 

25. Let D be the region bounded by the Jordan curve C, and let A 
be the area-of D. If (x, y) is the centroid of D, show that 


where Ci is traversed Snetelast ee 


26. Use Theorem 13.7 and the polar transformation formulas 
x=rcosd, y=rsiné to obtain the area formula in polar coor- 
dinates, namely, 


Sey ee 


"2 


a 


28. 


a ~y, 1) 1 bess 
Evaluate f (= + 7) dx+- ay}, where C is any Jordan 

C x x x , : - 
curve that does not intersect the y-axis, traversed counter- # 


clockwise. 


Evaluate f xdx + ydy where C is any Jordan curve whose 
C x2 + y? \ 


* interior does not:contain the origin, traversed counterclockwise. 


30. 


31. 


32. 


a3 


34 


: 


, Evaluate the line integral | 


f xdx +ydy | 

c 4 2 + y? : | 

where C is any piecewise smooth Jordan curve sana the 
origin, traversed counterclockwise. ’ 


Evaluate f Sk sade wtiere Cis any Jordan curve 
ce} 64-1)? +y? m 

whose interior does not contain the point dl, 9%), traversed 

counterclockwise. ; 

Evaluate f =O +2dx + Day, \where C is any Jordan 
c . &-1?+(y +2)? 


curve whose interior does not contain the point (dl, —2), 
traversed counterclockwise. 


Evaluate t ~ ds, where z(x, y) = 2x + i and C is the 

; gic 
circular path x? + y? = 16, traversed counterclockwise. 
Bvaluite dz — ds, where f(x, y) = xy — dry ty’, and C is 


the boundary of the unit square 0 < x < 1, ‘0 <y< I, 
traversed counterclockwise. 


F) “ 
Evaluate f x ds, where C is the boundary of the unit square 
- 


_ O0<x< 1,0<y <1, traversed counterclockwise. 
35. 


36. 


@37. 


38. 


i) 


If C is a Jordan curve, show that 


ple — 3y) dx + (2x — y’)dy] =5A_ 
c Due! 


‘where A is the area of the region D enclosed by a4 
Use line integration to find the area of the region bounded by - + 


the curve C: x = cos’ t, y= sin’ t for 0 < ¢ < 27. 

Prove the following theoretical application of Green’s 
theorem: Let F(x, y) = u(x, y)i + v(x, y)j be continuously: 
differentiable on the simply connected region D. Then F is) 
conservative if and only if =. ) 


du dv sok 

dy ax ge 
“throughout D. | , 
Recall that a scalar function f with continuous first and second 


partial derivatives is said to be harmonic in a region D if 
V f = 0 (that is, iff, + Ly = 0). If fis sucha function and D 
is a simply connected region enclosed yy the Jordan curve 
C, show that 


[[ce mraray=§ ryras 
; cc On 
D . 


‘the 


tare 


39. HISTORICAL QUEST ‘George Green (1793-1841) was 
the son of a baker who worked in his father’s mill and studied 
mathematics and physics in his spare time, using only books 
he obtained from the library. In 1828, he published a memoir 
titled “An Essay on the Application of Mathematical 
Analysis to the Theories of Electricity and Magnetism,” 
which contains the result that now bears his name. Very few 

‘copies of the essay were printed and distributed, so few 
people knew of Green’s results. In 1833, at the age of 40, 
he entered Cambridge University and graduated just four 
years before his death. His 1828 paper was discovered 
and publicized in 1845 by Sir William Thompson {later 
known as Lord Kelvin, 1824-1907), and Green finally 
received proper credit for his work. ; a 
_ In this Quest, use Green’s theorem to prove the following two 
important results, known as Green’s formulas. In both cases, D 
is a simply connected region enclosed by the Jordan curve C. 
a. Green’ s first formula. 


fft [fV-et VF: Vel sty sas 
Ql: 
b. Once again start with the line integral and derive what is 
known as Green’s second formula. 


|| [/Vig— eV] ardy=f (rz ~ 8) a 
fs Cc 


HISTORICAL QUEST The 
result known as “Green's theo- 
_rem”’in the West is called 
“Ostrogradsky’s theorem” in 
Russia, after Mikhail 
' Ostrogradsky. Although 
Ostrogradsky published over 
80 papers during a successful MIKHAIL OSTROGRADSKY 
career as a’ mathematician, 1801-1862 
today he is known, even in his 
homeland, only.-for his version of Green's theorem, which 
appeared as part of a series of results presented to the 


Academy of Sciences in 1828. aia a 


40 


‘In this Quest you are asked to prove Green-Ostrogradsky’s 
theorem in the plane for the nonstandard region D shown in 
- Figure 13.29. 


5 Surface Integrals 


41. 


42. 


43. 


’ 44, 
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Figure 13.29 Green’s theorem cut by a line L 


Specifically, suppose that the line C, “cuts” the region D 
into two standard subregions D, and D,. Apply Green’s 
theorem.to D, and d D,, and then cambine the results to show 
that the theorertt” 1 Applies to the non-standard region D. Hint: 
The key is what ‘happens along the “cut line” C,. 

Extend Green’s theorem to a “triply-connected” region (two 
holes), such as the one shown in Kigure 13.30. 


Figure 13.30 A triply-connected region 
Suppose F = M(x, y)i + M(x, y)j is continuously differen- 
tiable in a doubly-connected region R and that 
dN aM 
ox dy 


throughout R. How many distinct values of J are there for the 


integral 


I = [M(x, y)dx + N(x, y) dy] 
Cc 


where C is a piecewise smooth Jordan curve in R? 

Answer the question in Problem 42 for the case where R is 
triply-connected (two holes). See Figure 13.30. 

Let D be a simply connected region in the plane with a 
piecewise smooth Closed boundary C. Complete the proof of 
Theorem 13.7 by showing that the area of D is given by. 


=p xdy and A= yar | 
C C ; 


IN THIS SECTION | surface integration, flux integrals, integrals over io defined surfaces 


SURFACE INTEGRATION, 


2, * A surface is said to be smooth if there is a nonzero normal vector at each of its points, 
| and it is piecewise smooth if it is composed of a finite number of smooth pieces. 


4 
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(hs VEZ) 


b. Construction of a Riemann sum 


Figure 13.31 Definition of a surface. 
integral 


Surface Integral 


Figure 13.32 The portion of the plane 
that lies above the unit square R 


Pct ) | | 38 


A surface integral is a deneraivaten of the line integral in which the taegaon is 

over a surface in space rather than a curve. 
We begin by defining the surface integral of a continuous scalar function R(X, y, 2 2d 

over a piecewise smooth surface S, as shown in Figure 13.31a. Partition S$ into n 


subregions, the kth of which has area AS,, and let Pe (xk, yg, Zt) be a point chosen 


arbitrarily from the kth subregion, for k = 1, 2, ... , m (see Figure 13.31b). Form the 
Riemann sum : 


ke g(P)AS; 


and take the limit as the largest of the AS, tends to 0. If this limit exists, it is called’ | 
the sue integral of g over S and is denoted by 


// a(x, y,2aS 
s Y 


Recall from Section 12.4 that when the surface S projects onte the region R in the 


xy-plane and S has the representation z = f(x, y), then dS = ,/f2 + Set 1dA, 


where dA is either dx dy or dy dx. We can now state the formula for evaluating a 
surface integral. : 


EXAMPLE 1 Evaluating a surface integral 
Evaluate the surface integral 


5 i 
| 
shown in Figure 13.32, where a(x, y, Z) = xz + 2x* — 3xy and S is that portion of the | 


plane 2x — 3y + z = 6 that lies over the unit square R: 2<x<3,2<y<3. 
ae 


Solution 
First, note that the equation of the plane can be written as z = fix, y) where f(x, y) = 
6 — 2x + 3y. We have f (@, y) = —2 and f (x, y) = 3, so that 


=f fit fptidA=V(-2P + GP +1dA= Vi4dA- 


Consequently, 


‘led 


MASS OF A LAMINA 


CENTER OF MASS 
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[[ sas= [[oe+2e -amVidaa 
"R 


RY 


|] —2x+3y)+ 2x? -— 3xy]}V14 dy dx Since z = 6 —2x+3y 


R 
= Vid |] 6xdyas 
R 
: 93 p3 3 : 
=6vi4 [ xdydx = 604 | xdx = 15714 a 
2 J2 ; gi 2 : : 


If the function g defined on $1 ) = 1, then the surface integral 


s simply g(x, y, Z 
gives the surface area of S. a 


A useful application of surface integrals is to find the center of mass of a thin 
curved lamina whose shape is part of a given surface S, as shown in’ Figure 13.33, 


EEE Th 
ES GREG, 
AMT, 
LETC 


Figure 13.33 A thin lamina whose shape is the surface S 


If 5(x, y, Z) is the density (mass per unit area) at each point (x, y, z) on the ane 
then the total mass, m, of the lamina is given by the surface integral 


m= [J oc2,».2048 
s . . 


and the center of mass of the surface is the point C(*. y, Z), where 
aerial | tat 
z= = [f sas, y= |f yeas, z=— [fas 
m m oo m 
a ‘ F 


These formulas may be derived by essentially the same approach used in our previous 
work with moments and centroids of solid regions. (See, for example, Sections 6.5 


and 12.6.) 
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Figure 13.34 The hemisphere 


w= J@—x-y 


a. One-sided (non-orientable) surface: 
a Mobius strip. 


Outer normal 


b. Two-sided (orientable) surface: a football. 


‘This is also a closed surface. 


Figure 13.35 Surfaces in space 


Figure 13.36 Water flowing 
through a net 


“bilities for- N, which 


EXAMPLE 2. Mass of a curved lamina 


Find the mass of a lamina of density d(x, y, z) = z in the shape of thi tetsphee 
z= (a? — x* — y*)!?, as shown in Figure 13.34. ! 


| 
| 
| 


Solution 
We begin by calculating dS. 


ty = (0 3 (2x) = - 


yy '?(-2y) = -y(a? — 2? ~ yy? 


zy = ta” ed x? 


2 
a 2 2 


yy dA 


The surface projects onto the disk x* + y* < @ in the xy-plane, so the mass - the 


hemisphere Sisgivenby \ 
i as 
S : 
-| (acs ey) 2g (a ae ee 


— x dA= a(a’) =mna°> Since this integral represents z 
the area of acircle of radiusa - 


_ FLUX INTEGRALS 


An important application of surface integrals involves the flow of a fluid through a 
surface. To discuss such applications, we define a-surface $ to be orientable if S has 
a unit normal vector field N that varies continuously over §. Most common surfaces, 
S spheres, cones, cylinders, ellipsoids, and paraboloids, are orientable, but it is 
a difficult to construct a a fairly simple surface that is not. For example, the Mébius - 
strip, formed by twisting a long rectangular strip before joining the ends, is not 
“orientable (see Figure 13.35a). If S is an orientable surface, there will be two Os6i- 
be thought outward (pointing toward the|exterior_ of S) . 
se Mare any ge as illustrated in Figure 13.35b. 
onsider a fluid of density 6 flowing steadily through a surface S- with the | 
continuous unit normal field N, If V is the velocity of the fluid flow, yw, then the vector’ 


field F = 6V_is the flux density, which measures the volume of fluid crossing the 


surface per unit area in unit time. Think of water flowing through a net, as shown in’ 
Figure 13.36. 


If AS is the area of a small patch of the siicfage S, ‘hes the amount of fluid - 


crossing this patch in unit time in the direction of N may be estimated by the volume 


- of the cylinder of height F -N, and base area AS (see Figure 13.37); that is, 


Vx(F-N)AS 


Thus, we can measure the total volume crossing the surface in unit time by computing 
the surface integral of F .N, which is called_a flux integral. 
a 


i 

‘ 

g 
mo 
on 3 
a 

f 

4 

$ 

5, 

Bi 

Rt 

ie 

rf 
sg 
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. Flux Integral’ 
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Figure 13.37 The cylinder of fluid crossing the patch of area AS 
in the direction of N has height F -N and volume (F :N)AS 


ee 


Suppose we have a surface S described by the equation z = f(., y) that projects 
onto a region D in the xy-plane. Then we have G(x, y, Z) =2— f(x, y) and an upward 
unit normal (the one with positive k-component) to the surface is given by 


VG : 
N= Wal where VG = (—fx, —fy, }) 


Therefore, 


VG 
‘ —F.{ —_ 2 2 
F oo F (2a) ViRt tla 


and since | VG = /(—f’ + (fy)? + 1, the flux integral of F over 5 can be 


written as 


Ss. 


F.NdS = [[ P.9. 9 Vea 
D 


= ff Foy. £66.99) ff NAA 
— D 
Similarly, a downward unit normal (negative k-component) to the surface is given by 
Pak are 


~ «(VG 
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Figure.13.38 Projection D of 
x+y+z= 1 on the xy-plane 


es ] 
= =| to — 2x7 —x +2) dx 
0 i 


and the flux integral has the form. 


F.nas= [fF fO.y)* Ue fy 1) dA/ 
D a. 


a 


Note that it is always necessary to specify the orientation of N (upward or downward) . 


When describing a flux integral. 


EXAMPLE 3 Evaluating a flux integral 


Compute the flux integral [fe .NdS, where F = xyi+ zj + (x + y)k and Sis 
f 


the triangular surface cut off from the plane’x + y + z= 1 by the coordinate planes. 
Assume Niis the upward unit normal. 


Solution 


Let fix, y) =z=1—x-—y. Thenf, = —1,f = —1, and the flux integral is 
\ 


/ / F.NdS = | | Fox, y, fy) (fe fy A 
§ D — 


where D is the projection of S on the xy-plane. Setting z = 0, we find that D is the 
triangular region bounded by the linesx + y= 1,x= 0, and y = 0, as shown in 
Figure 13.38. Thus, we have . 


[[enas= ffx 1-e—y2491--CD.-CD. nda oe 
S D . we ie 


1 1l—x 
=| [xy + (1-x-—y)+x+y]dydx ' 
0 Jo 


1 pl-x : 
=| i [xy + I]dydx 
0 JO 


1 
=| [jy tylly * a 
0 


™~ 24 ‘ all 


EXAMPLE 4 Computing heat flow as a flux integral ae 
Let R be the nro is bounded above by the paraboloid z = 9 — x* — y° and 
below by the xy-plane\ Experiments indicate that the velocity of heat flow is given by 


the vector field H = —KVT, where 
\ PO, y,2) = 2x +y — 32° 


is the temperature at each point P(x, yy z) in the region and K is a constant (the heat 

conductivity, which is obtained experimentally for each different substance). Find the 

total heat flow {/ H-NdS out'of the region (that is, N is the outer utit normal, the 
‘ ‘ 


one pointing away from the origin). 


Sis 


“nes. 


Figure 13:39 The surface S of the 
region bounded above by 

@ ~z=9 —x?—y’ and below by 

“@ the xy-plane: 


Thus, the total heat flow is 
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Solution ; 

The surface is shown in Figure 13.39. Note also that VT = (2, 1, —6z). and that the 
surfacé. $ is composed of a top surface S, and a bottom surface Sj. The top surface is 
Siz=9,— x — y* and the bottom surface is the disk S,: x2 + y* < 9, which is also 
the projection D of S, on the xy-plane. : 

For S;: Let G=z+x2+y — 9; then, VG = (2x, 2y, 1). The top surface S, has 
upward pointing normal, and the flux integral over S, is 


[[a-mas=[[-Kvr-voas ; 
| Sy Sy . 


ss [| ~K (2,1, ~62h- (2x,2y, 1) dA 
D 


= {f —K{4x + 2y - 69 - x — y’)]dA Since 
DO \ g=9-x?-y* on 


dn p3 
= -x [ a [4r cos 6 + 2r sind — 6(9 — r?)|rdr dé 
o Jo yt 
ae 243 
=-x [ [3600s6 + 18sing - | dé 
0 7 
= 2437 K 


For Se The outer normal N, = —k = (0, 0, —1) points downward and the flux 


integral is 
[[a-nas= | —K (2, 1, -6z) - (0,0, -1) dA 
D ‘ 


“ =~—K I 6zdA 
: 2 Di : 


\ 
=~—K [foaa Since z = Oon So 
D \ 


\ 


= 0) 


\ 


ffpenas= [[a-nias [[a-mas 
S 5 a 


2 


= 430K +0 = 230K og 


INTEGRALS OVER PARAMETRICALLY DEFINED SURFACES 
Ifa surface S is defined parametrically by the vector function 


Ry, v) = xy, v)i a: yu; v)j + z(u, vk 


*- over a region D in the wv-plane, the surface area of S is given by the integral ; 


oe Jf iRex Rotduay 
4 


p GUY) Similarly, if fis continuous ii A the siffaee integral of f over R is given by 
- Abe 
Ore be -154 ff town ads = ff rem, eR pduan 
an ree | 


EXAMPLE 5 Surface integral fora surface defined parametrically 


_ Evaluate I (x+y+z)dS, where S is the: surface defined parametrically by 


Ry, v) = Qutb vi + We 20) + + BOK for0 sus l, eS ae 


” Solution 


: [[a+ytoasq f f(RIIR, x R,|| dudv 
Ss D . 


First, we need to find the component parts for the surface integral on the right. Using 
R = xi + yj + zk, we see that x = 2u + v, y=u = 2v, andz=u +4 30, and since 
fx, y,2 =x+y+4+z, we have . 


f(R) = fQu +, u —2v, u + 3v) 

= (2u + v) + (u— 2v) + (u + 30) 

= 4u +2 

Next, we find that 

R, =2i+j+k and R,=i-2j+3k 
sO 
| jk 3 
R, x R, = L : = 3+ 21-6 - Dj+ (-4- Dk = 5i—5j—5k 


i 


Thus, ||R, x R,|| = V5? + (—5)? + (-5)? = 5V3. We now substitute these . 


values into the surface integral formula: 


[[uty+aas= |} soon x Ryl| du dv 
AY 


= [ auramevB dude = 55 [| 2u2 suf dv 4 
ee =i [ pe esee [2v + ¥*][o = SV5@8) = 40V3 
0 


For a flux integral over a surface S pareinetenized by R(y, v) that projects onto.a 
region D in the uv-plane, we have 


[fF NdS = i NUR, err . 
a) 
-(p (== Ry) HR» Ral dd 
« [fr sma 


The use of this formula is demonstrated in the next example. 
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| ; 
| EXAMPLE 6 Computing flux through a parameterized surface 


~ Find the flux of the vector field F = zi + xj + i z)k through the parameterized 


| steace 
Rtu, v) = (uv)i + (u— v)j+ Qut vk - 
over the triangular region D in the uu- “Plane that is bounded by u = 0, v = 0, and- 


u+tve=1. 
b Solution : x 
y First, note from R(u, v) that x = uv, y = u — v, and z = 2u + v, so we have 
Fu, v) = (Qut+ v)it+ (uv)jjt+ [lu ~ v) 4+ Qu + v)]k 
, = (2u + vit (uv)j + Gu)k © 
Moreover, since R, = vi + j + 2k and R, = ui — j +k, it follows that 
| i j kK 
R,xR,=|v 1 2 
ng u —l 1 ‘ 
ce = 3i- (v — 2u)j t+ (—v — u)k 
B Thus, the flux is given by 
| [fe nas= [fm xR aa 
S D . 
= i [ (2u + v, uv, 3u) - (3, 2u—v, -—(u+v))dudu 
0 Jo. 
1 l-u : 
= | | [(2u + v)(3) + (uv)(2u — v) + 3u(—u — v)]dudu 
0 v0 oc 
1 pl—u 
= | i (2u?v — 3u? — uv? — 3uv + 6u + 3v) du du 
0 40 
se = : | 
ee - | =(u — 1)(8u? — u? — 16u — 9) du 
. _ 137 | 
120 | 
\? 
wer ) | 
ae, iF 0 : | | | 
_ | 135 PROBLEM SET“ 2-3,05,.8, 101114576, 19, 19, 200 21, 22523524, 25526, 
: } Let S be the hemisphere r+y + 2=4, withz> 0, in Problems 
Z i ms praeees Mo, ena | i aya: 9-14. Evaluate each surface integral. 
va 3 re) Keen pees 9, {f zas | gy || ees 2% 
| 2. Siza4-x-y,0<x<40<y<4 : : : 
7 ro, 6 2 . : 
Pi lg nee) 0 | | (x-2y)dS 2. | (5-2x)a8 : 
4, S:2= 10, — 4 <1 s f 


1 


TROLCRCE AD aH RSs RSET ay 


429 fh 24 as UM 
1 | (x* + y)zdS al (x° + y’) 4 


ay eee woe In Problems 15-18, suppose S is the portion of the paraboloid 
 Z Siz x—2y,0<x<4,0<y<2 “ z= x+y for which z < 4. Evaluate the given surface integral. a). 


1. $:2=4,24+y <1 GA 15. [fzas. wh | (4 —z)dS ve" ‘ 
fe, Oe OS she he s hel 4 


MSs, PtP s 4x2 0,y2 0 , ay {00 


In Problems 5-8, evaluate (x? +y)d8., 


Ay Pelee SoAED, 


6. as xO<x<2,0<y<2 


Calculus: 


{jor 18, Noe “2. F= ¥i+yj+27k, and Sis the porion ofthe plane = ye ee ae 
J1+4z % - that lies inside the cylinder’ +y=1. = 


28. F = i+ yj + 2k, and S is the part of the cone 


As foe . 
y Evaluate i : (x? + y’)dS, where S is the surface of the z= yx" + y* below the plane z = 2. b. 
% 5 29. F = yi + 2j — 2k, and S is the part of the surface cut from : 
hemisphere Z = Ji—x?— y?, the cylinder z= 3 — x? by y=0,y= 1, andz= 0. 
@ 30. Evaluate l (x +y+z)dS, where S is the surface 7 
deeamudby Riu, ac ole O<u<ll<v<2, ; 
46. R & 
31. Evaluate (x — y* +z)dS, where S is the surface defined 4 
s ; 
, by RY, v) = i+ uj tuk,O<us1,0<v<1. 
valuate | | ‘2x dS, where S is the portion of the. plane + oe 2 ff 
: 32. Evaluate i i (tan™ x + y~ 2°) dS, where S:is the surface nk 
xtyt+z2=I1withx> 0,y> 0,22 0. : v 
: % defined by R(u, v) = ui + vj — uk, O< us 1O0sv<l. : : 
“7 | an 
| y, 33. Evaluate | i (x? + y —z)dS, where S is the surface defined 47, } 


S 
by Rw, v) = ui — wij + uk, Osus2,0sysl 


PLOT A I 


Y% 34, Evaluate | (x +y+2z)dS, where S is the'surface of the 

seis Ly 

; cube0<x<1,0<yS10Sz51. i 

35. Evaluate ae | l F-NdS, where F = x*i + zk a Sis the oe: 
S 


LES. 
a Ee Z_/ 
; . metric surface | 

ZY: Evaluate i, (x? + y? + 2”).dS, where S is the portion of the ‘ | 

i : x = sinucosv = sinu sinv Z =|Cos u. 


plane z= x + | that lies inside the cylinder r+yeal. forO<u<x,0<v<2n. 


Zz 


kh i Evaluate II F-NdS, where F = xi + yj + z‘k and S is the 


parametric surface . 
X =UCOSV y =usinv =U, 
forO<u<2,0<v< 2z. Wt 
In Problems 37-42 find the mass of the homogeneous lamina that 
hgs the shape of the given surface S. 
i y, alae eamalieg oes 0, x > 0, ye ‘0; 


A j : ~ 
REDRESS SIE GEO cn eer 


ars 


Pe OGRE 


6 =x 
38. S is the surfac z=10—2x—y, withz>0,x>0,y2> 05, : 
t Evaluate I | F .NdS for the vector fields F and surfaces S given 8 =y. 
; 39,. Sis the surface z= x* + y’, withz < 1; ‘2 = Z. oe Use olin; 
in] Probie 22-29. Assume N is the outward directed normal field. drical coordinates. 
were 
HE = xi + 2yj + zk, and Sis the triangular region bounded by 40. Sis the surface z=1-—x2—y', withz> 0,8 = +y t ra 
the intersection of the plane x + 2y +2= 1 with the positive Hint: Use cyte coordinates. 
coordinate planes. \\¢, . 41. Sis the surface r? + 2? = 5, withz > 1,5 =6. 
Fant 2) - 3zk, and S is that patt of the plane 15x — 42. Sis the triangular surface with vertices (1, 0, 0), (0, 1, 0), and : 
12y +.3z = 6 that lies above the unit square 0 < x < |, 0< (0,0, 1); =x+y. 
4 2 
fh < : . a 43. A fluid with constant density pflows with velocity V = (xy)i + 
F = xi + yj + 2zk, and S is the surface of the cube area (yoj + (x2)k. Find the upward rate of fluid flow through the ° ‘ 
by the planes x = 0,x=1,y=0,y=1,z=0, andz=1. paraboloid 7 9 — ey 


oy 4 / F = xi + yj, and S is the hemisphere z = 1 —x?— y’. Wr, 44, The temperature at each point (x, y, Z) in a region D is T = 
). Fs od — 34 and S is the part of the hemisphere given by 3x2 + 327. If the heat conductivity is K = > 8, find the rate of 
* x? 4 +2=5,forz> 1. ENN / heatfflow outward across the cylinder x? + 2 =4 for0<y <3. 


a 


4 10 45, a. A eas has the shape of the portion of the sphere x? + 
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its diameter is $ma’, where m is the mass and a is the-radius. 


+1 
7 y + 2 = a’ that lies within the cone z= yrety?. Assume 4(x, y, 2) = 1. 
‘one 
; oe the mass of the lamina if é(x, y, z) = ¥y y Z. 48. HISTORICAL QUEST. August 
b. Let S be the nea shell centered at the origin with Mebiusctidied Gndee Karl Gauss 
cau radius a, and let C e the right circular cone whose vertex (1777-1855), as well as Gauss’ own 
is at the origin and whose axis of symmetry coincides with 
teacher Johann Pfaff (1765-1825). 
the z-axis. Suppose the vertex angle of the cone is ¢,, with Fike tyne at 
face 0< @, < 7/2. Determine the mass of that portion of the He — Gipiee ed. ore nWverstty . 
sphere that is enclosed in the intersection of 5 and C. Leipzig and is best known for his work 
<2. Assume 8(x, y, z) = 1. in topology, especially for. his con- 
46. Recall the formula ception of the Mébius*strip (a two- AUGUST, MOBIUS 
ined Be ats dimensional surface with only one 1790-1868 
I, =| (x + yd, y, z)adS side). a 
s . An.example of a Mobius strip is given parametrically by: 
for the moment of inertia about the z-axis.’ Show that the its v ; 
"Ieee - moment of inertia of a conical shell about its axis is 4a’, PCOS ES iad 
where m is the mass and a is the radius of the cone. Assume . vi, 
<1 . y = sinv + uCOS = Sinv 
bay 2a. 2 
v 
ined 47. Recall the formula Z=u sin 5 
- Le 5 d 
wffe @ Ty ’) (+, yas where —} <u< i, 0 < v < 2x. Construct a three- 
‘ the PY cee ot ; dimensional model of a Mébius strip and show that a Mobius .. 
. for thé: moment of inertia about the z-axis. Show that the strip is not orientable. If you have access to a CAS program, 
° moment of inertia of a spherical shell of uniform density about sketch the graph of this surface. 
tara- ’ 
13.6 Stokes’ Theorem 
: _IN THIS SECTION = Stokes’ theorem, theoretical applications of Stokes’ theorem, physical interpreta- 
Direction along Cis tion of Stokes’ theorem . 
3 the za counterclockwise . me . 
: relative to N. In Section 13.4, we observed that Green’s theorem can be written 
pF. | ‘(curl F-k)dA 
Cc 
that 
tie . where A is the plane region bounded by the Jordan curve C. Stokes’ theorem is a 
aie! generalization of this result to yaueiaees in space and their boundaries. 
> 0; c 
STOKES’ THEOREM 
ylin- Before stating Stokes’ theorem, we need to explain what is meant by a compatible 
oe orientation. We say that the orientation of a closed path C on the surface S is 
= compatible with the orientation on S if the positive direction on C is counterclock- © 
yy wise in relation: to the outward normal vector N of the surface (see Figure 13.40). 
That is, if a person walks around C in a positive (counterclockwise) direction with 
ane her head pointing in the direction of N, then the surface will always be on her left. 
i + 
ane THEOREM 13.8 Stokes’ theorem 
Figure 13.40. Compatible orientation: i 
T= The surface S is on the left of someone Let S'be an oriented surface with unit normal vector field N, and assume that S is 
te of walking in a counterclockwise bounded by a piecewise smooth Jordan curve C whose orientation is compatible with 
<3, that of S. If F is a vector field that is continuously differentiable on S, then 


direction around the boundary curve C 
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fPaR= ff cutt-mas 
Cc 


S. 


¢ 


1 
Proof A proof assuming F, S, and C are “well behaved” is given in Appendix B. a 


Wei 1 Using Stokes’ theorem to evaluate a line integral 


Evaluate $ Sy" dx + zdy +x dz), where Cis the curve of intersection of the plane 


x+2z= 1 and the ellipsoid x? + 2y? + 2? = 1, oriented counterclockwise as viewed 
from above (see Figure 13.41). 


, 


Ellipsoid 


P+ dye ad ) |" 


Figure 13.41 The surface bounded by the curve 


of intersection projects onto a disk in the xy-plane 


Solution 
If we set F = 5 yi + zj + xk, the given line integral can be expressed as 


pF-aR 
C : 


According to Stokes’ theorem, we have 


. fr-ar= | (curl F -N) dS 
Cc 
Ss 


There are many surfaces bounded by the curve C. We choose the surface S that is part | 
of the plane x + z = 1. We find the required parts of the surface integral; namely, curl 


SR RSP Far CA CEPANTS 1 SX: 7 TSU Se Deere een me 


_¥, N, and ds. 
a c 
) 6% 7 | 
curl F = | — oe = —i-j-—yk : 
a : ox dy Oz na 
| syy ek 


| 1. 
The upward unit normal vector to the plane x + z= 1isN= it +k), so that 


= | | cul F-N = (-1,-1,-y)-{.0 3 
| ee oe | 
a a : 
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and since z = 1 — xon S, we have z, = —1,z,=0, and | : 
d5 = f2+2+1dA=VR1?+ OP +1dA = v2dA 
Finally, to describe C we substitute z + 1 — x into the equation for the ellipsoid: 


a — P 42y +2 =1 
| : x 42y+(1-x)?=1 
v—x+y'=0 


2 
(-3) += 4 


Thus, the projection of C.on the-*y-plane_is the disk D bounded by the circle 


(x > 1) +y?= i shown in Figure 13.42. Note that this circle has the polar equation — 


r= cosé. ; 
We now calculate the desired line integral using Stokes’ theorem. 


. 
f (jpac+zay + eae) =p Fa 
c \2 C 


= | | (curlF -N)dS- Stokes' theorem 
» 


= Hi] =a + y)(W2dA) 


x pceosé 
=-| | (I1+rsin@)rdrd@ Change to 
0 JO polar coordinates. 


Figure 13.42 The projection D of 
the surface S on the xy-plane 


=-| [4 cos? @ + 4 cos? @ sing] do = -% | 


EXAMPLE 2 Verifying Stokes’ theorem for a particular surface 
“Let S be the portion of the plane x + y + z = 1 that lies in the first octant, and let C 
be the boundary of S, traversed counterclockwise as viewed from above. Verify 
Stokes’ theorem for the surface S and the vector field 


= —}y’i - 2xyj + yzk 


Solution 


~The surface S is the triangle with vertices (1, 0, 0), (0, 1, 0), (0, 0, 1), whose mee 
| Cis traversed in that order, as shown in Figure 13.43. We will show that the line inte- 


gral § F. dR and the surface integral ff (curl F - N) ds have the same value. 
C S 


-J. Evaluation of f F-.dR 


Cc , 
The three edges of the boundary curve C are expressed as 


{iL 

CIANZET Sg 2 
¢. op Rips 
ESE 7 2 


Ey: x+y=1,z=0 
“Ey: ytz=i,x=0 
E3: x+tz=1,y=0 


Figure 13.43 The curve C bounds the 
triangular surface S We traverse C in a counterclockwise direction (see Figure 13.43). 


Edge E,: Parameterize with x ="1 — 1, ye ice 0. or = a= A, 
so R(t) = (1 — Di+ tj and dR = —dti+ dij. Finally, in terms of the parameter t, 
we have F(t) = —3271 - 2r(1 — )j. 


Edge E,: Parameterize with x = 0, ye TS ye = ator 0 ks<l 50 
R(s) = (1 — s)j + sk and dR = — dsj + dsk. In terms of the parame swe 
have aD = —2(1-s)i+(1- s)sk. _ | 


: F-dR in te (5 | 
-dR= —s)sds=|—--—= 
Ey rd 0 2: cap 


0 


Edge E,: Parameterize with x = r, y = 0, 2 = 1—r,for0 <r < 1, so 
R(r) = ri+ (1 — 7k and dR = dri — drk. In terms of the parameter r, we have 


Fr) = 0. 
fe. dR = 0 
) E3 


Combining these results, we find 


oA 1 
[a= [ FaR+ | FdR+ [.F-dR= p+ 5 +0= 5, 


Il. Evaluation of [f (curl F - N) ds 
5 


i j. «k 
curl F = a ae Le = zi+ yk 
ax ~ dy az : 
—3y? —2xy yz : 


The triangular region S on the surface of the plane x + y + @ = 1 has outward 
~. unit normal vector 


Because z = 1 — x — y, we find 


1 : 
cul N= (i+ yk) G++) 


I 1 
=—(Ii-x- = —(1- 
Wie A=) A x) 


and since z, = — Lyiw=- 1, it follows that 


dS = f2+24ldAsv-I? t+ (lt ida= V3dA 


Figure 13.44 The projected region 
in the xy-plane is a triangle 
bounded by y = 1. — x and the 

* positive coordinate axes 


t 


Surface Ss z 


Boundary 
gelex%-2y 


ANN 
ll i ) | 


ro 
aanep 


‘Figure 13.45 Surface z= 1 — x? — 
. 2y? and boundary curve C 
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Finally, the surface S projects onto the triangular region D in the xy-plane that is 
bounded by the lines x = 0, y = 0, andx + y= | (see Figure 13.44). Thus, we 


haye 


1 A 1 pl-x ' ; 
1F-N)dS= (f= 3dA= 1~x)dyd 
[ [ce Io 4 [] (1 =x) dydz 


§ 
(1-x)3|' 


1 
= | d-s[0-9)-Oar= - a 
; : 3 


0 3 


We see that for this example, 


1 Pog o 
f F-dR=75= [frou -mas ‘ 
c 3: 
5 


as claimed by Stokes’ theorem. a Fs 


Sometimes it is possible to exchange a particularly difficult surface integration 
over one surface for a less difficult integration over another surface with the same 
boundary curve. Suppose two surfaces S, and S, are bounded by the same curve C 
and induce the same orientation on C. Stokes’ theorem tells us that 


| [frowt#-Noas =p Rar= | (out Ny as 
Cc 
S| : S2 


for any function F whose components have continuous partial derivatives on both . 
S, and S,. epee 


Gamput 3 Using Stokes’ theorem to evaluate a surface integral 


Evaluate | | (curl F- N) dS, where F = xi + y°j + ze”k and S is that part of the 
s 


surface z= 1 — x* — 2y’ with z > 0: 


Solution 
By setting z = 0 in the equation of the surface, we find that the boundary curve C for 


S is the ellipse x? + 2y* = 1, and the upward unit normal vector N on S “alee a 


counterclockwise orientation on C, as shown in Figure 13.45. Let S* be the elliptical 
disk defined by x? + 2y? < 1,z = 0. We see that S and S* have the same boundary 
and the same orientation. Since the upward unit normal to S* isk, we have | 


[ [cour mas = [frome -w ast 
s s* 


and we use this second integral to calculate the required integral. We obtain — 


i gy «ck 
0.0 af | 

culF=|— — —/ = (zxe”)i-(zye”)j 
BE ay a ( (zye"’)J 
x y? ze*) 


AN CTR aaa 
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Since z = 0 on S*, we have F -k = 0 on S” and ne . 7 
[four syas= [four was = ff Ods*=0 | mt 
Ss) Se s* | Bi 


THEORETICAL APPLICATIONS OF STOKES’ THEOREM 


In physics and other applied areas, Stokes’ theorem is often used as a device for 
establishing general properties. For instance, we now use it to prove the curl criterion 

"for a conservative vector field in R? stated without proof in Section 13.3 (Theorem 
13.4), and whose proof was promised at this time. 


The cur! criterion for a conservative vector field in R’ Suppose the vector fjeld 
F and curl F are both continuous in the simply connected region D of R’. Then Fis { 
conservative in D if and only if curl F = 0 in D. 


Proof of Theorem 13.4 ; 
If F is conservative, let f be a scalar potential function, so that Vf =F. Then curl # 
F=Vx F=V.x (Vf) = 0. (See Problem 54, Section 13.1 for a proof of this property.) § 
Conversely, if curl F = 0, we will show that F is conservative by proving that it 4 
is independent of path. Let P, and P, be any two points in the simply connected. i 
region D and let C\ and C, be two nonintersecting paths in D from P, to P,.LetCbe { 
the Jordan curve from P, back to P, formed by C; followed by — C,. Since Dis simply 
connected (no holes), there is a piecewise smooth surface:S whose boundary is C. 
y Then, by Stokes’ theorem 


\ 


f F-an= | Fak - [ F-dR 
G Ci Cz 
. = ff cuie-nas 


8. 
= 0 


\ 


so that ‘ . 
[pan=[ Fear 
Cr C2 


~- It follows that the line integral ¢ F-dR is independent of path, so F must be 1 


| : conservative. ‘ . . | a { 
Maxwell’s equations describing the, behavior of electromagretic phenomena 
were discussed briefly at the end of Section 13.1. The following example shows how 
Stokes’ theorem can be used to establish one of Maxwell’s agus the current 
_ density equation. : 


EXAMPLE 4 Maxwell’s current density equation | 7 4 

* 3 ad : \ 5 F 

- In physics, it is shown that if J is the current crossing any surface p bounded by the 
closed curve C, then \ : 

% | 


pH-dR=I and ff» dS=I 
~ dC : S : 


\ 
B% 
N 


Velocity Field V A 


Figure 13.46 The tendency of a fluid to 
swirl across the surface S is measured - 


. by curl V -N 


equals the line integral $ V-dR. To intekpret this line integral, recall that it can be 
Cc 


A 
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Where H is the magnetic intensity, and. Ji is the electric current density. Use this 
“ton to derive Maxwell’s current density equation culH=J. - 


Solution 
’ 
Equating the two equations of current, we obtain 


‘ fwan=1={ J.Nas 
nae 
S 


\ 
\ . 
By Stokes’ theorem, a va Fg 
\ ; 
\ gu-ar= | (curlH - N) dS 
| - a eee 5 ae ae 


\ 


Equating the ~ integrals | that equal: pu H- dR, we have 


\ ie NdS = I (curl H - Nas 


or, ae \ 
\ fo — cull). NdS = 0 : 


Because this equation pl or any surface S bounded by C, it can ee shown that 


i J-—culH=0 


i J =curlH - | 4 


. PHYSICAL INTERPRETATION, OF STOKES’ THEOREM 


If V is the velocity field of a fluid flow, then curl V measures the tendency of the fluid 
to rotate, or swirl (see Figure 13 46)\ If the fluid flows across the surface S, the rota- 
tional tendency usually will vary from point to point on the surface, and the surface 


integral /{ (curl V - N) dS provides a ineasure of the cumulative rotational tendency 
S 4 , 


over the entire surface. \ 
Stokes’ theorem tells us that this cumulative measure of rotational tendency 


/ 


\ 


. ‘ 
written f V - Tds in terms of the arc ie aes s and the unit tangent T to 
Cc ‘ 


the curve. Since the line integral sums the tangential component of the velocity field V, 
it measures the rate of flow of fluid mass arouhd C and for this reason is called the 
circulation of V around C. If curl. V = 0, the circulation i is Zero and V is said to be 


irrotational. To summarize, \ 
\ 
| (curl V-N)dS = ¢ Vv. Tds 
. Cc 

——$—$—$<——Lee The circulation of = ° 

The cumulative tendency a fluid around the 

of a fluid to swirl across aandari cine C 

y cury 


the surface S 


\ 


f 
i 
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13.6 PROBLEM SET (9 '5222,Y, 13,16, 14,18, 19,20, 24,31) 


rAd Verify Stokes’ theorem for the vector functions and surfaces given : 5 2 sie | . 
in Problems 1-5. , 9. f iaxy zdx + dx" yzdy + (x"y" — 2z) dz], where C is the, 
c mo 


oA) F = ad + 2xj + 3yk; S is the upper hemisphere curve given by x = cost, y = sint, z = sin, O< t < dn, : 
z= V9—x? -y?. SV traversed in the direction of increasing t | 


ooh , a: ; 
DB F = (y+ 2i4+ f+ (@ — 4k; Sis the triangular region of the a d d : ; : 
™, plane x + 2y +z =3 in the first ScRaE 10. es x -+zdy+ydz), where C is the intersection of the 


UBS F ; ; 
OY F= (xt 22)i + (y— Oj + (c— y)k; Sis the triangular region sphere x? + y’ + 2’ = 4 and the plane x + y + z= 0, traversed 
& T ) a 
with vertices (3, 0, 0) (0, ; 0), (0, 0, 3) IN » counterclockwise when viewed from above | 
OM F = 2xyi + 2k; Sis the portion of the paraboloid y =x? + 2’, : 
 withy<4 0 | 


5, F = 2yi — 6zj + 3xk; S is the portion of the paraboloid z =,4 — 
x? — y* and above the xy-plane. p< 


Use Stokes’ theorem to evaluate the line integrals given in 
Problems 6-13. 


6. $y! dx + dy + 2? dz), where C is the circle x2 + y? = 1 
A 


in the plane z = 1, counterclockwise when viewed from the 


origin 


11. gu dx +zdy +xdz), where C is the intersection of the 
Cc 


plane x + y = 2 and the surface x? + y* +2=2Ux+ y); 
traversed counterclockwise as viewed from the origin 


12, ple toss dr + (-tyDdy+ 0+ eda, where Cis 
ons ; 


the intersection of the sphere x? + y? + z’ = 4 and the cone 
Pp 


a) p (zdx + x dy + ydz), where C is the triangle with vertices z = yx°+/y?, traversed counterclockwise as viewed from 


(3, 0, 0), (0, 0, 2), and (0, 6, 0), traversed in the given order ebove 


ie f (3y dx + 2z dy — 5x dz), where C is the intersection of the 
MA Se f 


a“ 


xy-plane and the hemisphere z = 1 — x? — y?,, transversed 
counterclockwise as viewed from above JYN : 


LL. LALLY” 
LFA LLL” 


14. p Fak, where F = (x — z, y — x,z — y) and Cis the | ; 


boundary of the triangular region with vertices (12, 0, 0), 
(0, 3, 0), (0, 0, 12) traversed counterclockwise as viewed from 
above : 


8. dx — 2x dy +zdz), wh i i Cti : : 
$0 y ), where C is the intersection of the 15. t F-dR, where F = (y+ 2,2+y,2+)) and Cisthe | |. 
4 


surface z = x’ + y* and the plane x + y + z= 1 considered : ; : 
counterclockwise when viewed from the origin triangle (1, 0, 0), (0, 1, 0) 040, 1) taveesettan:ahones i 


In Problems 16-23, use Stokes’ thedrem to evaluate 


i (curl F -N) dS e 

s | ° 
for the prescribed vector fields and surfaces. In each case, use the 
upward unit normal for S. 
YOY F = xi + yj + xyzk, and S is the part of the paraboloid 
“ 7=4—x?— y withz> 0. Use the upward unit normal vector.) 
Af} F = xyi — zj, and S is the surface of the cube 0 < x < 1, 
/ O0<y<1,0<z< | except for the face where z = 0. Zy 


a) 


leans ere cane 


t lies in the first octant 
= xyi + x2j + 2’k, and S is the put rn plane z = y that 


= x2i-+ 3° 40k, and S is the part of the plane x + y+ z= 3 
inside the cylinder 9x7 + > =9. Q 
24.F = 4yi + zj + 2yk, and S is the hemisphere 


= /4-x?-y. 


i is mie the paraboloid z = + yr 


22, F=(xtante, yin (1+ y??), ze"), and S is the part of the 
sphere x? + y? + 2 = 9 that lies inside the cone 


: z = af 2x? +2y*, 


23. F = (6x°e%, Ix3ze%, 2x3 ye”), and S is the part of the cone _ 


z = x? + y? that lies above the inner loop of the limagon 
r=1+2 cos 9. 


4 0 In Problems 24-26, use Stokes’ theorem to evaluate the line integral 


fio + y)zdx + (1+ 2)x dy + (1 +x)y dz] 


7 foF the given closed path C. 


24, Cis the elliptic path x = 2 cos 6,y=sin9,z= 1 for0<O< Qn. 
25. Cis the boundary of the triangle with vertices (1, 0, 0), (0, 1, 
0), (0, 0, 1). 


"26. Cis any closed path in the plane 2x — 3y +z=1. 


In Problems 27-30, the vector field V represents the velocity of a 


4. fluid flow. In each case, find the circulation 


pv-dR 
c 
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33. Counterexample Problem Let C, and C, be positively oriented 
_ Jordan curves in the plane 5x + 3y + rs = 4 that contain the 
same area, and let F = (4z, —3x, 2y). Either prove that 


f F-an= ¢ F-dR 
Cy C2 


: | 
or find a counterexample. 


34. HISTORICAL QUEST George 
Stokes was an English mathemati- 
cal physicist who made important 

“contributions to fluid mechanics, 
including the Navier-Stokes equa- 
tions, which are important for mod- 
eling fluidfow.-Most of his research 
was done before +850, after which 
he held the Lucasian chair of math: 
ematics at Cambridge for the bet- 
ter part of a half-century. William Thomson {Lord Kelvin} knew 
the result now known-as Stokes’ theorem in 1850 and sent it to 
Stokes as a challenge. Stokes proved the theorem, and then 
included it as an exam question in 1854. One-of the students 
taking this particular examination was James Clerk Maxwell 
(Historical Quest #32, Section 13.7], who derived the famous 
electromagnetic wave equations ten years later. a 


- GEORGE STOKES 
1819-1903 


For this Quest, write a history of the Lucasian chair, which 
was deeded in 1663 as a gift of Henry Lucas. The first and 
second appointees were Isaac Barrow (Historical Quest #5, 
page 28) and Isaac Newton (Historical Quest #1, page 28); 


and the chair is currently held by Stephen Hawking. 
ae 


around the boundary C, assuming a counterclockivise orientation @ 35. Let Sbe the ellipsoid ~ —+ x +7 = 1, and let F be a vector 
ri , 


as, idwed from above. 
W/V = xi + (2 — x)j + yk, and C is the intersection of the 


cylinder x? + y = y and the hemisphere z = yl — x? — y?, % tk 


28. V=yitin(@?+y)j + @+ y)k, and Cis the triangle with 
‘vertices (0, 0, 0), (1, 0, 0), and (0, 1, 0). 
29, V=(e" + 21+ @ +siny*)j + Ly + In(tan™! 2))k, and Cis 
- the intersection.of the sphere x°+ y+ 7 = 1 and the cone 
= yx +y?, 
30. V = y'it tan”! 2j + G? + Dk, and C is the intersection of 
py the plane z = y and the cylinder ety =2x. 


Au Let F = yi + xyj + xzk, and suppose S is the hemisphere 
e+y+2=1 withz > 0. Use Stokes’ theorem to express 


/ (curl F -N) dS K) 
S 


- ‘as a line integral, and then evaluate the surface integral by 
_ evaluating this line integral. 
32. Let F = ai + xj + yk, and suppose S is a smooth surface in R? 
whose boundary is given by x = 2 cos@, y = 3 sind, z = sind, 
‘05 O< az, Use Stokes’ theorem to evaluate ~ 


pe ik ff toute sas 
s 


field whose component functions have continuous partial 
derivatives on S. Use Stokes’ theorem to show that 


| (curlF-N)dS =0 


Does it matter that 5 is an ellipsoid? State and prove a more 
general result based on what you have discovered in the first 
part of this problem. 


36. Faraday’s law of electromagnetism says that if E is the 
electric intensity vector in a system, then 


gE: fee 
c ot ie ee 


around any closed curve C, where ¢ is time and @ is the total 
magnetic flux directed outward through any surface S 
bounded by C. Given that 


p= ff n-nas 
S 
aB 


where B is the magnetic flux density, show that curl E=- re 


Hint: ean be shown a | 3-8 NdS= Nar — aa»: 
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37. The current J flowing across a surface.S bounded by the closed _ Suppose f and g are functions of x, y, and z with sain - 
curve C is given by : ' first- and second-order partial derivatives and C is a closed - 

. - curve bounding the surface S. Use Stokes’ theorem to verify 

I= i | J-Nds the formulas given.in Problems 38-39. 


where J is the current density. Given that uJ = curl B, where 
B is magnetic flux density and yz is a constant, show that 


f Beak = ul 39. p (fVe+ eV /)-aR=0 
Cc - c 


38. f (fe) dR = (Vf x Vg)-NdS 
A | 
RY 


; = SS — ——re —— we re = —® 


13.7 The Divergence Theorem 


IN THIS SECTION | the divergence theorem, applications of the divergence theorem, physic inter- . 
pretation of divergence - 


THE DIVERGENCE THEOREM 
We used Green’s theorem to show that i F. Ndé = I | div F dA, where D is a 


simply cones domain with the closed 
boundary curve C. The divergence theorem (also known as Gauss’ theorem) is is a 
generalization of this form of Green’s theorem that relates an integral aver a closed 


surface to a volume integral. 


a 


ok THEOREM 13.9 The divergence theorem 


Let S be a smooth, orientable surface that encloses a solid region D in R?. If F is a 
continuous vector field whose components have continuous partial derivatives in an 
open set containing D, then 


we NdS = s= |ffoorer 


where N is the outward uni field for the surface S. we 


Proof An important special case is proyed in Appendix B. an O., 


(MEXAMPLE 1 Evaluating a surface integral using the divergence theorem 


“Evaluate | | F-NdS, where F = i + xyj + ¥y’k and Si is the surface of the 


meee bounded by the plane x + y + 2 = | and the se coordinate ae with’ | 
outward unit normal vector N (see Figure 13.47). ! 


Solution — 
We will use the divergence theorem. Note that 


dvF=20% +20) +5 a ehy) =r tx 40= 3x 
ax ay 


b. Projected region in the xy-plane 


The tetrahedron is the set 


Figure 13.47 A tetrahedron in R? ' 
, R: all(x,y,z) suchthat0<z<i-—x-y 


whenever 0 < y<1—xfor0<x<1 


I: Hemisphere 


Figure 13.48 The surface of the 


| hemisphere z= /9 - x? — y? 
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This projects onto the triangular region in the xy-plane described by 
-D:  all(x,y) such thatO0< y <1 —xfor0d<x <1 


(See Figure 13.47b.) Then, by applying the divergence theorem, we find that 


1 pl-x pl-x—y 
[fenas= [ff aerar~ | 3x dzdy dx 
0 JO 0 
5 


-[[- se(l 3 niyar=af [xl -x)y—day"] |p dx 


=a [x(1 — x)? - 3x(1 — x)"] dx =i | 
; | 


Sa 


CLOEXAMPLE 2. Verifying the divergence theorem for a particular solid 


Let F = 2xi — 3yj + Szk, and let S be the hemisphere z = ‘9 — x? — y? together 
with the disk x? + y* < 9 in the xy-plane. Verify the divergence theorem. . 


Solution 
The solid is shown in Figure 13.48. We will show that the surface integral J if F.NdS. 


and the triple integral | ff div F dV have the same value, where R is the solid bounded 
R 
by S. 


I. Evaluation of | | | divFdV 
R 


2 (ax) + 
x 


qivF = 5 


Therefore, f{fdivFdV = fff4aV, but fff dV is just the volume of the 
R R . R , 


F) 3 9 
< (-3y) + —(6z) =2-34+5=4 
dy f az Hy 


liemisphere z= /9—x?—y*. A hemisphere of radius 3 has volume 
5 [4 (3)°] = 187, so 


ff fsvray = [[[ oe = 4V =4(181) = 72x 
R R 


IL. Evaluation of [[# Nas 


leon! 


: s ; 
S consists of two parts: S,, the disk on the bottom of the hemisphere, and S,, the 
hemisphere. We will consider these separately and then use 


[[enas= [[e-masi+ [fe Neds 
Ry . 8 83 


! 


The surface S,; The disk x? + 4 < 9 with z = 0 has outward (downward) unit 
normal N = —k, so . 


ew WURUIND - 


[fp Nasi = [fos 39.340 (00;< Ids, 


, | 
| (—5z) dS; =0 Because z = 0on S, | . 
S| . | 

| 


The surface 5,: Since z = 9 ~ x? — y?,.we have 


eo and zy = 


7+ rey . 


_ and the projection of S, onto the xy- lane | is the disk D: ie + yp <9orrs 3 in 
polar form. , Gee Figure 13.49.) We find that 


We Nd& = [fo =3y, 5z) (- a 


Figure 13.49 The hemisphere 
projects onto the disk x? + y? < 9, - 
or r < 3 in polar form 


2x2 — 3y2 ; 
“eS Z ad 55] aa 
J9—x2—y2 
a 


2x? — 3y? 7 
GES set +579 FF a Since z = 1/9 — aap a on S 


9 — J9-x2 2 


/o—r2 coordinates 


, ; 
-['[ patie cos’ § — 3r? sin? 5/7] dr dé Changing to pee | 


-[" [81 — 90sin?4] de 
0 
= 721 


‘Adding the surface integrals for S, and S,, we obtain 


[fe nas= [[e-was,+ [fends =0+1" = 7% 
s Sp - 


5 


Thus, we have 


or ae [[PNas= 0 = [ff aivray 
5 OR 


as required by the divergence theorem. . . a 


The divergence theorem applies only -to closed surfaces. However, if we wish to 


evaluate ff F - NdS where S, is not closed, we may be able to find a closed surface. - {- 


-, 
S that is the union of S, and some other surface S,. Then, if the hypotheses of the - 
divergence theorem are satisfied by F and S, we have 


Ge) Ee) aete 


1 So 
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where D is the solid region bounded by S. Thus, if we can compute {ff div F dV and 
D 


[fF NdS, we can compute ffF- Nds by the equation 
SQ , St 


[fe-nasq [ff aovwav - |] x nas 


This equation can also be used as a device for trading the evaluation of a difficult 
surface integral for that of an easier volume integral. Here is an example of this 


procedure. 


S* js the closed surface 


o. a 3 Evaluating a surface mitegrat over an open surface 
of the entire cube. 


Evaluate | [rin FAN dS, where F = xyi — ek and.§ is the surface of the upper five. 


S is the surface of five 
faces of the cube. 


faces of ihe unit cube 9 <x<10< ys <1,0<z<l, as shown in Figure 13. 50. 


Solution 

Note that the surface $ is not closed, but we can close it by adding the missing face S._, 
thus forming a closed surface S* that satisfies the conditions of the divergence 
theorem. The strategy is to evaluate the surface integral of S” and then subtract the 
surface integral over the added face 5 


Figure 13.50 An open surface: a cube 
with a missing face Bi NdS = {if divFdV = [ [ [i y — 2z) dx dy dz 


f cube 
; -[ [o- a dyae= [ (} — 22) dz =-}" 
‘JO 
Also, because the outward unit normal vector to the added face S,, iS ‘N = —k and 
z = 0 on this face, it follows that 
[[F-Nas= [Joe k) dS = in [fase 0 
. Sin, - Sm 
Therefore, 
[fe-nas= f[favray - |f¥-nds=-}-0=— a 
5 D — = 


APPLICATIONS OF THE DIVERGENCE THEOREM 


Like Stokes’ theorem, the divergence theorem is ofter: used for deoretical purposes, : 
especially as a tool for deriving general properties in, mathematical physics. The 
following example deals with an important property of fluid dynamics. 


_ EXAMPLE 4 Continuity écuation of fluid ayasives, 
Suppose a fluid with density 4 (x, y, z, t) flows in some region of space with velocity 
F(;, y, z, 8) at the point (x, y, Z) at time f. Assuming there’ ‘are no sources or Sinks, 
show that 


fi | | divare =o" 
: at 
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Sélation 
Recall from SagHon: 13.1 that a point is called a source if div 6F > = 0; a sink if, 
div. 5F < 0, and incompressible if div 5F = 0. Let S be a smooth surface in R° that 
encloses a solid region D. In physics, it is shown that the amount of fluid flowing out 


of D across S in unit time is {{6F-NdS, which must equal the net decrease in ~ 
S 


. 06 
density of the fluid; namely I Hs — dV, Equating these two ee we have 


[pe NdS = —- Wee | 


By the divergencé theorem, it follows that 


[[e-nas= [ff svorav 
AY D 


| § 
[[[ svavavs [ff Pav =o 
D D 
: [ff fovor+ | dV =0 
an ; | at 
: F D 


This equation must hold for any region D, no matter how small, which means that the - . 
integrand of the integral must be 0. That is, 


so that 


a6 a a 
div 6F = —— 
1V at | 


It is known that the tot4l heat contained in a body with uniform ay ty 6 and 
specific heat o is ui [f{ o6T dV, where T is the temperature. Thus, the amobnt of heat 


eg D per unit of time is given by the derivative . ; 


| 
Pee af ee ali aay 
mee at | at 


In the following example, we use this result to obtain an important formula from a 
mathematical physics. oa 


\ EXAMPLE 5 Derivation of the heat equation 
Let T(x, y, z, t) be the temperature at each point (x, y, Zi in a solid body D at time t. 
Given that the velocity of heat flow in the body is F = —K V T for a positive constant 
K (called the thermal conductivity), show that 
or =x 
—=—VWT 
dt a6 ' 


" where o is the specific heat of the body and 6 is its density. 
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Solution ; ; : 
Let'S be the closed surface that bounds D. Because F is the velocity of heat flow, the 


- amount of heat leaving D per unit time is if f F - NdS, and the divergence theorem 
" \applies: s 


[[#-nas= [[[ an-xorav = ff (-KV-VT)dV 
AY - D D 
. = fff -Kvrav 
D ; : 


* "Since this is the amount of heat leaving D per unit of time, it must equal the heat.. | 
integral from physics derived just before this example. Thus, 


[[[-eerer= fff Ee 


a : ; This equation holds ‘not only for the body as a whole, but for every part of the body, 
no matter how small.\Thus, we can shrink the body to a single point, and it then can 
be shown that when this occurs the integrands are equal; that is, 


\ 


-KVT = rcs 
at 
oT ~=OK 
aa 8 | 


| defined on the closed surface S is the directional derivative of g in the direction of the 


| 
| | 
| Recall from Section 13.4 that the normal derivative dg/én of 4 scalar function g 
| 
| outward unit normal vector N to, S; that is, - 


We. will use this equation in the following example, which involves a generalization 
of a property we first obtained for R2 in Example 6 of Section 13.4. 


EXAMPLE 6 Derivation of Green’s first identity 


Show that if f and g are scalar functions such that F = f Vg is continuously differen- 
tiable in the solid domain D bounded by the closed surface S, then ie 


[f[fumervr-vnay = [f r554s 
D 4 S 


This is called Green’s first identity. 


Solution : 

, We will apply the divergence theorem to the vector field F (note that F is 
continuously differentiable), but first we need, to express div F in a more useful 
form. 


ASE ee 


“div(fVg) = V+ (fVg). 


a, 9, 2 dg. 08. ,.08 
[ait site [i+ re ; | 


_ 6 | 8g d| dg a[ dg 
~ ax [72] "ay ay [7] ar dz 72] 


af ag =f af ag . ,0°e] , [ af ag f 
= [Har By ay oo ay? zi dz az az a2 Ls 
_fafag , af ag , af ag ae ae ag . 
= [26 , 138, oe), [Fe Ze 822 | 
= (Vf) + (Vg) + fV°g i 3 


This calculation gives us the first step in the following computation. 


| eregenay= iene 


= [[crve -NdS Divergence theorem 


= f(Vg-N)dS 
S 


| ie | . : 5 
He = |f rBas Peerare yas 
{ : : on . On 

s by definition Z 


f ° 
PHYSICAL INTERPRETATION OF DIVERGENCE 
Po "In Section 13.6, we used Stokes’ theorem to give an interpretation of the curl as a . 
measure of the tendency of a fluid to swirl (the circulation). Our last pxample gives | 
an analogous interpretation of divergence. In particular, we show that the net rate of 
fluid mass flowing away (that is, “diverging”) from point P, is given by div F,. This 
| is the reason P, is a source if div F, > 0 (mass flowing out frit P,) and a sink if div 
F, < 0 (mass flowing back into P 


* _ EXAMPLE 7. Physical interpretation of divergenes 


i - _Let F' = 6 V be the flux density associated with a fluid of density 3 flowing with 
{ , a velocity V and let P, be a point inside a solid region where the conditions of the 
divergence theorem are satisfied. Prove that 


' divE ee F-Nds me pe 
90 V(r) il \ 
S(r) \ 
where div F,, denotes the value of div F at P,, and S(r) isa sphere centered at P, with 


volume V(r) = Z2r?, 


Solution ' 
Applying the divergence theorem to the solid sphere (ball) B(r) with surface S (r), we 


obtain 
ifr. NdS= oe 


S(7) Br) 


13,7 PROB 


4 0 Verify the divergence theorem for the vector function F and solid 


i 
i| 
| 
| é 
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: ‘The mean value theorem (for triple integrals) tells us that 


=o If divF dV a div F* 
V(r) 


Br) , 


where div F* denotes the value of div Fat some point P* in the ball B(r): Combining 
these results, we find that . 


off NdS = r= [[] rer V(r) div" 


S(r) 


or 


Br) 


ieee 
— f | F-NdS = divF 
V(r) ie 
S(r) 


' Since the point P* is inside the ball 'B(r) centered at P,, it Yollows that P” > P, as 
r—> 0, so div F* > div F, and we have 


X 


; . * . | 18 Fo = | NaS im irk = ry 


as claimed. 


D given: in Problems 1-4. Assume N is the unit normal vector 
pointing away from the origin. 
1. F = xd } 5 +.2ck; Dis the ball? +? +2 < 4. 
*2. F = xi — 2yj; D is the interior of the ena z=xrty’, 
Wah es Oe. 
3. F = 2y%j; D is..the tetrahedron bounded by the coordinate 
"planes and the x + 4y + z= 8. : 
F = 3xi + Syj + 62k; D is the tetrahedron bounded by the 
coordinate planes and the plane 2x + y + z = 4. M4 
“ 
Use the divergence theorem in Problems 5—19 to evaluate the 
surface integral {[ F - NS for the given choice of ¥ and closed 
i at Ky ; 
boundary surface S. Assume N is the outward unit normal vector 


field. 


8. Beaity] + a6 Sis he cwbe0sr<1L0<y< 102 


<1. 
Uh) F = xyq; S is'the cylinder 2° +y=9,for0<z<5. 0 
YF = (cosyz)i + e*j + 32k; § is the hemisphere 


z= f/4—x?—y? together with the disk x? + y’ < 4 in the 
_.xy-plane. aun ; 


8 F= curl[ei — 4j + (sin xyz)k]; S is the ellipsoid 2x24 3y? + 


T2 = 1. 


QU ,b, 4+, 9,12, 


, 
Ke =(?+y — 2)i+2x’yj + 3zk; Sis the surface comprised 


5) 


LY, 


of the five faces of the unit cubeO< x< 10<y<1,0< 
z< 1, missingz=0. YO/A 
10. F = 2yi — zj + 3xk; S is the surface comprised of the five 
faces of the unit cube 0 < x < lO<y<10<z<l, 
missing z = 0. 
J. F = xi + yj + zk; Sis the paraboloid z = x’ + for.0 < <Zz< 


together with the disk x? + y? < 4in the xy-plane. D dw 
13. F =i + yj + 2k; Sis the sphere x? +? +.2= 4, 
= xyzi + xyzj + xyzk; Si 8 the surface of the box 0 < x < 1, 
0<y<2,0<7<3. 33/2_ ° J 
15. F=xi+ yj + @ _ De: S is the surface of a solid: bounded 
by the cylinder x’ + y’ = 4 and the planes z = 0 andz = I. 
= (x5 + 10xy222)i + (y+ 10yx?2")j + (2 + 10zx’y’)k; Sis 
the closed hemispherical surface z = /1 — x? — y* together 
with the disk x2 + y? < 1 in the xy-plane. On 
17. F = xyi + yzj + x*yk; S is the surface bounded above by the 
sphere p=2 and below by the cone @ = 7 (in spherical 
coordinates). Note: S is the surface‘of ‘an “ice cream cone.” 
18. F= 
- sphere p=2 and below by the cone ¢ = 7 
coordinates). Note: S is the surface of an “ice cream cone.” 


xy'i t+ yz2j +2?zk; S is the surface bounded above by the: 
(in spherical 


phe = = curl(yi + xj — zk); Sis the hemisphere Z=V/V4-x7- pn 


‘ 
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19. F=xi+ yj t 3ack (constant a > 0); Sis the surface bounded 
by the cylinder x’ + y" = g and the planes z = 0 and z = I. 
8) 20. Suppose iat S's a closed surface that encloses a solid region D. 


a. Show that the volume of D is given by 
as [fetta NdS 


where N is an outward unit sidfindlascloe to S. 
_b. Use the formula in, part ‘a to find the volume of the 


hemisphere ‘ e 
z= /R? — x? —y2 ; 


Gan the aiverare theorem to evaluate 


wai ) (RIR - Nds 


where R = xi + yj + zk and Sis the sphere x2 + y? pe= a: 
with constanta>0. Yaar 
22, Counterexample Problem Let F = (f(y, z), g(x, 2), h(@, y)) and 
let S be the surface of a solid G. Hither prove that the flux of 
F across S is zero or find a counterexample. 
23. Exploration Problem Let f(x, y, z) be a differentiable nonzero 
ie scalar function. State an additional property of f that will 
: “guarantee 


™ [ff tvr-nas= [ffivsrav 
S G 


for any solid region G bounded by the closed oriented surface S. 


24. The moment of inertia about the z-axis of a solid D of constant 
density 6 = ais given by 


n= f[f{fact+yrav 
Jf 


Express this integral as a surface integral over the surface S 
that bounds D. 

25. Let u be a scalar function with continuous second partial 
derivatives in a region containing the solid region D, with 
closed boundary surface S. 


a. snow nt ff 5, sdS = = fff aa 


b. Letu=x+y+zandv = $(x? Ef 2 Ee. Evaluate 


I (uVu)-NdS, where S is the boundary. of the cube 


pay 1O<y<1,0<z<l. 

26. Let fand g be scalar functions such that F =f V g is continu- 
ously differentiable in the region D, which is bounded by the 
closed surface $. Prove Green’s second identity using the 
divergence theorem: 


|fftsee-sener= [] F555) 


27. Show that if g is harmonic in region D, then 


ee 


where the closed surface S is the boundary of D. (Recall that 
g harmonic means V? g = 0) 


28, 


30. 


31. 


32. 


~ experimental discoveries of Michael 


Show that | i F-NdS =0 if S isa closed surface and 


F = curl U oii the interior of § for some vector field 
U with continuous second partial derivatives. A vector field U 
with this property.is said to be a vector potential for F. 


. In our derivation of the heat equation in this section, we 


assumed that the coefficient of thermal conductivity K is 
constant (no sinks or sources). If K = K(x, y, 2) is a variable, 
show that the heat equation becomes 


aT 
KVT+VK-VI er 


An electric charge g located at the origin produces the electric { 


field 
qk 


| ~ dre (|R IP 
where R = xi + yj + zk and € is a physical constant, called 
the electric permittivity. 


a. Show that : 
[[e-nas=0 _ 
s ' : 


if the closed surface S does not enclose the origin. This is 


Gauss’ law. 
i | E.Nds=4 | 
: € 
AY * 


b. Show that 
in the case where the closed surface S$ encloses the origin. 
Note that the divergence theorem does not apply ae to 
this case. | 


Gauss’ law can be expressed as 


[f>- NdS =g 
S 


where D = cE is the electric flux density, with electric 
intensity E, permittivity « , and g a constant. Show that div 
D = Q, where Q is the charge density; that is, 


Hf os 


HISTORICAL QUEST James 
Clerk Maxwell was one of the great- 
est physicists of all time. Using the 


1 
t 


Faraday as a basis, he was able fo 
express the governing rules for elec- 
trical and magnetic fields in precise 
mathematical form. In 1871, he 
published his Theory of Heat and errr 
Magnetism, which formed the basis 1831-1879 

for modern electromagnetic theory 

and contributed to quantum theory and special relativity. 
Maxwell was influential in convincing other mathematicians 
and scientists to use vectors and was interested in areas as 
diverse as the behavior of light and the statistical behavior | 
of molecular motion. He was sometimes referred to as dp/dt 


ric 


is 


ne: 


ans 


"lor 
/dt 


because in thermodynamics, dp/dt = JCM, a unit of 
measurement named for him. a 

For this Quest you are to derive Maxwell’s equation for 
the electric intensity E: 


enh noe tue 

. = to— €é—— 

ee op OS ae 
ee ee . dB 

To derive this equation, you need to know that curl E= ers 


dE 
and curl H=oE+ rr where E is electric intensity, B is 


magnetic flux density, H is magnetic intensity, and o, €, and 
are positive constants. ; 
a. Use the fact that B = 1H to show that 


i 


q PTER 13 REVIEW 


Vector Analysis IS : 
5 
curl(curl E) = plex (curl H) 


b. Next, show that for any vector field F= (f, g, h), : 


curl(curlF) = V(divE) ~ V- VF 
c. Use the formula in b to'show that 


a dE 
V(divE) —(V- V)E= —p— (oE+e—— 
(div E) — (V-V) ay (2 rex) 


d. Complete the derivation of Maxwell’s electric intensity 
equation, assuming that the charge density Q is 0 so that 
div E = 0. (See Problem 31.) 


UATON OF NE TERA [ee ca ~BAUATION OF FLUX INTEGRALS: is | [rs F-NdS,. 


fae 1. Check: to see heitis Fis conservative; if it is, then a, ot i If ‘the sutace Si is a ‘ed surface bounding the. solid ie 
, - Tegion D, use the: divergence theorem to wilte, the flux : 


“for an upward normal angen th ee 
fe oad: soffn F090) Us fh 


for a downward normal. 


sg ficency Exemningtion 


“her Fe = (Ox. - yi it yh 
as vertices A 2) 


29. “An obje with: 
“fom above) in “the circular orbit 
The mass is ‘subj 


; rand moe et Dy] 


? yeti + Qay te a — on + vk. 1s} 


“ously differentiable vector field mn R 


I (eu: Ny S 


1 dy ¢ ae ) 
half of the clipe x ae = 1.Which value of 


ie 
the ork? 
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“Most human heads have a fixed point, 
in the forrh of a whorl, sometimes 
called a cowlick, from which all the 
hair radiates. It would be impossible 
to cover a sphere with hair (or with 
radiating lines) without at least one 
such fixed point. 


recently discovered topics into the mathematics curriculum, . | ° 


Guest Essay | 


Continuous versus Discrete 


Mathematics __ | | 


William F. Lucas is professor emeritus of mathematics and former 
department chairman at The Claremont Graduate University. He is known 
for his research in game theory, which provides a mathematical approach 
to the study of conflict, cooperation, and fairness. Dr. Lucas has also been 
active in educational reform efforts with a goal toward introducing more 


athematicians often distinguish between discrete and continuous mathematics. 
The latter is illustrated by the calculus and jts many descendants, in¢luding the 
Subject of differential equations, Continuous mathematics deals with “solid” 
infinite sets such ag the real number line R and functions defined on R, One of the 


primary concerns is with the solutions of differential equations, which are typical 


families of such solid curves or surfaces. The many applications of such differential . . 4 


equations to discoveries in the physical sciences and engineering over the past'three 
centuries has been one of the greatest intellectual success stories of all time. 

Prior to the invention of calculus by Newton and Leibniz, most mathematics was 
‘of a discrete nature. It dealt with sets that had a finite number of elements and with 
infinite but “countable” sets such as the natural numbers. These sets often include 


continuous curves such as the conics which can be characterized by a small number 
of conditions. Discrete mathematics also deals with the solutions to algebraic 
equations, which are usually discrete sets. The twentieth century has witnessed the 
creation of many additional subjects in the discrete direction, This development was 
spurred on by the rapidly increasing use of mathematics in the social, behavioral, 


decisional, and system sciences, where the items under investigation are typically” 


finite in number and not. readily approximated by some continuous idealization. 
Moreover, nearly all aspects of the ongoing revolution in digital computers. involve 
discrete considerations. , ; a 

A metal bar on a minute level is composed of discrete molecules, atoms, and 
elementary particles. Many of its physical properties, however, can be determined by 
viewing the bar as a solid continuum and employing the analytical techniques of 
calculus: One applies the basic laws of physics to express the local (infinitesimal) 
properties of the bar in terms of differential equations. The solutions of these equations, 
in turn, provide an excellent description of the observed global behavior of the bar. 


One of the greatest mathematical discoveries of the twentieth century in contin- - 
uous mathematics is the famous fixed point theorem, published in 1912 by the Dutch: « 


mathematician L. E. J. Brouwer (1881-1966). It states that any continuous function 
from a set 5 (with certain desirable properties) into the same set 5 has at least one 
fixed point Xq that is f(x,) = x). For example, for any continuous function y = f(x) 
from the set S = {x ER: 0 < x < 1} into S there is some number x) € S such that 
the curve y = f(x) crosses the line y = x at X». A head of hair must either Have a seam 
(a parting of the hair, a discontinuity) or else a cowlick (where the hair stahds straight 


up, a fixed point). Fixed points are realized in many physical and social enomena 


such as equilibrium states in mechanics. or stable prices in economics. 


Figure 13.5 
triangle 


' Enter 


Exit Re-enter 


3 Arbitrary partitioning of a 
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Like many of the outstanding results in continuous mathematics, Brouwer’s 
theorem has an analogue in discrete mathematics, known as the labeling lemma of the 
German mathematician Emanuel Sperner, which appedfed in 1928.-Given a triangle 
with vertices 0, 1, and 2 (called AQ12) as shown in Figure 13.53, one can partition 
the interior of this triangle into (nonoverlapping) smaller triangles in any possible 


"way. 


‘One can then label each of the newly created vertices with any one of the 
numbers 0, 1, or 2. There is only one stipulation on how the new vertices on the 
perimeter of the triangle can be labeled: No vertex on a particular side of A012 can 
be labeled with the number appearing on the main vertex opposite (disjoint from) this 
side. For example, the side 01 of A012 cannot contain a vertex with the label 2. 
Sperner’s lemma states that there must exist at least one elementary triangle inside | 
A012 (or an odd number, in general) whose three vertices are “completely labeled” 
in the sense that they have all three-tabels 0,1, and 2. There are three such triangles 
(shaded) in Figure 13.53. — oo 

There is an elementary constructive proof of Sperner’s lemma that uses he idea 


-of a “path-following algorithm” published by Daniel I. A. Cohen in 1967. This proof 


is illustrated by the line shown in color (Figure 13.53). Onecan enter into A012 from 
outside via some elementary triangle T, whose perimeter edge carries the labels 0 and 1. 
The third vertex on this elementary triangle 7, must be either 2 (in which case T, isa 
completely labeled elementary triangle), or else it is 0 or 1. In the latter cases, one can 
exit 7, via a second 01 edge. One can continue to enter and exit subsequent elementary — 
triangles T,, T,, ... through successive 01 edges until one finally reaches an elementary 
triangle 7, that has completely labeled vertices 0, 1, and 2. (If this path were ever to exit 
A012, then there must be still another 01 édge on the perimeter of A012 since there is . 
an odd number of 01 edges on the boundary of A012 where one can reenter the main 
triangle and continue along the path, as did occur once in Figure 13.53.) . 

This path-following method also extends to a proof of Sperner’s labeling lemma 


for dimensions higher than two. Furthermore, this approach is used in practical prob- 


lems to arrive at a “very small” elementary triangle that can serve as an approxima- 
tion to a fixed point, when it is excessively difficult or impossible to determine the 
precise location of the fixed point itself. In such cases, the broken path in Figure 
13.53 can be viewed as the analogue in discrete mathematics of the continuous curves 
one arrives at when solving differential equations. 

Around 1945, the great Hungarian-American mathematician John von Neumann 


(1903-1957) pointed out the need for approximating paths in a discrete manner when © 


it proves too difficult to arrive at the exact continuous solutions to certain ordinary or 
partial differential equations. Cohen’s constructive proof of Sperner’s lemma, and 


_ work in the late 1960s by the mathematical economist Herbert Scarf on approximating 


equilibrium points, have paved the way for one very rich and extensive discrete theory 
that provides numerical approximations for continuous phenomena when the latter 
problems cannot be solved directly by the many analytic techniques of continuous 
mathematics. ae 


wurwwive | 


Mathematical Essays 


1, If your college offers a course on discrete mathematics, 


interview an instructor of the course, and using that interview 


as a basis, write an essay comparing continuous and discrete. 


mathematics. 


Draw several triangles and attempt to draw a counterexample 
for Sperner’s labeling lemma. In each case, show how this 
lemma is satisfied. 

Consider two sheets of paper containing the numbers 1 to 120, 
as shown in the photograph on the left. 


If the top sheet is crumpled and dropped on the bottom sheet, 
the fixed point theorem tells us that one point must still be 
over its starting point. In the photograph on the right, it is a 
point in the region of the number 78. Perform this experiment 
several times in an attempt to find a counterexample. In each 
case, show how the fixed point theorem is satisfied. 


HISTORICAL QUEST William Rowan Hamilton has 
been called the most renowned Irish mathematician. He was 
a child prodigy who read Greek, Hebréw, and Latin by the 
time he was five, and by the age of ten he knew over a 


_dozen languages. Many mathematical advances are cred- 


ited to Hamilton. For example, he developed vector methods 


a 


in analytic geometry and calculus, 
as well as a system of algebraic 
quantities called quaternions, 
which occupied his energies for 


the last 22 years of his life. 
Hamilton pursued the study of 


quaternions with an almost reli- 


gious fervor, but by the early oe WAN 
HAMITON 
twentieth century, the notation 1805-1865 


and terminology of vectors dom- ‘ 
inated. Much of the credit for the eventual emergence of 


avector methods goes not only to Hamilton, but al | 
entists James Clerk Maxwell (1831-1879), J. Willard Gibbs 
(1839-1903), and Oliver Heaviside (1850-1925). 


For this Quest, write a paper on quaternions. 


Stokes’ theorem, and the divergence theorem. 


Write a report on four-dimensional geometry. 


EER “we often hear that mathematics consists 


‘0 to the sci-' 


5. Write a 500-word essay on the history of Green's theorem, 


‘mainly of ‘proving theorems.’ Is a writer’s job mainly that of: 


‘writing sentences’? A mathematician’s work is mostly a tangle 
' of guesswork, analogy, wishful thinking and frustration, and 
proof, far from being the core of discovery, is more often than 
not a way of making sure that our minds are not playing tricks. 


Few people, if any, had dared write this out loud before Davis, 
and Hersh. Theorems are not to mathematics what successful 


courses ate to a meal. The nutritional analogy is misleading. 
To master mathematics is to master an intangible view.” This 
quotation comes from the introduction to the ibook The 


Mathematical Experience by Philip J. Davis and Reuben 


Hersh (Boston: Houghton Mifflin, 1981). Read this book and’, 


prepare a book report. 


| ~ /Green's theorem, (Section 13.4): PQs, y) = MG, 


HAPTERS 11-13 Cumulative Review 


~-Compa ison of important integral, theorems - a 


Of fe 


“~ positively oriented piecewise’smooth boundary curve C. Then © 


i 


-where C ig the positively = 
~ oriented boundary, curve of the 
surface § with outward unit 
normal fie dN. 


“WF: 


an 8M) 


—_——_ 


dA 


y)it+ NG y)}is continuously differentiable the s mply connect : 


: 2 Chapter 
“Sih anges of several iabled? 


This is often Lesa to as 


multivariable calculus. In your. ‘own words, Aiscuss what is 


meant ss multivariable ae, 


t 


0;- y, 0 0, Be toaversed once counter: 
wed from the: otigin’ oe 


> Where Cis given by: RO) = = Weel Di + (sin? i 


for0 <1. On ate | 


: 22, Find the equations for the tangent plane and the normal line ‘a : q 
f=r+y + sin zy at P= (0, 2,4). The graph of this surface a © 


is shown in Figure 13. 54, 


Figure 13. 54 Graph Oh 2 = 34 +? + sinxy 


é 


a What are. the dimensions of the closed rectangular | box of ' 


- fixed volume’ Vo that has minimum surface area? 


24. A radtatititer is:planning to sell a new product at the price 
of $350 per, unit and estimates that if x thousand dollars is 


~. Spent ‘on: development and. y thousand dolla | is * Spent. one 


romotion, consumers will: es cen 


of the iol If fmanlaci costs foe this sod 
re 150 per: unit sp 


(given: nthe following ee 


ment and promotion of the’ new nadie . | 


38: Ay heat. seeking missile moves in a portion of this where tie 


pete {in degrees Cela at om & 2) is given by. 


i 
as 


aay 


"inside the circle ey = 4 in’ the ‘aise ete given t hat cane moving the weight ‘tog the: helieat. is given by x = COSL, 
_ the density at any point Or, y)isd Gj y)=xty 2 0 yes sint, 2s tforO:< t< 2m? - 
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Introduction to Differential Equations 


PREVIEW 


We introduced and examined separable differential equations in Section 5.5 and 


first-order linear equations in Section 7.6. We examine 


d applications such as orthogonal 


trajectories, flow of a fluid through an orifice, escape velocity of a projectile, carbon 


dating, the diastolic phase of blood pressure, learning curves, population models, 
dilution problems, and the flow of current in an RL circuit. In this chapter, we will 


extend our study of first-order differential equations 
exact equations and then will investigate second-ord 


PERSPECTIVE 


by examining homogeneous and 
er differential equations. 


The study of differential equations is such an extensive topic that even a brief survey 
of its methods and applications usually occupies a full course. Our goal in this chap- 
ter is to preview ‘such a course by introducing some useful techniques for solving 
differential equations and by examining a few important applications. 


e | 14.1 First-Order Differential Equations 
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IN THIS SECTION review of separable differential equations, homogeneous differential] équations, 
review of first-order linear differential equations, exact differential equations, 
Euler’s method 


We have discussed several different kinds of first-order differential equations so far 
in this text. In this section, we review our previous methods and introduce two new 
~ forms, homogeneous and exact differential equations. 


REVIEW OF SEPARABLE DIFFERENTIAL EQUATIONS _ 


Recall that a differential equation is just an equation involving derivatives or differen- 
tials. In particular, an nth-order differential equation in the dependent variable y with 
respect to the independent variable x is an-equation in which the highest derivative of y. 
that appears is d"y/dx”. A general solution of a differential equation is an expression 
that completely characterizes all possible salutions of the equation; -and a particular 
solution is obtained by assigning specific values to the constants that appear in the gen- 
eral solution. An initial value problem involves solving a given differential equation 
subject to one or more initial conditions, such as VX) = Yor ¥! Xp) =ysvee 

In Section 5.5, we defined a separable differential equation as one that can be 
written in the form 


dy _ gts) 
dx f(y) 


and observed that such an equation can be solved by separating the variables and inte- 
grating each side; that is, 


. . [ rorar= f cows 


EXAMPLE 1 Separable differential equation 
Find the general solution of the differential equation 
d 


y ee 
— =e” sinx 


dx 


Solution | | 
| 
Separate the variables and integrate: | 
| 


BY zy 
—>e *smx 
dx 
e’ dy = sinx dx 
fea a | sinxax 
e? =—cosx+C Combine constants of integration, 


This can also be written as y=In |C — cos xl. : | 


From the standpoint of applications, one of the most important separable 
differential equations is 
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which occurs in the study of exponential growth and decay. You might review’ 
Table 7.3, which gives the solution for uninhibited growth or decay, logistic (or inhib- 
ited) growth, and limited growth functions. In this section, we consider an applica- 
tion of separable differential equations from chemistry. 


EXAMPLE 2 Chemical conversion 
Experiments in chemistry indicate that under certain conditions, two substances A 
and B will convert into a third substance C in such a way that the rate of conversion 
with respect to time is jointly proportional to the unconverted amounts of A and B. 
For simplicity, assume that one unit of C is formed from the combination of one unit 
of A and one unit of B, and assume that initially there are w units of A, B units of B, . 
and no units of C present. Set up and solve a differential equation for the amount Q(t) 
of C present at time 7, assuming a # B. 


eee 


Solution pete . 
Since each unit of C is formed from one unit of A and one unit of B, it follows that 
at time t, @ — Q(t) units of A and B — Q(t) units of B remain unconverted. The spe- 
cific rate condition can be expressed mathematically as \ 
- —=k(a- _ 
| 3 —= = k(a — Q)(8 ~ Q) 
where k-is a constant (k > 0 because Q(t) is increasing): 
To solve this equation, we separate the variables and integrate. 


lec = fa 
(a — Q)(6 — Q) 
{a cE + a dQ= [va Partial fraction 


a — A a-Q B-Q decomposition 
[In(a — Q) —In(B — Q)] = kt +) | | 
a— B 
Ih =f) - (a — B)kt + C2 
: ag — - = Mee-Pkt Where M = e@ 
a-Q = BMe® Pt _ OMee-h 


QMe@-Pt _ Q = BMe6 —a 
BMe@PKt _ 
~ Mela-Bokt — 1 ; 


The initial condition tells us that Q(0) = 0, so that 


_ BMe-a 
: ~ Me-1 E 
» 0=BM-a E 
I. Ms I 
B E 


Bre@nBkt = @ 


Thus, Q(t) = i : 
—e(a-B)kt _ 1 


opfee-Pk — 1) 
= qe @-B)kt = B 


’ 
GIGRIGR i ee 
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HOMOGENEOUS DIFFERENTIAL EQUATIONS | 


Sometimes a first-order differential equation that is not separable can be put. into 
separable form by a change of variables. A differential equation of the form 


M(x, y)dx + N(x, y)dy =0 


is called a homogeneous differential equation if it can be written in the form 


#-7() 


In other words, dy/dx is isolated on one side of the equation and the other side can 
be expressed.as a function of y/x. We can then solve the differential equation by 
substitution. . ' 

To see how to solve such an equation, set v = y/x, so that 


vey ‘ 
d d | | 
—-(vx)= —(y) Take the derivative of both sides. . 
dx dx oe 
ut aay = ced Product rule ~ 
dx dx - 
v wget = f(v) Substitution, dy ii (=) = f(v) 
dx dx x7. 
2 =f(v)-v 
dv dx 


The equation can now be solved by integrating both sides; remember to express your 


answer in terms of the original variables x and y (use v = y/x).: | * 


EXAMPLE 3 Homogeneous differential equation 
Find the general solution of the equation 2xy dx + (x? + y) dy = 0. 
” Solution ~ 


dy. 
First, show that the equation is homogeneous by writing it in the form ms 7 f (=): ; 


of 


Ixy dx + (x? + y*)dy =0 


dy . —2xy 
dx x2+4y? 
Y\; 
_ (5) 
yd 
1+ (7) 
Xx 


—2v 


y 
Let v = = and f(v) = Tae’ 


ar 


Hy 
4 
i 
| 
| 


* WARNING, 


' 


==) =~ Noite that the coefficient of 


dy/dx is 1. If it is not, then divide by 
. that nonzero coefficient. 
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dv. dx 
fv)—v x 
dv _ dx 
—2v _ Xx 
—vU. 
1+v? 
l+v)d 
(+ vi)dv = fr dx 
v3 +3u 
ee ee ee 
| 24 = dv= - fx dx . Partial fraction 
vo wt+3 . decomposition 
$In|ul + 3 [5 In |u° + 3]] = —In|xl + C1 
. $n |v(? + 3)| + Ja le] = Cr 
2 
In 2 (2) + 3] +In |x3| = C Substituting 
x x . : \ y 
v= —=;C, =3C; 
3 3 x 
+ 3x 
In ew x = C 
x 
y ar =€ Where C = 6? 
This is the general solution of the given differential equation. | 


REVIEW OF FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 


In Section 7.6, we considered differential equations of the form 


d 
= + p(x)y = q(x) 
x 


Such an equation is said to be first-order linear, and we showed that its general 
solution is given by 
1 
= —| ] I(x)g(x)dx +C 
1 [frvnneree 


where I(x) is the integrating factor 


I(x) = ef Poa 


EXAMPLE 4 First-order linear differential equation ie 
Find the solution of the differential equation ; 


dy 
—-+ytanx = secx 
e dx 


that passes through the point (7, 2). 


Solution — 

Comparing the given first-order linear differential equation to the general first-order 
form, we sec. sa 38 
p(x) =tanx and g(x) =secx 


~ 


CERNING Un A DORIS Ot AER Td 
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The integrating factor is 
~I 
T(x) = ef tnzde . g-tnleosx} _ pinfieosx)=!| (cosx)7! = sec x 


and the general solution is 


1 
=— [ (sec.x)(sec x) dx + c| 
sec x 
= cos x [tanx + C] 


= sinx + Ccosx 


The initial condition gives 


2=sina +Ccosr 3g 
a a | 
R@) 
y=sinx-2cosx nie a 


First-order linear differential equations appear in a variety of applications. In 
Section 7.6, we showed how first-order linear equations may be used to model mix-_ 
ture (dilution) problems as well as problems involving the current in an RL circuit 
(one with only a resistor, an inductor, and an electromotive force). In this section, we 
consider the motion of a body that falls in a resisting medium. . 


EXAMPLE 5 Motion of a body falling in « resisting medium 


Consider an object with mass m that is initially at rest and is dropped from a great 
height (for example, from an airplane). Suppose the body falls in a straight line and the 
only forces acting on it are the downward force of the earth’s gravitational attraction 
and a resisting upward force due to air resistance in the atmosphere. Assume that the. 
resisting force is proportional to the velocity v of the falling body, Find equations for 
the velocity and position of the body’s motion. Assume the distance S(t) is measured 
down from the drop point. 


Solution 
The downward force is the weight mg of the body and the upward force is —kv, where 


Kis a positive constant (the negative sign indicates that the force is directed upward). 


According to Newton’s second law, the sum of the forces acting on a body at any time 
equals the product ma, where a is the acceleration of the body, that is 


ma = mg -—— ky 
~~ ~~ eed 
Sum of forces Force due Resisting 
onthe body —_ to gravity force 


dv dv 

i mek Since a = ae 
2 dv ~ k 
fia 
dv ek | 


cater iets ee a 


ees 2 ne me a ein es 
° 
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: : k 2 1g 
This is a first-order linear differential equation, where ptt)=—andg()=g.The (Ff 
integrating factor is ye iE 


I(t) = ed Kimat = eht/m 


so that the solution is 


eee ae ee kiln gee MS. A —kt/m 
ie iE (dt+c] =e ee ar 


Because v = 0 when ft = 0 (the body is initially at rest), it follows that 


é Gee 


+ tea ats mg 
Ce = 
pee 


Te 
et 


: mg 
Solving, we obtain C = ap ee 


Now, to find the position s(t), we use the fact that u(t) = ae 


- i Lit mg —ki/m 
dt k i ; 
™ ra ss erwin 4¢ 


Because .s(0) = 0 (the position s is measured from the point where the object is 
dropped), we find that 


| 


ae 2 y 
mg. .' mg mg 
0= —(0)+ — C -——=C : 
| 7): rd + so that Zz | 
Thus, the position is , 
2 i 
sit) = ma + re (e EP : | 


In the problem set, you are asked to show that no matter what the initial velocity 
may be, the velocity reached by the object in the long run (as t > +00) is mg/k. 


EXACT DIFFERENTIAL EQUATIONS . : ; 


Sometimes a first-order differential equation can be written in the general form 


M(x, y) dx + N(x, y) dy = 0 
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where the left side is an exact differential, namely, 


df = M(x, y) dx + N(x, y). dy 
for some function f. In this case, the given differential equation is appropritely called 
exact and since df = 0, its general solution is given by f(x, y) = 


But how can we tell whether a parheular first-order ae is exact, and if it is, 
how can we find f? Since | 


for a total differential (see Section 11.4), we must have 


od a 
j pg! areas ics Nees 
Ox dy z 


In particular, suppose M and N are continuously differentiable, with 


a) f) 
ae M(x,y) and oe N(x; y) 
ax dy 
This will be true if and only if f satisfies the cross-derivative test 
ON OM 
dx dy 


and then the function f(x, y) is found by partial integration, exactly as we found the 
potential function of a conservative vector field in Section 13.3. The progedure for 


identifying and then solving an exact differential equation is illustrated in Example s 


EXAMPLE 6 Exact differential equaiion 
Find the general solution for (2xy? + 3y) dx + (3x?y* + 3x) dy = 0: 


Solution we 
Let M(x,-y) = 2xy? + 3y and N(x, y) = 3x’y? + 3x, and apply the cross-derivative test 


Oe ts OM aN 
= — =6xy?+3 and — =6xy’+3 
dy Ox 


OM ON ee . : 

Because co = a the equation is exact. To obtain a general solution, we must find _ 
y Ly 
a function f such that 


9 
af =2xy?+3y and af =3x7y?+3x : : 
ax dy 


To find f, we integrate the first partial on the left with respect to x: 


f[@y= fox + 3y)dx = ay +3xy + u(y) 
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where u is a function of y. Taking the partial derivative of Ff with tespect to y and 
comparing the result with df/dy, we obtain 


a a 
OF 8 F293 + 32y + uQy)] = 3r?y? + 3x +0") 
dy oy 


so that 
3x?y? 43x = 3x7y? + 3x +u'(y) 
0=u'(y) 


This implies that u is a constant. Taking u = 0, we have f = xy? + 3xy, and the 
- general solution to the exact differential equation is 


! vy + 3xy=C 5 
A summary of strategies for identifying and solving various kinds of first-order 


differential equations is displayed in Table 14.1. 


\ 
\ 


TABLE 14.1 Summary of Strategies for Solving First-Order Differential Equations 


2 7 . | Separate the variables. | fly) dy = | g(x) dx 
a = f (=) Homogeneous—use a change of variable v = y/x. GaN ae ie 
dx > fv) -v x 
: 2 as P(x)y = q(x) | Use the integrating factor I (x) = ef P@)4 y= 7 / I (x)q (x) dx + c| 
Mx y) dx + N(x, y) dy =0, where  Exact—use partial integration to find f, where fe y=c 
i a | tem and ea 
EULER’S METHOD 


In Section 5.5, we introduced direction fields as a means for obtaining a “picture” of 
various solutions to a differential equation, but sometimes we need more than a rough 
graph of a solution. We now consider approximating a solution by numerical! means. 
Euler’s method is a simple procedure for obtaining a. table of approximate values for 
the solution of a given initial value problem" 


d 
= fly). yl) =r 


*In our discussion of Euler’s method, we assume that the given initial value problem has a unique solution. 
| ‘ It can be shown that such an initial value problem always has a unique solution if f and df/dy are both 
continuous in a neighborhood of (x, y,). The proof of this result is beyond the scope of this text but can 
| be found in most elementary differential equations texts. 

pa 


é "tt Calculus 


The key idea in Euler’s method is to increment.x, by a small quantity A arid then to 
-estimate y, = y(x,) for x, = X, + h by assuming x and y change by so little over the 
interval [x,, x,].that f(x, y) can be replaced by f(%q Yq) for this interval. Solving the 
approximating initial value problem 


F | | 
— = F090) ¥%0) = yo 
x . 


~ we obtain, 


Y— Vy =f Aq Yo) (% — %) 


in other words, we are approximating the solution curve y = y(x) near (¥), y) by the 
tangent line to the curve at this point, as shown in Figure 14.1a. We then repeat this 
process with (x,, y,) assuming the role of (x, Yq) to obtain an approximation of the 
solution y = y(x) over the interval X, Sx < xX, where x, =x, + hand 

y= y, t hfx,,y,) 
Continuing in this fashion, we obtain a sequence of line segments that approximates 
the shape of the solution curve as shown in Figure 14.1b. Euler’s method is illustrated - 
in the following example. 


EXAMPLE 7 _ Euler’s method. 
Use Euler’s method with h = 0.1 to estimate the solution of the initial value problem 


fe he Sig Sys Roh a Mise | 3 d ° 
hea u enna) Eee oe cae Tee frogs racioas ay =x+ y y(0) =4 
b. A sequence of Euler approximations dx 


Figure 14.1 Graphical representation over the interval 0 < x < 0.5. 
of Euler’s method 
Solution 
Before using Euler’s method, we might first look at a graphical solution. The ‘slope 
field is shown in Figure 14,2a, and the particular solution through the point (0, 1) is 
~ shown in Figure 14.2b. 


WRN EEE ES 


Beara 


AE mt 


Dee 


Lt o4 ios tos | 10% 


a. Slope field of 2 =x+y b. Particular solution through (0, i{ 
‘ | 


Figure 14.2 Graphical solution ising a direction field 
L 


” 


To use Euler’s method for this example, we note | ) 


i, y) =x+y, 4) = 0, yi= 1, and h = 0.1 : : , | 


om wt Y 


pe 
is 


Figure |14.3 Solution by Euler’s 
method 


14.1. PROBLEM SET. 


d 
4, oY + 2xy = 4x, 
dx 


Paes 


= —3xy= 5xe*, 


passing through (0, —3) 
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We show the calculator (or computer) solution correct to four decimal places: 


yo = y(0) =1 . 

yi = yo thf (xo, yo) = 1+ 0.10 + 17) = 1.1000 
yo = 1 thf (x1, y1) = 1:1000 + 0.10.1 + 1.1000") = 1.2310 
y3 = yo thf (x2, y2) = 1.2310 + 0.1(0.2 + 1.2310?) © 1.4025 
ya = y3 tf (x3, y3) = 1.4025 + 0.10.3 + 1.4025”) © 1.6292 
ys = ya thf (x4, ya) = 1.6292 + 0.1(0.4 + 1.6292") & 1.9347 


y 


These points can be plotted to approximate the solution, as shown in Figure 14.3. 
Notice that we plotted these points by superimposing them on the direction field 
shown in Figure 14.2b. —s.., , a 


, 


Euler’s method has educational value as the simplest numerical method for solving 
ordinary differential equations and can be found in most computer-assisted programs. 
However, as you might guess by looking at Figure 14.3) as you move away from 


. (Xp Yq): the error may accumulate. The Euler method can be improved in a variety of 


ways, most notably by a collection of procedures known as the Runge-Kutta and 
predictor-corrector methods. These methods are studied in more advanced courses. 


| A] Find the general solution of the differential equations in Problems. Show that each differential equation in Problems 8-10 is homoge- © 
1-3 by separating variables. neous and then find the general solution. 
d ' 
“dL. xyde = (x- 5) dy 2. (4S =y 8. (3x — y) dx + (x + 3y) dy =0 
. x 

3, 9dx — a/x? —9dy =0 9, xy dx — (2x7 +-y*) dy =0 
10. (3x — y) d — 3y) dy=0 
In Problems 4-7, solve the given first-order linear initial value’ SPE Rae 
problem. Compare your answer to the given graphical solution. Show the differential equations in Problems 11-13 are exact and 


Jind the general solution. © 

11. (3x’y + tan y) dx + (2? + x sec’ y) dy =0_ 

12. (3x? — 10xy) dx + (2y — 5x* + 4) dy=0 

13. (xy) + Sy — 3x?) dx + (3x°y? + 3x) dy = 0 

Estimate a solution for Problems 14-17 using Euler’s method. For 


each of these problems, a direction field is given. Superimpose the 
segments from Euler’s method on the given direction field. 


dy x+y dy Pin con ; 
Ou. no yee 15. anos —Y)s | 7 
passing through (0, 1) passing through (0, 4). 


for0<x<05,h=0.1 forO<x< 1lh=0.2 


ERD Ten en Se 
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16 dy 5x —3xy . 7 dy y? +2x as Solve this equation in terms of k, £, h, and P, for the case 
Se i cea el _ => . is 2 
dx i+x dx ~-3y? —2xy ; where h < k?/(4£). | 
passing through (0, 0) - passing through (0, 1) eb. What happens to P(2) as tf > 007 
for0<x<05,h=0.1 for0<x<05,h=0.1 33. A chemical in a solution diffuses from a = artment where 


the concentration is C(t) = 7e~' across a membrane with 
diffusion coefficient k = 1.75. The concentratjon C(f) in the 
second colnparinent is modeled by 


aC = LBC C 
7 = LISICat) - C0] 


Solve thist¢quation for C(t), assuming that C (0) = 


34. The formijfa for the solution of a first-order ees equation 
requires the. differential equation to be linear in x. Suppose, 
instead, th; Bi the equation is linear in y; that is, it can be writ- 
ten in the form 


a integrating factor of the differential equation Max+N ie 0 dx 
is a function g(x, y) such that —4+ R(y)x = S(y) 


dy 
8%, y)M(x, y) dx + g(x, y)N(x, y)dy =0 


ts exact. In Problems 18-19, jd an integrating factor of the speci- 
fied type for the given differential equations, then solve the equation. 


18, ydx+ (y os x) dy= 0; etx, y) =y 

19, (x? + y’) dx + Gxy) ay = 05 g(x, y)'= x" 

Identify each equation given in Problems 20-27 as separable, 
homogeneous, first-order linear, or exact, and then solve. A change 


of variable may be needed }: 0 put He given equation into one of 
these forms. ~ 


20. (2xy* + 3x°y — y3) dx +- (2x°y + x3 — 3xy*)dy = 0 


a. Find a formula for the general solution of an equation ‘ist 
is first-order linear in y. 


b. Use the formula obtained in part a,to solve 
ydx—2Ixdy=yleYdy |. . 


35. Modeling Problem A man is pulling a heavy sled along the 
ground by a rope of fixed length L. Assume the man begins 
walking at the origin of a coordinate plane and that the sled is 
initially at the point (0, L). The man walks to the right (along 


the positive x-axis), dragging the sled behind him. When the 
man is at point M, the sled is at S as shown in Figure 14.4. 


21, (i+x)dy+/1—yrdx =0 Find a differential equation for the path of the sled and solve « 
his differential equation. 
: 2x y? 2y x? 
2, (—-%)ar+ (2-543) ay=0 
y x ay 


23. (x? — xy — x+y) de — (ry — y*)dy=0 
24, e* sin x dx — cscx dy =0 


IB Rapala an ae | ee Bie ale eS et pars 
1 
' 


d 
25. oe +2xy = sinx 
x 


26. (3x° — y sin.xy) dx — (x sin xy) dy =0 
27, (2x + siny — cosy) dx + (xcosy +x siny) dy = 0 


In Problems 28-31, solve the given initial Value-prablem. Fgse IES: <Sied problem ; 


. Seo, 
jhe ee eee es © 36. Almost homogeneous equations Sometimes a differential equa- 
a @ ae y) is cme a tion is not quite homogeneous but becomes homogeneous : 


dy 3 with a linear change of variable. Specifically, consider a dif-; 
29, x——"-3y=xj3x=l1ly=l % 


dx ferential equation of the form 
30. [sin(x? + y) + 2x? cos(x? + y)] dx + [x cos(x? + y)] dy = 0: dy _ f ax+by+ec 
eo 09> 0 dx rxtsy+t 
dy — prtt2y a; . a =o 
oh sae re ; ; a. Suppose as br. Make the change of variable x = X + A’ s 


32. A population of foxes grows logistically until authorities decide and y= Y EB Where A aed Bisalisty 


to allow hunting at the constant rate of h foxes per month. The GASB eG 
population P(¢) is then modeled by the differential equation Z | 
rA+sB+t=0 ) 
— = P(k-£P)- ; ‘ : i | 

at Show that with these choices for A and B the differential | « 


where P(0) = F,, equation becomes homogeneous. 


se 


dat 


ua- | 


sees race cat nee ies SE a sae! Ne A TN dig a 
< : 


b. Apply the procedure outlined in part a to solve the 
differential equation 


2. (Pe 
dx \x+3y-—5 


37. A Riccati equation is a differential equation of the form 


2 = P(x)y? + O(x)y + R(x) 


Suppose we know that y = u(x) iga solution of a given Riccati 
equation. 
a. Change variables by setting 
| a. 
y — u(x) 


Show that the given equation is transformed by this change of 


variables into the separable form 
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dz 

dx 

b. Solve the first-order linear equation in z obtained in part as 

and explain how to find the general solution of the given 

Riccati equation. . 

c. Use the method outlined in parts a and b to solve the 
Riccati equation 

d 1 2 

pie 

Hint: There is a solution of the general form y = Ax. 


38. Journal Problen Zhe American Mathematical Monthly 
Find all solutions of the Riccati equation 


+ [2P(x)u(x) + O@)]z = —P(x) 


a 
“aw t—u—b 
Xx 


a, b #0, that are real rational functions of x. 


*Problem E3055, Vol. 91, 1984, p. 515. 


aN 


14.2 Second-Order Homogeneous Linear Differential Equations | 
IN THIS SECTION linear independence, solutions of the equation ay” + by’ + cy = 0, higher-order 


of order 


homogeneous linear equations, damped motion of a mass on a spring, reduction 


_ LINEAR INDEPENDENCE 


A linear differential equation is one of the general form 


a,(x)y™ + a,_ (xy? + ++ + ag@)y = RO) 


and if a,(x) # 0, it is said to be of order n. It is homogeneous if R(x) = 0.and 
nonhomogeneous if R(x) # 0. In this section we focus attention on the homogeneous 
case, and we examine nonhomogeneous equations in the next section. 

To characterize all solutions of the homogeneous equation 


a,(x)y™ + a,_G)yO"P + + + agQdy = 0 


we require the following definition. 


Linear Dependence and 
Independence 


The functions:y,; Vy.-«, y, are said to be’ linearly independent if the equation - 


=» What This Says A set of equations is linearly independent if none of the 
y, can be written as a linear combination of the remaining y/s (j # 1). Recall 
that for two functions to be equal, they must be equal at every point x: 


BM: fo: onstants Co 


Cura 
rae 


The functions y, = cos x and y,= x are linearly independent because the only s | 
way we'can have C,cosx + C,x = 0 for all x is for C, and C, both to be 0/ However, ] 
¥,=Ly, = sir’ x, and Y3 = cos 2x are linearly dependent, because | 


Ci(L) + Ca(sin? x) + C3(cos2x) =0 for C,; =1,C) = —-2,C3=-1 


It can be quite difficult to determine whether a given collection of functions Vp 

' Yoy+-+4 ),, 1S linearly independent using the definition. An alternate approach to settling 

the issue of linear independence involves the following determinant function, which is 
named after Josef Hoéné de Wronski (see the Historical Quest in Problem 19). 


Wronskian 


ae WO Yr: A= 


Io aay 
f yy 


THEOREM 14.1. Determining linear independence with the Wronskian 


Suppose the functions a,(x), a,_,(%),..., (x) in the nth order homogeneous linear 
differential equation 


: a(x) yy +a, Dy") + +a) y=0 


are all continuous on a closed interval [c, d]. Then solutions y,, y,,.. J y, Of this 
- differential equation are linearly independent if and only if the Wronskian is nonzero; - 
a ans that is, 
Wy Vy ¥,) #0 | 


throughout the interval {c, d]. 


Proof The proof can be found in most differential equations texts. | 


EXAMPLE 1 Showing linear independence 


The functions y, = e~*, y, = xe~*, and y, = e™ are solutions of a certain pater 
linear differential equation with constant coefficients. Show that these solhtions are 
linearly imdependent. 


Solution . 
, eo ye e* a, 
-W(e™, xe*, e*) = |-e-* (1—x)e* 3e* st 7 
ee gee Se” 
= e-*[9e* (1 — x)e* — 3e* (x — 2)e™*] 
= xe [0 e * = 377] 
+e™[-e "(x — Qe* —e "(1 ~ xe") 
. = 16e* 


Because 16e" # 0, the functions are linearly independent. - 


Dacia h — wiazaciar nn 
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e . ¢ 
The general solution of an nth-order homogeneous linear differential equation 
with constant coefficients can be characterized in terms of n linearly independent 
solutions. Here is the theorem that applies to the second-order case. 


THEOREM 14.2 Characterization theorem 


Suppose y, and y, are linearly independent solutions of the differential equation ay” + 
by' + cy = 0; that is, W(y,, y,) # 0. Then the general solution of the equation is 


y=Cy,+C,y, for arbitrary constants CC, 


Proof We will prove that if y, and y, are linearly. independent solutions, then y = 
Cy, + Gy, is also a solution. However, the proof that all solutions are of this form 
is beyond the scope of this book. Suppose y, and y, are solutions, so that 


ay| (x) + by; (x) + eyi(x) = 0 
ayy (x) + by,(x) + cy2(x) = 0 


If y = Cy, + Cy we have 


ay" +by' + cy =alCry! + Coy] + BIC») + Coys] + efCiy: + Cova 
= C;{ay! + by, + ey] + Colayy + by, + cy2] 
=0+0=0 


Thus, y = C,y, + C,y, is also a solution. Oo 


SOLUTIONS OF THE EQUATION ay" + by’ + cy =0 


¢ 
Thanks to the characterization theorem, we now know that once we have two linearly | 
independent solutions y,, y, of the equation ay” + by’ + cy = 0, we have them all + 


because the general solution can be characterized as vy = C,y, + C,y,. Therefore, the 
whole issue of how to represent the solution of a second-order homogeneous linear 
equation with constant coefficients depends on finding two linearly independent 
solutions. ; 
Recall that the general solution of the first-order equation y’ + ay = Oisy=Ce™. 


Therefore, it is not unreasonable to expect the second-order equation ay" + by’+cy=0 


— to have one or more’solutions of the form y = e™. If y = e”, then y’ = re* andy" = re", 


and by substituting these derivatives into the equation ay” + by’ + cy = 0, we obtain 
y 8 q y y 


ay" + by’ +cy =0 
a(r’e") + b(re’*) + ce =0 ia 
e*(ar’ + br +c) =0 
ar-+br+c=0-. e* 40 
Thus, y = e” is a solution of the given second-order differential equation if and only 


if ar? + br + c = 0. This equation is called the characteristic equation of ay” + 
by’ + cy =Oand ar + br + c is the characteristic polynomial. 


EXAMPLE 2 Characteristic equation. with distinct real roots 
Find the general solution of the differential equation y” + 2y’ — 3y = 0. 


778 Calculus 


Solution 
Begin by solving the characteristic equation: 


r+2r—-3=0 
(Pa hict sya" 
r=1,-3 


The particular solutions are y, = e* and y, = e~*. Next, determine whether these 
equations are linearly independent by looking at the Wronskian. 


—3x ; . 
me e* (~3e7**) = et en, = —4e7%* 


t 


3 ee 
Wee *)= e —3e-3x 


Becaite We*, e-*) = —4e-* # 0, the functions are linearly independent, and the 
characterization theorem tells us that the general solution is 


y= Cy, + Cy, = Cet + C,e* fa a 


When a characteristic polynomial r? + ar + b does not factor as easily as the one : 
in Example 2, it may be necessary to find the roots r, and r, of the etiatpctenistc equa- 
tion by applying the quadratic formula to obtain 


_ b+ Vb? — 4ac 
= 2a 


The discriminant for this equation,'b? — 4ac, figures prominently in the following 
theorem. 


° 


THEOREM 14.3 Solution of ay” + by’ +-cy =0 


If the characteristic equation ar? + br + c = 0 of the homogeneous ikea differen- 
tial equation ay” + by’ + cy = 0 has roots . 


b+ JP —4ac apap hae’ 


= d = 
r| a an Ir 2a 


wrt 


then the general solution of the differential equation can be expressed in exactly one 
of the three following forms, depending on the sign of the discriminant b? — 4ac: 


b? — 4ac > 0; The roots r, and r, are real and distinct and the general solution is / 


ie 
y=Cie™ + Coe”* : 


for arbitrary constants C, and C,. b 
b’ — 4ac =0: The roots r, and r, are real and equal, 7) = rz = — Ma The general 
solution is 


y = Cie" + Coxe” = (C} + Coxe 


l- 


}- 


“3 aitnbensisaier, == eae NAT oes 


Sud. sfaeetacecu 
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b? — dac <0: The roots r, and r, are complex conjugates, 


r=a+ Pi and r, =a — Bi, 


b _ V4ac — b* 
where a=—F p= SS and i=vV-l. 
a : a 


The general solution is 


y = e% (Ci cos Bx + Cy sin Bx) 
Proof We have just seen that the solutions of the differential equation of the form 
y = e correspond to the solutions of the characteristic equation ar* + br + c = 0. 
The quadratic formula characterizes-the three cases according to the discriminant of 
this equation, namely, }2 — dac. For each-case, we must find two linearly independent 


solutions. 


b? — dac >0: Let y; =e", and yp = e*. Then 


efit e!2* 
rjel* re 


W(ell*, ee) = = rel itias = peri tr2* =(r)- revit 


rx 


Because r, # r, and eit2)* + 0, we see W(e'l*, e2*) # 0, so the functions 
are linearly independent. The characterization theorem tells us that the general 
solution is 


y = Cy + Cay2 = Cie" + Cre’ 


b? — 4ac = 0: In this case, the characteristic equation has one repeated root, 
b | 

a a Thus, y, = eis one solution, and it can be shown that y, = xe” 
a 

is a second, linearly independent solution (see Problem 18), so the general solution is 


y= Ce" ae Ce 
b? — 4ac <0: We must show that 


yy =e cosBx and y, =e sin px 


A 


are linearly independent and satisfy the given differential equation. QO 


EXAMPLE 3 Characteristic equation with regeated roots 
Find the general solution of the differential equation y” + 4y' + 4y = 0. 


Solution 
Solve the characteristic equation 


r+4r+4=0 
(r +2) =0 
r=—2 (multiplicity 2) 


780. Calculus 


~ The roots are r, = =r, = —2. Thus, i= e~** and yy = xe~**, so the general solution 
- of the differential equation is 


7S Ce + C,xe™ a 


EXAMPLE 4 Characteristic equation with complex roots 
Find the general solution of the differential equation 2y’+3y’ + Sy = 0, 
Solution 


Solve the characteristic equation: 


dr? +3r+5=0 
_ 3tVv9- =3 = V9 ~— 42)0) 


ar? ea 
_-34V31i 
= c 
_ The roots are 
_ v31. 3 v31, 
Eig, a age og 


Thus, the general solution is 


| 
¢ 

3] 

y = ex c cos ae + C) sin a] 


EXAMPLE 5 Second-order initial value problem 
Solve 4y” + 12y’ + 9y = 0 subject to (0) = 3 and y'(0) = — 


Solution 
Solve 
Berl ar? +127 +9 = 0 
(2r + 3)? =0 
ie sha) 
Yy=r= ) 
Thus, the general solution is ot 


y= Ce + Cree 
Because y(0) = 3 we have 


3= Ce + C,(Oje? 
eer 


| 
WARMING, The general solution of an 
nth order linear homogeneous 
differential equation involves n 
arbitrary constants C,, C,,..., C,,. 


“Always check to make sure your 


solution has the correct number of 
constants. 
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Since y’(0) = —2, we find y’: 


y’ = 3 CG e63/Dx 3 Cox (73/2 ne a(-3/Dx 


y'0) = —3Cye° — 3CnO)e” + Cre" 


—-2= -3C + C2: 
—2=—-3(3)+C, Because C; = 3. 
3 = C2 ERE 


Thus, the particular solution is 


y = Bel 4 See(32 a 


HIGHER-ORDER HOMOGENEOUS LINEAR EQUATIONS 


Homogeneous linear differential equations of order 3 or more with constant coeffi- 
cients can be handled in essentially the same way as the second-order equations we 
have analyzed. As in the second-order case, some of the roots of the characteristic 
equations may be real and distinct, some may be real and repeated, and some may 
occur in complex conjugate pairs. But now, roots of the characteristic equation may 
occur more than twice, and when this happens, the linearly independent solutions are 
obtained by multiplying by increasing powers of x. For example, if 2 is a root of 
multiplicity 4 in the characteristic equation, the corresponding linearly independent 
solutions are e, xe, x’e*, and x°e*. The procedure for obtaining the general: 
solution of an nth order linear homogeneous equation with constant coefficients is 
illustrated in the next two examples. 


EXAMPLE 6 Characteristic equation with repeated roots 


“Solve y® — Sy” + by” + 4y’ — 8y = 0. 


Solution 
Solve the characteristic equation: 


f—5P+6r+4r—-8=0 


Because this is 4th degree, we use synthetic division and the rational root theorem (or 


a calculator) to find the roots —1, 2, 2, and 2. The general solution is 


y = Cer* + Cye® + Cyxe* + Cyre* a. 


EXAMPLE 7 Characteristic equation with repeated roots (some not real) 
Solve y? + 8y® + 16y"” = 0. = 
Solution 


Solve the characteristic equation: 


r’ + 87> + 167° = 0 
H(r* + 8r? + 16) =0 
pr +4)=0 
ry = 0 (multiplicity 3), 27 (multiplicity 2) 


The roots (showing multiplicity) are 0, 0, 0, 2i, 2i, -2i, -2i. The general solution is’ 


y= C; + Cox + C3x? + Cy.cos 2x + Cs sin 2x + Cex cos 2x + C7x sin 2x is 
’ 


DAMPED MOTION OF A MASS ON A SPRING 


To illustrate an application of a second-order homogeneous linear differential 
equation, we will consider the motion of an oscillating spring, which we illustrate in 

Figure 14.5. Suppose an object suspended at the end of a spring is pulled down and .- 

then released. Hooke’s law in physics says that a spring that is stretched or compressed , } 
x units from its natural length tends to restore itself to its natural length by a force 

whose magnitude F is proportional to x. Specifically, F(x) = kx, where the constant 

of proportionality & is called the spring constant and depends on the stiffness of the 


spring. . 
Figure 14.5 Oscillating "Suppose the mass of the spring is negligible compared to the mass m of the object 
spring on the spring. When the object is pulled down and released, the spring begins to 


oscillate, and its motion is determined by two forces, the weight mg of the object and 
the. restoring force F(x) = kx of the spring. According to Newton’s second law of 
motion, the force acting on the object is ma, where a = x"(f) is the acceleration of 
the object. If there are no other external forces acting on the object, the motion is said 
to be undamped, and the motion is governed by the second-order homogeneous : 
equation. . . | . 
mx" (t) = —k, x(t) ky >0 
mx"(t) + kix(t) =0 


Next, suppose the object is connected to a dashpot, or a device that imposes a 
damping force. A good example is a shock absorber in a car, which forces a spring to 
move through a fluid (see Figure 14.6). Experiments indicate that the shock absorber > 
introduces a damping force proportional to the velocity v = x(t). Thus, the total force 
in this case is —kjx(t) — kx'(t), and Newton’s second law tells US 


mx"(t) = —kix(t) — kox'(t) ki > 0, ko > 0 


Figure 14.6 A damped spring nat 4 baw keg) =0 


system 


The-constant ky is called the damping constant to contrast it from the spring constant 
ky: The-characteristic equation is 


mr? tkor +k, =0 


~ky + fl2 = kgm 


ie 2m 


The three cases that can occur correspond to different kinds of motion for the object 
on the spring. 


overdamping: k} — dk m >0 In this case, both roots are real and negative, and — 
the solution is of the form’ 


x(t) = Cye™ 4+ Coe 
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where 
| rao t— eR -4kim and 
| 2m mV? 
: ky ee 
= —— — —,/k2 - 4k 
Me 2m mV ? er 


¢ 


| 
| Be Note that the motion dies out eventually as f + +00: 


jim x(t) = lim (Cye™ + Cre") =0, becauser; < Oandr, <0 
t->+00 t—>+00 : 


Overdamping is illustrated in Figure 14.7a. 


critical damping: k} — 4kym = 0 The solution has the form 


. x(t) = (€, + C,fe" 


k : 
where 7) =) =F = ae In this case, the motion also eventually dies out 
. m \ 


(as t > + 00), because r < 0. This solution is shown in Figure 14.7b. 


“Ne 
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a. Overdamping ki -4kym >0 b. Critical damping Ks -4kym=0 — c. Underdamping Ki —4kym <0 


Figure 14.7 Damping motion 


je tna seis es alicaciorsy ee nth Wo Als ee cee et oe 


underdamping: ke —4k,m <0 In this case, the characteristic equation has 
‘complex roots, and the solution has the form 
+ t t 
| x(t) = e242 | C, Gos | —4/4k1m — Kj) + Cz sin — ,/4km — kb) 
| 2m 2m 
This can be written as 3 
x(t) = Ae*' cos (wt — C) 
where 
| | i. ot C) 
Aa iC +: a=—> 3 w= —/4kym - C=ta — 
| | vee 2m 2m C 
‘ Because k, and m are both positive, a must be negative and we see that x() > 0 
| as t-> + 00. Notice that as the motion dies out, it oscillates with frequency 27 /a, 
as shown in Figure 14.7c. 


waives 


"y =x? In x are linearly independent, we compute the Wronskian: 


REDUCTION OF ORDER 


Theorem 14.2 applies even when a, b, and c are functions of x instead of constants. 
In other words, the general solution of the equation 

aay’ + b@y + c@y =0 
can be expressed as 
y= Cy, + Gy, 
where y, (x) and y(x) are any two linearly independent solutions, Sometimes, we can 
find one solution y, by observation and then obtain a second linearly independent 
solution y, by assuming that y, = vy,, Where u(x) is a twice differentiable function 
of x. This procedure is called reduction of order because it involves solving the 
given second-order equation by solving two related first-order equations. The basic 
ideas of reduction of order are illustrated in the following example. 
| 
EXAMPLE 8 Reduction of order 
ne | | 
Show that y = x? is a solution of the equation y” — ~y! + —=y =0 forlx > 0, then 
find the general solution. ss . 
Solution 


If y, =x’, then y; = 2x and y/’ = 2. We have 


W 3 t 4 3 4 2 aay ; 
yy 75 + an =2—- 7) +. =O 


So y, is a solution. 
Next, let y, = u(x)x* and compute 


yy =2xutx7v'! and y"’ =20+ 4x0! +37" 
Substitute these derivatives into the given equation: 


3 ay 4 
(2v + 4xv’ + x70") ~ 7 exe + x20) + 5a (O") =0 


xy" + xu’ =0 


ye 4 
vox 
“Integrate-both sides of this equation: 
In |v’| = —Inx 
re | 
v= 4 ° 
x i 
v=Inx 


Thus, y, = ux’ = x? In x is a second solution. To show that the solutions y, =x and 


x? x? Inx 


2.2 as 
We", x°Inx) = 2x x+2xInx 


=x? £0 Sincex > 0 


It follows that the general solution of the given differential equation is 


yHCxr+CyInx . . if 


pai lta nein 
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14.2 PROBLEM SE 


FA) Find the general solution of the second-order homogeneous linear 


differential equations given in Problems ]-4. 

L y"+y'=0 2. y"+y'- 2y=0 

3, 3y” + lly’ -— 4y=0 4. y"-y=0 
Find the general solution of the given higher-order homogeneous 
linear differential equations in Problems 5-7. 

5. y” +4y’=0 

6. om y" + 2y"=0 

7, .y + dy" + dy" + dy’ ty =0 
Find the particular solution that satisfies the differential equations 
in Problems 8-10 subject to the specified initial conditions. 


8. y” — 10y + 25y =0; yO) = 1, yO) =—1 
9, y' — 12y' + lly = 0; (0) =3, y(0) = 11 
10. y? — y” = 0; (0) = 3, y'(0) = 0, y’(0) = 3; y"(0) = 4 


.. In Problems 11-12, find the Wronskian, W, of the given set of func- 


tions and show that W # 0. 
11. {e-= e*} 


12, {e7* cos x, e~* sin x} 
Q13. If a’ = b, one solution of y" — 2ay’ + by = Dis y, =e". Use 


reduction of order to show that y, = xe” is a second solution, 
and then show that y, and y, are linearly independent. 
In Problems 14-17, a second-order differential equation and one 


‘solution y,(x) are given. Use reduction of order to find a second 
solution y,(x). Show that y, and y, are linearly independent and 


’ find the general solution. 


14. y" + 6y' + 9y = 0; y, =e ® 
15.. xy” Y 4y'=0;y,=1 


"16, xy" + Ixy’ = Ly = 0; 9, = 2° 


17. (1 — x)? y"— (1 = x)y' = y= Or ype ~ x 


; 18, Modeling Problem A 100-Ib object is projected vertically upward 


from the surface of the earth with initial velocity 150 ft/s. 


a. Modeling the object’s motion with negligible air resistance, 
how long does it take for the object to return to earth? 


b. Change the model to assume air resistance equal to half the 
object’s velocity. Before making any computation, does 
your intuition tell you the object takes less or more time to 
return to earth this time than in part a? Now set up and 
solve a differential equation to actually determine the 
round-trip time. Were you right? 

19. HISTORICAL QUEST Josef Hoéné 
' (1778-1853) adopted the name 

Wronski when he was 32 years old, 

around the time he was married. 

Toddy, he is remembered for determi- 

non knowh as Wronskians, 
named by Thomas Muir (1844-1934) 
in 1882, Wronski's main work was in 


JOSEPH HOENE DE 
the philosophy of mathematics. For WRONSK! 
years} his mathematical work, which 1778-1853 


contained many errors, was dismissed as unimportant, but in 
recent years closer study of his work revealed that he had 
some significant mathematical insight. 
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For this Historical Quest you are asked to write a paper 
on one of the great philosophical issues in the history of math- 
ematics. Here are a few quotations to get you started: 


Mathematics is discovered: 


“... what is physical is subject to the laws of mathematics, and 
what is spiritual to the laws of God, and the laws of mathe- 
matics are but the expression of the thoughts of God.” 


. ~ —Thomas Hill, 
The Uses of Mathesis; Bibliotheca Sacra. p. 523. 


“Our remote ancestors tried to interpret nature in terms of 
anthropomorphic concepts of their own creation and failed. The 
efforts of out néarer ancestors to interpret nature on engineering 
lines proved equally inadequate. Nature has refused to accom- 
modate herself to either of these man-made molds. On the other 
hand, our efforts to interpret nature in terms of the concepts of 
pure mathematics have, so far, proved brilliantly successful -.. 
from the intrinsic evidence of His creation, the Great Architect 
of the Universe now begins to appear as a pure mathematician.” 


James H. Jeans, 
The Mysterious Universe, p. 142. 


Mathematics is invented: 


“There is an old Armenian saying, ‘He who lacks sense of the 
past is condemned to live in the narrow darkness of his own 
generation.’ Mathematics without history is mathematics 
stripped of its greatness: for, like the other arts-and mathe- 
matics is one of the supreme arts of civilization-it derives its 
grandeur front the fact of being a human creation.” 


—G. F. Simmons, 


Differential Equations with Applications and Historical 
Notes, Second Edition, McGraw-Hill, Inc., 1991, p. xix. 


_ Discuss whether the significant ideas in mathematics are dis- 


2. 


covered or invented. 

The motion of a pendulum subject to frictional damping pro- 

portional to its velocity is modeled by the differential equation 
d’6 


tle Aa Tr, 
mL— L-- +meg Si — 
i ae 


/ where L is the length of the pendulum, m is the mass of the 


bob at its end, and 6 is the angle the pendulum arm makes with 
the vertical (see Figure 14.8). Assume @is small, so,sin@ is 
approximately equal to 0. 


-gmsin 6 


Figure 14.8 Damped pendulum 


‘rue VUIWUIS 


_ a. Solve the resulting differential equation for the case where is s =: LO and the acceleration of the ball’s motion is 


me 
k? > 4gm*/L. What happens to 6 (t) as t > oo? on 26 ; 3 
2 2 ee std : : 
b. If k? < 4gm?/L, show that ao ae 
A(t) = AeWH/2™) cog ( [Fi + c] a. Use Newton’s nr law te show that : : \ 
La sz t+megsind =0 
for constants A, B, and C. What h 
eee ae ” BE BEERENS TO A) Geib 09 Assume that air resistance and the mass of the rod are neg: 
in this case? dfeible: 


c. For the situation in part b, show that the time difference 


. om 2 eee! : b. When the displacement is small ( 6close to 0), sin@ may be 
between successive vertical positions is tel : : : . 
eae 4 SRR Sune oh replaced by 6. In this case, solve the resulting differential 
equation 
T =2nm ae a9 2 
dgm? —2L sli Yom 
a Ses 
21. If there is no damping and there are no external forces, the How is the motion of the pendulum like the simple har- 

d 
motion of an object of mass m attached to a spring with spring monic motion discussed in Problem 21? aa 
constant k is governed by the differential equation mx” + kx = 0. 23. Path of a projectile with variable mass A rocket me from rest { 
Show that the general solution of this equation is given by and moves vertically upward, along a straight line. Assume 

the rocket and its fuel initially weigh w kilograms and that the 
athe 12 t+C), paw, fuel initially weighs w, kilograms. Further assume that the fuel 
m is consumed at a constant rate of r kilograms per second . 


(relative to the rocket). Finally, assume that gravitational 


where A and C are constants. This is called simple harmonic _ attraction is the only external force acting on the rocket. 
1 ‘2 a. If m(t) is the mass of the rocket and fuel at time t and s(t) is 
m 


motion with frequency = the height above the ground at time t, it can be shown that 
22. Pendulum motion Suppose a ball of mass m is suspended at the m(t)s"(E) + m'(e)vo + m(tg =e 
end of a rod of length L and is set in motion swinging back 


and forth like a pendulum, as shown in n Figur 149. where v, is the velocity of the exhaust gas in relation to the 


rocket. Express m(Z) in terms of w, r, vp, and g, then integrate 
this differential equation to obtain the ve locity s‘(f). Note 
that s’(0) = 0 because the rocket starts from rest. 

b. Integrate the velocity s’(t) to obtain s(t). 

c. At what time is all the fuel consumed? 

d. How high is the rocket at the instant the fuel is consumed? 

24, Journal Problem Canadian Mathematical Bulletin" a” 
Solve the differential equation 


4H 3 y 2 
= 2 day” = 0 
Figure 14.9 Pendulum motion BE eee tae) 


Let @ be the angle between the rod. and the vertical at time t, 
so that the displacement of the ball from the equilibrium position "Problem 331 by Murray S. Klamkin, Vol. 26, 1983, p. 126. 


14.3 Second-Order Nonhomogeneous Linear Differential Equations a 


IN THIS SECTION nonhomogeneous equations, method of undetermined coefficients, variation of 
parameters, an application to RLC circuits 


. 
NONHOMOGENEOUS DIFFERENTIAL EQUATIONS . 4 i 


Next we will see how to solve a nonhomogeneous second-order linear equation of the 
general form ay” + by’+cy=F oF where F(x) ¥ 0. The key to our result is the 


following theorem. , 


RR SS ce a So a ee 
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THEOREM 14.4 Characterization of the general solution of 

ay" + by! + cy = F() . ; : 

Let y_ be a particular solution of the nonhomogeneous second-order linear equation 

ay" + by’ + cy = F(x). Let y, be the general solution of the related homogeneous 

equation ay” + by’ + cy = 0. Then the general solution of ay” + by’ + cy = F(x) is : 

given by the sum 
; 
B 
x 


y=y,+y, 


Proof First, the sumy=y, + y, is a solution of the nonhomogeneous equation fk 
ay" + by + cy = F(a), because : 


ay" + by! +cy =a(yn + Yp)” + On + yp) + C(Ya + Yp) 
= ay, + ay, + by, + by, + Cyn + eYp 
= (ay by, +cyn) + (ay) + by, + c¥p) 
=0+ F(x) 
= F(x) 


¢ 


Conversely, if y is any solution of the nonhomogeneous equation, then y — oe is 
a solution of the related homogeneous equation because 


aly ~ yp)" + Bly — yp)! + (9 ~ yp) = a0" — yp) +40" = y,) + ely — yp) 
= (ay" + by’ + cy) - (ay, + by, + op) 
= F(x) — F(x) 
=0 


Thus, y— y, = Y, (because it is a solution of the homogeneous equation). Therefore, 
because y was any solution of the nonhomogeneous equation, it follows that y = 
Y,+Y, is the general solution of the nonhomogeneous equation. QO 


= What This Says We can obtain the general solution of the nonhomoge- 
’ neous equation ay” + by’ + cy = F(x) by finding the general solution y, of the 
related homogeneous equation ay” + by’ + cy =0 and just one particular solution 
¥, of the given nonhomogeneous equation. 


_ We'can use.the methods of the preceding section to find the general solution of 
the related homogeneous equation. We now develop two methods for finding partic- 
ular solutions of the nonhomogeneous equation. 


METHOD OF UNDETERMINED COEFFICIENTS 


Sometimes it is possible to find a particular solution y, of the nonhomogeneous equation 
ay” + by’ + cy = F(x) by assuming a trial solution y,, of the same general form as 


F(x). This procedure, called the method of undetermined coefficients, is illustrated 
in the following three examples, each of which has the related homogeneous equation 
y” +’ — 2y = 0 with the general solution y, = C,e* + Ce. 


EXAMPLE 1 Method of undetermined coefficients 
Find y,, and the general solution for y” + y’! — 2y = 2x° — 4x. 


{ 
788 = — Calculus | 
Solution . . | 

. The right side F(x) = 2x? — 4x isa quadratic polynomial. Because derivatives of a 
polynomial are polynomials of lower degree, it seems reasonable to consider a trial 

solution that is also a polynomial of ‘degree 2. That is, we “guess” that this equation 

has a particular solution y, Of the general form Vp SAX + Ajxt+ A,. To find the 

constants A,, A,, and A,, calculate | 


Yp=2Aix+ Ay and ¥) = 2A, | 
| 
Substitute the values for’y,,, vy and y, into the given equation: | | 
e | 


y" ty! —2y= 2x? — a4 
| ; (2A, + 2A)x + Ay ~2(Apx? + Any + As) = 2x? — 44 
P H ~2A)x? + (2A; —, 2A2)x + (2A, + A2 _ 2A3) = 2x? ay , 


. 
Sacre: 


Since this must be true for every x, we see that this is true only when the coefficients 
of each power of x on each of the equation match, sothat . 


| . . 
i ED) See Problem 30 of rroblem ey ee) 


2 
x” terms 
Set 3 of the Student Mathematics ( ) 
Handbook. , 2A; —2Az = —4 (x terms) 


2A; +Az-2A3=0 (constant terms) 


j Solve this system of equations simultaneously to find A,=-1,A,= I and A3 = -}. 
: Thus, a particular solution of the given nonhomogeneous equation is — | 

a eo, ae 

| Yp = Ayx" + Aox + Az = —x +x-5 ! 

and the general solution for the nonhomogeneous equation is 

; 

| Y= Yat Yp = Cre + Coe ~ x? +x—1 . | 


Comment: Notice that even though the constant term is zero in the polynomial 
function F(x), we cannot assume that y= Ax? + A,x is a suitable trial solution. In 
general, all terms of the same or lower degree that could possibly lead to the given 
right-side function F(x) must be included in the trial solution. 


t a 


, "EXAMPLE 2 Method of undetermined coefficients 
. Solve y” + y’— 2y = sinx, . 


nN 


| Solution . Hy 
Because the trial solution ¥, is to be “like” the right-side function F(x) = sinx, it 
seems that we should choose the trial solution to be y, =A, Sin x, but a sine function 


, ; can have either a sine or a cosine in its derivatives, depending on how many ‘derivatives 
, are taken. Thus, to account for the sin x term, it is necessary to have both sin x and 
cos x in the trial solution, so we set 


yp = A; sinx + Apcosx 
i Differentiating, we find 


pe, Y, = Aicosx — Ap sinx and ¥, = —Ajsinx — Ay cos x 


fears cet, a Pas ne em nee nero 


ee. es 


~ (—A, sinx — A, cosx) + (A; cosx — A2 sinx) — 2(A; sinx + Az cos x) = sinx 


_ At first glance (looking at F(x) = 4e-*), it may seem that the trial solution should 
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Substitute the values into the given equation: 


y’ +y' ~2y = sinx 


(—3A; — Az) sinx + (Ai — 3A7) cosx = sinx 


This gives the system 


-3A,;-A,=1 (sin.x terms) 
A, —3A2=0 (cos x terms) 


with the solution Ar = -4, AS ‘= =4-Thus, the particular solution of the non- 
homogeneous equation is yp = -% sinx — TT COS X, and the general solution is 
Y= Yh +p = Cre® + Coe — # sinx — 7g COs. a 


\ 


Note: It can be shown that if y, is a solution of-ay" + by’ + cy = F(x) and y, isa 
solution of ay” + by’ + cy = G(a), then y, + y, will be a solution of ay” + by’ + 
cy = F(x) + G(x). (See Problem 24.) This is called the principle of superposition. 
For instance, by combining the results of Examples 1 and 2, we see that a particular 
solution of the nonhomogeneous linear equation 


y"t+y'- dy = 2x? — 4x + sin x 


Solution for F = 2x? — 4x 
i 


SNe ran ces care eee 
a 2 10 10 


Solution for G = sin x 


EXAMPLE 3. Method of undetermined coefficients 
Solve y” + y’ — 2y = 4e7*. 


Solution 


bey, = Ae~2*, However, y, = e~*is a solution of yy’ + y; — 2y, = 0, so it cannot 


possibly also satisfy the given nonhomogeneous equation. ; 
To deal with this situation, multiply the usual trial solution by x and consider the 


trial solution y, = Axe~*, Differentiating, we find 
y, = AQ — 2x)e* and y= A(4x — 4)e"* 
and by substituting into the given equation, we obtain i 
y"+y! —2y =4e* . E 


A(4x — 4)e-™* + A(L = 2x)e™ — 2Axe™ = he, 
(4Ax —4A+ A —2Ax — 2Ax)e™ = 40 
| —3Ae™ = 4e 
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Thus, Y, = —fxe so that the general solution is 


Y=Ya typ = Cire + Ger gre a 


The ‘procedure illustrated in Examples 1-3 can be applied to a differential equation 
y" + ay' + by = F(x) only when F(x) has one of the following forms: . 
a. F(x) = P (x), a polynomial of degree n : ! 
b. F(x) = P (xje* 


ce. F(x) = e& [P, (x) cos ax + Q (x) sinax], where Q (x) is another polyomial of 
degree n 


We can now describe the method of undetermined coefficients, 


cee BS Ss cee Seas aage 
Method of Undetermined Coefficients 


To solve ay” + by’ + cy = F(x) when F(x) is one of the SU in the preced- 

ing list: 

1. The solution is of the form y = Vy + Yys where y, is the ee solution of 
the related homogeneous equation and j y, is a particular solution. 

2. Find y, by solving the related homogeneous equation 


ay" + by + cy=0 


3. Find y, by picking an appropriate trial solution y . 


Form of F(x) Corresponding trial expression y , 
a PO=c M+ +ext cy Apes tA eA, 
b. P(x)e* [AA eA le 


c. e* [P (x) cos ax + Q (x) sinex] e* [(A,x" + --- + A,)cosax 
+Bxt+- + + B,) sin ax] 

4. If no term in the trial expression y,, appears in the general homogeneous 
solution y,, the particular solution can be found by substituting y p into the an 
equation ay” + by' + cy = F(x) and solving for the undetermined cdefficients. 

5. If any term in the trial expression Yp appears in y,, multiply y,- by x 
where k is the smallest integer such that no term in x*y p isa solution of ay” + 
by’ + cy = 0. Then proceed as in step 4, using x*y,, as the trial solution. 


EXAMPLE 4 Finding trial selutons 


Determine a suitable trial solution for undetermined coefficients in each , the given 


cases. | 
ay” — 4y! + 4y = 3x? + de® 
b. y” — 4y’ + 4y = Sxe* 

c. y” + 2y’ + Sy = 3e7* cos2x 


Solution 


a. The related homogeneous equation y’ — 4y’ + 4y = 0 has the characteristic 
equation > — 4r + 4 = 0, which has the root 2 of multiplicity two. Thus, the 
general homogeneous solution is 


s Ce + C,xe* 


. 7 a : ' 


ic 


he 


poe ens tanet niva cacti oath 


eee einen | i fc Licist ett ne tent es cate 9 Tn ee 
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The part of the trial solution for the nonhomogeneous equation that corresponds » 


to 3x is Ay + Ax + A,X” and the part that corresponds to 4e~** is Be~™*. Since 
neither part includes terms in y,, we apply the principle of superposition to conclude 
that 


Yp = Ag+ Aix + Agx? + Be* 


b. We know from part a that the general homogeneous solution is 
jac e+ Cyxe™ 


The expected trial solution for 5xe** would be (A, + A,x)e*, but this expression is 
contained in y,. If we multiply by x, part of (AytA axe” is still contained in y,, 80 
we multiply by. x again to obtain 


is aay 


Yp = (Ao + Ayx)x7e™ 


c. The related homogeneous equation y” + 2y’ + 5y = 0 has the characteristic equation 
2 + 2r +5 =0. This has complex conjugate roots r = —1 + 2i, so the general 
homogeneous solution is 


y, = e~*[C, cos 2x + C, sin 2x] 


Ordinarily, the trial solution for the nonhomogeneous equation would be of the 
form e~*[A cos 2x + B sin 2x], but part of this expression is in y,. Therefore, we 
multiply by x to obtain the trial solution 


y= xe*[Acos 2x + B sin 2x] a 


VARIATION OF PARAMETERS 


The method of undetermined coefficients applies only when the coefficiehts a, b, and c 
are constant in the nonhomogeneous linear equation ay" + by + cy = F(x) and the 
function F(x) has the same general form as a solution of a second-order homogeneous 
linear differential equation with constant coefficients. Even though many important 
applications are modeled by differential equations of this type, there are other situations 
that require a more general procedure. 

Our next goal is to examine a method of J. L. Lagrange (see Historical Quest, 


‘< Problem 55 in Section 11.8) called variation of parameters, which can be used to 


find a particular solution of any nonhomogeneous equation 


y" + Py’ + Oy =F (x) Note the leading coefficient is 1. 


where P, Q, and F are continuous. : ; 
To use variation of parameters assumes that we must be able to find two linearly 
independent solutions y, (x) and y,(x) of the related homogeneous equation, 


y” + Pay’ + Oy = 9 
In practice, if P(x) and Q(x) are not both constants, these may be difficult to find, but 
once we have them, we assume there is a solution of the nonhomogeneous equation 


of the form 


y, = uy, + vy 


Sete aera ee 
oe 


PTET POTS 
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Differentiating this expression Y,» we obtain ; 
yp = uy + v'y2 + uy, + vy; | 
| 


To simplify, assume that 


sr in ne i NN Age apAd aA nc 


uy, +u'y) =0 


Remember, we need to find only one particular solution y,, and if imposing this side 
condition makes it easier to find such a y,» SO much the better! With the side condi- 
tion, we have : 


wal 
yp = uy; + vys 
and by differentiating again, we obtain 


yy = uy tu'y, + vyy + v'ys 


. Next, we substitute our expressions for y, and y, into the given differential equation: 


F(x) =y, + P(x)y, + O(x)y, Fey it 
= (uy, + uly, + uyy + 0'yy) + P(x) (uy; + vy}) + OG) (uy + vyr) 


This can be rewritten as 
uly) + P(x)y; + O@) yi] + ulyy + P(x)ys + Ox) yn) + uy, + 0'y, = F(x) 


. Because y, and y, are solutions of y” + P(x)y’ + Q(x)y = 0, we have 


dimmer 


uly, + P)y, + O@) yi] + uly + PQ) ys + Oy] + uy, + vy) = F(x) 


0 0 | 
or 
uy, +'y, = F(x) a q 
— Thus, the parameters u and v must satisfy the system of equations 
| ee + v'y2 =0 | | 
uly, + u'y, = F(x) : ‘ 
Solve this system to obtain . i A 


1 _—yaF (x) nF) 
“= ————, and v = ———~— 
Yiyz — Y2Y, Yiyz — Yay, 


where in each case the denominator is not zero, because it is the Wronskian of the 
linearly independent solutions yy, of the related homogeneous differential equation. 
Integrating, we find 


—yF F 
uta) = | EO ax and v0) = | as 
Yid2 — Y2y, ; Yi¥o — Yay; 


ce a Aa a FN 


meses i ee ners Ra Saat ees 
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WARNING, ihevees 


be 1 for this method. 


ficient of y” must 
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and by substituting into the expression 


Vp = 4, + vy, 


we obtain a particular solution of the given differential equation. Here: is a summary 
of the procedure we have described. 


Variation of Parameters 7 ; : 


To find the general solution of y” + P(x)y’ + Q(x) y = FQ), 


Step 1. Find the general solution, y, = C yt C,y, to the related homoge- 
neous equation, y’ + P(x)y’ + Oy = 0. 
Step 2. Set y, = Uy, + vy, and substitute into the formulas: 


| ,_ —eF@) ,__ i F@) 
OP aah aaah BO ated ae 
Yiyn — Y2Y; vy yoy; 

Step 3. Integrate uv’ and v’ to find u and v. 


Step 4. A particular solution is Vy = UY, + Vy and the sericea solution is 
go Ser oy 


These ideas are illustrated in the next example. 


EXAMPLE 5 Variation of parameters 
Solve y” + 4y = tan 2x. . 


Solution 


Notice that this problem cannot be solved by the rained of undetermined coeffi- 
cients, because the right-side function F(x) = tan 2x is not one of the forms for which 
the procedure applies. 

To apply variation of parameters, begin by solving the related homogeneous 
equation y” + 4y = 0. The characteristic equation is r+ 4 = 0 with roots r= + 2i. 
These complex roots have a = 0 and 6 = 2 so that the general solution is 


= eC, cos 2x + C, sin 2x] = C, cos 2x + C, sin 2x 


This means y,(x) = cos 2x and y,(x) = sin 2x. Set y, = uy, + vy, where 


jpeg, RE). — sin 2x tan 2x - sin? 2x 
= YiYo — YoY; ~ Qcos2xcos2x +2sin2xsin2x  2cos 2x 
and 
noe yiF (x) me cos 2x tan 2x | Hitginoy 
yy, — yay, 2c08.2x cos 2x + 2sin 2x sin 2x 
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10) L 


Figure 14.10 An RLC circuit 


satisfies 


Integrating, we obtain 


sin? 2x a eee 
u(x) = Dade dx ue) = f fsindedy . 
ete ae 7 


— —} [vec 2x — cos 2x) dx 


= —} E In |sec 2x + tan 2x} — = *| 


Thus, a particular solution is. 


‘Vp = uy1 + vy2 
= [-7 In |sec 2x + tan 2x] + 1 sin2x] cos 2x + (—} cos 2x) sin 2x 


= —i(cos 2x) In |sec 2x + tan 2x| ms 


Finally, the general solution, is ae 


Y= Yh + Yp = Cy cos 2x + Cy sin2x — (cos 2x) In|sec2x + tan2x| 
, 


AN APPLICATION TO RLC CIRCUITS 


An important application of second-order linear differential equations is is in the analy- . 
sis of electric circuits. Consider a circuit with constant resistance R, inductance L, and 
capacitance C. Such a circuit is called an RLC circuit and is illustrated in { 
Figure 14.10. I | 
If J(2) is the current in the circuit at time t and Q(Z) is the | I charge on the } 
capacitor, it is shown in physics that JR is the voltage drop across thé resistance.Q/C . 4. 
is the voltage drop across the capacitor, and L di/dt is the voltage drop across the | 
inductance. According to Kirchhoff’s second law for circuits, the impressed voltage 
E(#) in a circuit is the sum of the voltage drops, so that the current / (i in the circuit 


° 
‘Ol 


; - 
oe + RI g- E(t) 


e 


dQ... 
By differentiating both sides of this eauenone and using the fact that I =. we can .. 
write pe “4 


ji: 


BE gal. 1, dE 
dt? dt. C dt 


For instance, suppose. the voltage input is sinusoidal—that is, E(t) = A sin wt. 
Then we have dE/dt = Aw cos wt, and the second-order linear differential equation 
used in the analysis of the circuit is ' 


d?] dl 4} 
Laat er ao al = Awcosat 
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To solve this equation, we proceed in the usual way, solving the related homogeneous 


equation and then finding a particular solution of the nonhomogeneous system. The 


the problem set. 


14.3 PROBLEM SET 


A] In Problenis 125 find a trial solution Yp for use in the method of 
- undetermined coefficients. 
1. y” —,6y = ex 
2 yy” +2y' + 2y se" 
By + 2y' + 2y = e* sin x 
4, y" + 4y! + Sy = e-™(x + osx) 
5, y” + 4y! + Sy = (e~*sinx)? 
Use the method of undetermined coefficients to find the general 


“ solution of the nonhomogeneous differential equations given in 
_ . Problems 6-11. 


6 y" + 6y! -+ Sy = 2et — 3e-** 
7. y" + 2y’ + 2y = cos x 
By Gy’ + 13y = e7*sin 2x 
9, yi mylar —x+5 
10. y"- y= De* 
iy’ —y'- 9= e-* + sin x 


- Use variation of parameters to solve the differential equations 
given in Problems 12—16. 


nes 12. y” Hy = tan x 13. y” — y' — 6y = xe” 
Q/C : 14 at ‘4.2 _ i 15 uo f = ee 
’; the WT THe ae ~ +x 


16. y” — y'=e-**cos e* i 


cB) In each of Problems 17—20, use either undetermined coefficients 
or variation of parameters to find the particular solution of the dif- 
_ ferential equation that satisfies the specified initial conditions. 
17. y! —y'=2c0s?x; yO)=y'O) =O - 
_ 18. y” — y' = e-*cos e*; y(0) = y'(0) = 0 


{ 

| 

| 

1 
rceuit 
| 
; 

i 

i 

| 
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solution to the related homogeneous equation is called the transient current 
because the current described by this solution usually does not last very long. The 
part of the nonhomogeneous solution that corresponds to transient current 0 is called 
the steady-state current. Several problems dealing with RLC circuits are outlined in 


‘ 


19. y" + 9y = 4e% y(0) = 0, y'@) =2 
20. y"— 6y =x?-— 3x; y(0) = 3, y'(0) = —1 
21. Find the géneral solution of the differential equation y" + y' — 


6y = F(x), where F is the function whose graph is shown in 
Figure 14.11. Hint: Set up and solve two separate differential 


equations. 


nN 


Figure 14.11 Graph of F for Problem 21 


22. Find the steady-state current and the transient current in an 


RLC circuit with L = 4 henries, R = 8 ohms, C = } farad, and = 


E(f) = 16 sin t volts. You may assume that (0) = Gand I'(0) =0 
43. Work Problem 22 for the case where E(t) = 10te~' 


24. The principle of superposition Let y, be a solution to the second- 
order linear differential equation 


y" + P(x)y' + O@)y = F,@) 
and let y, satisfy 
y" + P(x)y’ + Q@)y = FA) 
. Show that y, + y, satisfies the differential equation 


y" + P(a)y! + Oy = F,@) + Fy) 


1, What is the Wronskian, and how is it used. to test for line 


endence?: 


TEE NS EES TOA CAR TEE SEI POE OO ORE EE 
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C= 200% 10-6 


Supplementary Problezs 
L Consider the Clairaui equation. os 


yey '+f£O)> 


oa. Differentiate both sides of this. sein to obtain. 


1 


iain =t 


s the character ‘istic equation for the Buler equation. 


b. Distinct real roots, Characterize the ‘solutions of ‘the. 
- related homogeneous equation in the case where. 


a Ga DS 4B 


“related ‘homogeneous equation in the 


Find. the: general and singular solutions for the Clairaut ; 


ee uae separable form 


6. Putnam Examination Problem Find all solutions of the equation oo 


c. rons real roots. Characterize the solutions of the: 


: 8. Puan Examination Problem: ‘Show. that. 


eae oy =v 


- Use the’ result of Problem 2 along with variation’ of 
ae ‘paraineters, : " : 


wy 


- AS: In certain biological studies, it is -important to. ‘atialyze _ 
predator- -prey-relationships. ‘Suppose x(t) is the prey: ‘popula- 
tion and y(Z) is the predator population at time f. Then these 
populations change at rates — 


di dy. 
= Gx — ayy — = 4X — Any 
dt : dt 


where a, , is the natural growth rate of the prey, a,, is the pre- 
dation rate, d,, measures the food supply.of the predators, ‘and , 

4, is the death rate. of the predators. Outline a procedure’ for 
" solving this system. 


5. Consider the almost homogeneous diffekential equation: - 


dy. [ae tby rey ~ 
dx rx+sy+t 


é with as = br an 36, Section. 14.1). 


a) 


» Show that us and 


a 
a . 
—_=- eee alt _ ° 
dx : (3 ) i? 


i Verify that by making the change of variable suggested in. 
-.part'a, you can rewrite the given differential eutn in | the Pag 


a 
a Letu= 


Say ope. a 


AS dx = Gay es 


| wh UyP=0. wae 
‘that pass through the pointy=I,y=1. | 


7. Putnam Examination Problem A coast artillery gun can fire'at\. 
ee angle of elevation between 0° and 90° in a fixed vertical 
plane. If air resistance is neglected and the muzzle velocity.i is: /.'>| 

: constant (v(0) = a Ui) determine the set H of points in the: lane: Bera 
and above the horizontal that can ‘be hit. pA 


Ca eo sin tx x 
ep pS 2 = ae 
ue eae oe 1305 7 Na 2 
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Figure 14.12 Happy Valley Pond 
is.fed by two springs A and B 


AMONG all the mathematical disciplines the 

MB theory of differential equations is the most 

ity is important .... It furnishes the explanation of all 

dane: 4 those*elementary manifestations of nature 
so , which involve time .... 


Bed —Sophus Lie 
4 Leipziger Berichte, 47 (1895). 


Group Research Project’ 


Save the Perch Project 


This project is to be done in groups of three or four students. Each group 
will Submit a single written report. 


appy Valley Pond is currently populated by yellow perch. A map is 
shown in Figure 14.12: Water-flows into the pond from two springs 
and evaporates from the pond; as shown by the following table. 


A 50 gal/h 60 gal/h 
B 60 gal/h 75 gal/h 
Evaporation: 110 gal/h 75 gal/h 


Unfortunately, spring B has become contaminated with salt and is now 10% salt, 
which means that 10% of a gallon of: water from spring B is salt. The yellow perch 
will start to die if the concentration of salt in the pond rises to 1%. Assume that the 
salt will not evaporate but will mix thoroughly with the water in the pond. There was 


‘no salt in the pond before the contamination of spring B. Your group has been called 


upon by the’Happy Valley Bureau of Fisheries to try to save the perch. 

Your paper should include the number of gallons of water in the pond when the 
water level is exactly even with the top of the spillover dam. The overflow goes over 
the dam into Bubbling Brook. The following table gives a series of measurements of 
the depth of the pond at the indicated points-when the water level was exactly even 
with the top of the spillover dam. 


DEPTH OF HAPPY VALLEY POND (Location /depth) 


~A3/8 ft B2/2ft B3/10f B4/lft Cl/2f%  C2/loft C3/20ft 
C4/Sft Di/2ft D2/10ft D3/18ft D4/i2ft DS/2ft El/2ft 
B2/12 ft E3/15ft E4/10ft ES5/2ft F2/2f  F3/8ft  F4/5ft 
F5/2 ft G3/1ft 


- Let f= 0 hours correspond to the time when spring B became contaminated. Assume 


it is the dry season and that at time t = 0 the water level of the pond was exactly even 
with the top of the spillover dam. Write a differential equation for the amount of salt 
in the pond after t hours. Draw a graph of the amount of salt in the pond versus time 
for the next 3 mo. How much salt will there be in the pond in the long run, and do the 
fish die? If so, when do they start to die? It is very difficult to find where the con- 
tamination of spring B originates, so the Happy Valley Bureau of Fisheries proposed 
to flush the pond by running 100 gal of pure water per hour through the pond. Your 
report should include an analysis of this plan and any modifications or improvements 
that could help save the perch. 


*This group project is courtesy of Diane Schwartz from Ithaca College, New York. 
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